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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 111 ]. This is test number [ 42 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 100. (111) %0.(0)
Mathematica | % 92.79 (103 ) | % 7.21 (8)

Maple % 100. ( 111) %0.(0)

Maxima % 74.77 (83 ) | % 25.23 (28)
Fricas % 72.07 (80) | %27.93 (31)
Sympy % 46.85 (52) | % 53.15 (59)
Giac % 79.28 (88) | % 20.72 (23)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 78.38 0. 14.41 7.21
Maple 65.77 34.23 0. 0.
Maxima 74.77 0. 0. 25.23
Fricas 54.05 18.02 0. 27.93
Sympy 26.13 15.32 541 53.15
Giac 7117 5.41 2.7 20.72
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

' mA
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C
mF
FriCAS Giac/Xcas Maxima Sympy

Rubi Mathematica Maple



The figure below compares the CAS systems for each grade level.
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1.3 Performance

11

The table below summarizes the performance of each CAS system in terms of CPU time
and leaf size of results.

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.68 217.75 1. 140. 1.

Mathematica 0.83 239.05 1.06 146. 1.01
Maple 0.03 883.14 2.36 186. 1.54
Maxima 1.07 136.18 1.18 119. 117
Fricas 8.08 464.49 3.68 282. 3.18
Sympy 16.22 986.25 9.76 233.5 1.38
Giac 1.94 680.84 3.04 142.5 1.32
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1.4 list of integrals that has no closed form an-
tiderivative

b

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica
Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: {128,157 804110, [} 12} 3, 45517 8, 104 20,27 22} 23,27 25,027
08, 20,50, 51,2 53, 35,657 555040 13 423 3§ .3, 46} 3 45} 19, b, G T b B LI B 65,
5615758, (59} (60} (61} (62} (63} [64} (65} 166} (67} (68, (691 (701 [71} (72} [73} [74} [75} [76} [77} [78} [79, {80}, BT} B2} B3]
[84}85}[86}[87,[88}[89}[90} 01}, 02} 93} 94} 95} 96} 97, 98} 99} [L00} 101} 102} 103} 104} [105} 106} 107} [108}
T09,10,111))

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: {1} 2)3) 516,78, 04 10, [T} (2, 3} [, 204 21, 22} 23, 2425, 2627, [26) 29} 30} B, 7]
(38, 59} 0 T} 123, 4, 1, 52, 53, 53 55, 56, 57, 58, B9} 60, 631 63 63,68 65} 66, 673 G, G} 70,
(73, 72,73, 74} 75,76, 77} 78, 79, 80, 51} B2 3, B34 85} 56, 7, 88,89, 00, 91,02} 93,94, 05, 9, 07, 0
99,1100, 101,102}

B grade: { }

C grade: {[T510) 7 5 10} ) 52, 53} 7 57 75,19 0, 5} 105
F grade: { [T03}[104}[106} [107, [108, [T09} 110} [[11}

17
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2.1.3 Maple

A grade: 12585 6,7, 8,0, 0} 15 16,7 20} 26, 27,28, BT, 52 53
(50, (51} [61} (621 (63} [67} (68} 169}, (70 [71} 72} [73}[74), [75} [76} [77, [78}[79} [80} |81} [82
(90,91 02,93, 0, 05, 196, 07}, 98, [09}, L00} [L0T}, 102, [T05} [L08, 109}, [L10} [L11] }

B grade: { [L1}[12}[13] 23} [24) [25}[29}[30} [35}[36}[37 [38} 39} [40} [4 T} [45} [46} [52} [p3}
54,63} (56157} (58, 59, 166, 103} [104}[106}107] }

C grade: { }
F grade: { }

21.4 Maxima

A grade: { [I}[23} 4 51617} /8 O} L0} L1} [12}[13| 14} 15} 16} 17} L8} 19} [2} [27] [28} [29
(34 35, 2 13, 1.5, 46} 77 483 [£9} 50} 5T} 60 6T, 62 63, 63 68, 69 O, 7 P U3 T 76
%@@@ﬂ [T0T} 102} {08, 109,

B grade: { }
C grade: { }

F grade: ([20}21) 7223 24 255 57 58, B9 0} 1) 52 53 5 55 5 57 8 59 5 66 103,
[104,[105}[106}[107] }

@
Eh

21.5 FriCAS

A gade. (164667 B0 TS 1617 110 51
60, 16162363} 673 68, 695 704 711 [72, 73, 743 [75) 76, [ 73 75} 70} B
92 [108) 109} 110,111])

B grace: | (20,2725 23031230 5 50} 5,9 949597, 98 5 00, 101
C grade: { }
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2.1.6 Sympy

A.g;de (L1243} 44 64 617 8} 04 604 61} [624[03} 67} (68} 69} (704 [721 [724 [73} [74} 75} 763,77} 78} 79} 855

B grade: { [I0}[I1}[20}26] 2742} 43} 80} |81} 82} [83} 86 [87} P2} [03} 98] 09}
C grade: {3 [IGBLEAA7 A8}



© s (193197101 77779 170 )75 7). 019
[45} 46} 49} 50} 51} (52} [53} [54} (55} 561 571, 58} 159} [6 4} (6.5, . 1 10
[104},[105][106}[107,108, 109,110,111} }

E
Eh
B
Er
=L
i
S

2.1.7 Giac

A grade: {2,856, 80,10
@LI@@L@@I’E
oy 5055 62,65 4 63 60,7, 5 69 6,65, 0555 65 09 100,101

B grade: ([0} 56108, TO9ITO}[1TT)
C grade: {[20,[21}[64] }

F graces (225 225 7 5 ) 5 5 5 75 595 0 108 {05 105,17
}

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

. . . . antiderivative leaf size
In this table,the column normalized size is defined as

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 50 50 50 41 54 104 46 58
normalized size | 1 1. 1. 0.82 1.08 208 092 116
time (sec) N/A 0.041 0.002 0.007 1.33 1.462  0.064 1.079
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 69 69 69 58 77 161 65 86
normalized size | 1 1. 1. 0.84 1.12 2.33 094 1.25
time (sec) N/A 0.045 0.021 0.001  1.311 1472 0.07 1.083
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Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 88 88 88 75 100 217 83 115
normalized size | 1 1. 1. 0.85 1.14 247 094 131
time (sec) N/A 0.073 0.019 0. 0.979 1.53  0.072 1.077
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 105 105 105 90 120 274 102 143
normalized size | 1 1. 1. 0.86 1.14 2.61 097  1.36
time (sec) N/A 0.095 0.035 0. 0.958  1.437 0.077 1.093
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 122 122 122 105 140 333 121 171
normalized size | 1 1. 1. 0.86 1.15 2.73 0.99 1.4
time (sec) N/A 0.111 0.039 0.002 0978 1474 0.08 1.094
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 112 112 97 95 127 252 116 143
normalized size | 1 1. 0.87 0.85 1.13 2.25 1.04 1.28
time (sec) N/A 0.126 0.051 0.001 0.952 1.48  0.083 1.094
Problem 7, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 154 154 154 139 186 385 165 212
normalized size | 1 1. 1. 0.9 1.21 2.5 1.07 1.38
time (sec) N/A 0.13 0.046 0.002 0.96 1.704 0.093 1.09
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Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 196 196 196 183 246 518 209 281
normalized size | 1 1. 1. 0.93 1.26 2.64 1.07  1.43
time (sec) N/A 0.168 0.059 0. 0949 1.731 0.099 1.097
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 234 234 234 219 294 653 258 350
normalized size | 1 1. 1. 0.94 1.26 2.79 11 1.5
time (sec) N/A 0.238 0.088 0.002 0937 1.732 0104 1.086
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 45 45 50 58 58 143 515 69
normalized size | 1 1. 1.11 1.29 1.29 318 1144 1.53
time (sec) N/A 0.032 0.018 0.039 0958 1905 2175 1.094
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 51 51 58 86 69 170 2195 80
normalized size | 1 1. 1.14 1.69 1.35 3.33  43.04 1.57
time (sec) N/A 0.057 0.026 0.007 0963  2.069 33.058 1.103
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 57 57 68 114 82 197 0 93
normalized size | 1 1. 1.19 2. 1.44 3.46 0. 1.63
time (sec) N/A 0.072 0.032 0.01 0.966  3.661 0. 1.144
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Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 64 64 81 145 97 234 0 108
normalized size | 1 1. 1.27 2.27 1.52 3.66 0. 1.69
time (sec) N/A 0.147 0.046 0.01 0.96 12.735 0. 1.07
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 76 76 98 179 119 279 0 130
normalized size | 1 1. 1.29 2.36 1.57 3.67 0. 1.71
time (sec) N/A 0.192 0.065 0.01 0.954 5514 0. 1.104
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A C A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 92 92 98 92 88 212 923 90
normalized size | 1 1. 1.07 1. 0.96 2.3 10.03  0.98
time (sec) N/A 0.077 0.178 0.011 1.431 1.52 1918 11
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A C A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 104 104 121 148 101 239 3589 104
normalized size | 1 1. 1.16 1.42 0.97 2.3 34.51 1.
time (sec) N/A 0.085 0.139 0.006 1.437  1.775 26.542 1.097
Problem 17 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A F(-1) A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 127 127 150 204 112 261 0 115
normalized size | 1 1. 1.18 1.61 0.88 2.06 0. 0.91
time (sec) N/A 0.101 0.485 0.004 1.473  2.986 0. 1.111




23

Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 136 136 165 241 124 285 0 127
normalized size | 1 1. 1.21 1.77 0.91 21 0. 0.93
time (sec) N/A 0.14 0.601 0.004 1.49 11.104 0. 1.102
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 151 151 187 303 143 323 0 146
normalized size | 1 1. 1.24 2.01 0.95 2.14 0. 0.97
time (sec) N/A 0.176 0.642 0.007  1.464  39.42 0. 1.104
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F(-1) B C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 189 189 194 231 0 0 471 3996
normalized size | 1 1. 1.03 1.22 0. 0. 249  21.14
time (sec) N/A 0.211 0.273 0.089 0. 0. 93.814 1.972
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-1) F(-1) C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 211 211 234 616 0 0 0 9104
normalized size | 1 1. 1.11 2.92 0. 0. 0. 43.15
time (sec) N/A 0.24 0.226 0.024 0. 0. 0. 2.929
Problem 22, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 245 245 280 866 0 0 0 0
normalized size | 1 1. 1.14 3.53 0. 0. 0. 0.
time (sec) N/A 0.159 0.31 0.019 0. 0. 0. 0.
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Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 290 290 383 1132 0 0 0 0
normalized size | 1 1. 1.32 3.9 0. 0. 0. 0.
time (sec) N/A 0.725 0.559 0.03 0. 0. 0. 0.
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 321 321 441 1435 0 0 0 0
normalized size | 1 1. 1.37 4.47 0. 0. 0. 0.
time (sec) N/A 0.534 0.798 0.029 0. 0. 0. 0.
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-1) F(-1) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 545 545 816 3835 0 0 0 0
normalized size | 1 1. 1.5 7.04 0. 0. 0. 0.
time (sec) N/A 4.213 1.614 0.046 0. 0. 0. 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 94 94 90 122 112 446 604 126
normalized size | 1 1. 0.96 1.3 1.19 4.74 6.43  1.34
time (sec) N/A 0.052 0.055 0.017 0937 2493 2.651 1.1
Problem 27 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 115 115 112 182 143 585 2689 155
normalized size | 1 1. 0.97 1.58 1.24 509 2338 1.35
time (sec) N/A 0.14 0.081 0.018 0942  3.002 38.346 1.087
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Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 138 138 134 242 171 725 0 184
normalized size | 1 1. 0.97 1.75 1.24 5.25 0. 1.33
time (sec) N/A 0.154 0.054 0.018 0941  4.617 0. 1.086
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 150 150 159 302 196 865 0 213
normalized size | 1 1. 1.06 2.01 1.31 5.77 0. 1.42
time (sec) N/A 0.214 0.077 0.019 0972  13.663 0. 1.113
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 162 162 185 362 220 1007 0 242
normalized size | 1 1. 1.14 2.23 1.36 6.22 0. 1.49
time (sec) N/A 0.232 0.094 0.019 1.001  65.679 0. 1.083
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A C A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 140 140 146 146 130 416 952 135
normalized size | 1 1. 1.04 1.04 0.93 2.97 6.8 0.96
time (sec) N/A 0.098 0.494 0.02 1.434 1.582 2771 1.091
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A C A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 165 165 186 214 162 547 4107 173
normalized size | 1 1. 1.13 1.3 0.98 3.32 2489 1.05
time (sec) N/A 0.129 0.424 0.014 1.43 1.903 33.286 1.093
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Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A F(-1) A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 179 179 200 260 182 616 0 192
normalized size | 1 1. 1.12 1.45 1.02 3.44 0. 1.07
time (sec) N/A 0.141 0.434 0.013 1.457  3.159 0. 1.083
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A F(-1) A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 187 187 234 328 193 694 0 209
normalized size | 1 1. 1.25 1.75 1.03 3.71 0. 1.12
time (sec) N/A 0.167 0.629 0.014  1.504 10.495 0. 1.078
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B A A F(-1) A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 194 194 243 374 209 757 0 228
normalized size | 1 1. 1.25 1.93 1.08 3.9 0. 1.18
time (sec) N/A 0.197 0.669 0.015  1.467 48.782 0. 1.091
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-1) F(1) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 330 330 341 1237 0 0 0 0
normalized size | 1 1. 1.03 3.75 0. 0. 0. 0.
time (sec) N/A 0.745 0.875 0.122 0. 0. 0. 0.
Problem 37 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) F(-1) F(1) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 368 368 398 1813 0 0 0 0
normalized size | 1 1. 1.08 4.93 0. 0. 0. 0.
time (sec) N/A 0.87 1.352 0.118 0. 0. 0. 0.
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Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-1) F(-1) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 386 386 421 2310 0 0 0 0
normalized size | 1 1. 1.09 5.98 0. 0. 0. 0.
time (sec) N/A 0.49 1.559 0.122 0. 0. 0. 0.
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 439 439 489 1801 0 0 0 0
normalized size | 1 1. 1.11 4.1 0. 0. 0. 0.
time (sec) N/A 1.894 2.241 0.049 0. 0. 0. 0.
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) F(-1) F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 468 468 524 1917 0 0 0 8384
normalized size | 1 1. 1.12 4.1 0. 0. 0. 17.91
time (sec) N/A 1.118 2.556 0.034 0. 0. 0. 22.393
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-1) F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 770 770 935 4570 0 0 0 0
normalized size | 1 1. 1.21 5.94 0. 0. 0. 0.
time (sec) N/A 7.835 6.566 0.07 0. 0. 0. 0.
Problem 42, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 143 143 128 186 163 869 668 166
normalized size | 1 1. 0.9 1.3 1.14 6.08 467  1.16
time (sec) N/A 0.076 0.098 0.019 0941  2.077 2.794 1.132
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Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 175 175 161 278 209 1134 2822 212
normalized size | 1 1. 0.92 1.59 1.19 6.48 1613 1.21
time (sec) N/A 0.224 0.129 0.018 0954 2323 43.34 1.093
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 204 204 193 370 254 1407 0 257
normalized size | 1 1. 0.95 1.81 1.25 6.9 0. 1.26
time (sec) N/A 0.252 0.091 0.022 0946  4.319 0. 1.124
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 224 224 231 462 289 1671 0 302
normalized size | 1 1. 1.03 2.06 1.29 7.46 0. 1.35
time (sec) N/A 0.307 0.125 0.02 0.95 12.975 0. 1.136
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 239 239 261 554 321 1939 0 347
normalized size | 1 1. 1.09 2.32 1.34 8.11 0. 1.45
time (sec) N/A 0.345 0.142 0.021 0.988  59.828 0. 1.127
Problem 47 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A C A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 185 185 186 180 185 726 1103 177
normalized size | 1 1. 1.01 0.97 1. 3.92 596  0.96
time (sec) N/A 0.117 0.754 0.017 1.454 1673 2.631 1.099
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Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A C A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 223 223 235 264 234 977 4498 231
normalized size | 1 1. 1.05 1.18 1.05 438 2017 1.04
time (sec) N/A 0.215 0.59 0.018 1.431  2.213 36.7563 1.114
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A F(-1) A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 243 243 259 322 270 1111 0 267
normalized size | 1 1. 1.07 1.33 1.11 4.57 0. 11
time (sec) N/A 0.227 0.749 0.016 1.427  4.001 0. 1.097
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A B F(-1) A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 263 263 303 396 293 1278 0 308
normalized size | 1 1. 1.15 1.51 1.11 4.86 0. 1.17
time (sec) N/A 0.263 0.942 0.017 1441 13.062 0. 1.128
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A B F(-1) A
verified N/A Yes NO TBD TBD TBD TBD TBD
size 269 269 325 454 309 1401 0 344
normalized size | 1 1. 1.21 1.69 1.15 521 0. 1.28
time (sec) N/A 0.286 1.099 0.017 1.47  59.004 0. 1.084
Problem 52, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 474 474 488 3725 0 0 0 0
normalized size | 1 1. 1.03 7.86 0. 0. 0. 0.
time (sec) N/A 2.193 2.301 0.24 0. 0. 0. 0.
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Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 621 621 625 7858 0 0 0 0
normalized size | 1 1. 1.01 12.65 0. 0. 0. 0.
time (sec) N/A 4.512 4.463 0.28 0. 0. 0. 0.
Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 646 646 661 10222 0 0 0 0
normalized size | 1 1. 1.02 15.82 0. 0. 0. 0.
time (sec) N/A 3.299 5.195 0.285 0. 0. 0. 0.
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 679 679 845 3492 0 0 0 0
normalized size | 1 1. 1.24 5.14 0. 0. 0. 0.
time (sec) N/A 4.182 6.645 0.067 0. 0. 0. 0.
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) F(-1) F(1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 728 728 980 3824 0 0 0 16458
normalized size | 1 1. 1.35 5.25 0. 0. 0. 22.61
time (sec) N/A 2.733 6.851 0.046 0. 0. 0. 29.755
Problem 57 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 1150 1144 1590 6026 0 0 0 0
normalized size | 1 0.99 1.38 5.24 0. 0. 0. 0.
time (sec) N/A 8.164 7.849 0.086 0. 0. 0. 0.
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Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-1) F(1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 645 645 775 3107 0 0 0 0
normalized size | 1 1. 1.2 4.82 0. 0. 0. 0.
time (sec) N/A 3.367 6.14 0.061 0. 0. 0. 0.
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) F(-1) F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 1177 1179 1649 6130 0 0 0 0
normalized size | 1 1. 1.4 5.21 0. 0. 0. 0.
time (sec) N/A 7.926 7.631 0.089 0. 0. 0. 0.
Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 416 416 416 829 564 1152 503 645
normalized size | 1 1. 1. 1.99 1.36 2.77 1.21 1.55
time (sec) N/A 0.629 0.133 0.001 0982 1541 0.146 1.149
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 259 259 259 354 339 716 309 398
normalized size | 1 1. 1. 1.37 1.31 2.76 119  1.54
time (sec) N/A 0.332 0.054 0.002 0966 1574 0.113 1.118
Problem 62 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 154 154 154 161 186 385 165 212
normalized size | 1 1. 1. 1.05 1.21 2.5 1.07 1.38
time (sec) N/A 0.152 0.035 0.002 0963 1.525 0.088 1.1




32

Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 20 20 20 17 22 39 15 23
normalized size | 1 1. 1. 0.85 11 1.95 0.75 115
time (sec) N/A 0.033 0.002 0. 0951 1.688 0.08 1.187
Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F(-1) F(1) C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 211 211 234 616 0 0 0 9103
normalized size | 1 1. 1.11 2.92 0. 0. 0. 43.14
time (sec) N/A 0.318 0.254 0.014 0. 0. 0. 22.35
Problem 65 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 368 368 398 1813 0 0 0 0
normalized size | 1 1. 1.08 4.93 0. 0. 0. 0.
time (sec) N/A 0.923 1.427 0.095 0. 0. 0. 0.
Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 621 621 625 7858 0 0 0 0
normalized size | 1 1. 1.01 12.65 0. 0. 0. 0.
time (sec) N/A 4.594 4.538 0.229 0. 0. 0. 0.
Problem 67 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 4 4 4 5 5 16 3 7
normalized size | 1 1. 1. 1.25 1.25 4. 0.75  1.75
time (sec) N/A 0.011 0.001 0.002 0968 1983 0.062 1.069
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Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 14 14 16 18 19 38 12 23

normalized size | 1 1. 1.14 1.29 1.36 2.71 086 1.64
time (sec) N/A 0.024 0.004 0.002 0949 1.733 0.263 1.081
Problem 69 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 31 31 30 35 36 73 26 41

normalized size | 1 1. 0.97 1.13 1.16 2.35 0.84 1.32
time (sec) N/A 0.052 0.012 0.002 1.035 1.463 0.287 1.096
Problem 70 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 51 51 45 58 58 116 41 66

normalized size | 1 1. 0.88 1.14 1.14 2.27 0.8 1.29
time (sec) N/A 0.085 0.027 0.004 1156  1.468 0.318 1.084
Problem 71 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 68 68 68 87 84 169 63 100
normalized size | 1 1. 1. 1.28 1.24 2.49 093 147
time (sec) N/A 0.117 0.023 0.003 1.032  1.517 0.342 1.072
Problem 72, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 92 92 92 122 113 231 88 142
normalized size | 1 1. 1. 1.33 1.23 2.51 0.96 1.54
time (sec) N/A 0.149 0.035 0.003 0.967 1.525 0.376 1.061
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Problem 73 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 12 15 35 8 18
normalized size | 1 1. 1. 1.09 1.36 3.18 0.73  1.64
time (sec) N/A 0.01 0.003 0.004 0964 1.516 0.097 1.086
Problem 74 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 22 22 23 29 30 59 29 35
normalized size | 1 1. 1.05 1.32 1.36 2.68 1.32 1.59
time (sec) N/A 0.021 0.007 0.004 0972 1529 0.252 1.07
Problem 75 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 30 45 39 80 44 45
normalized size | 1 1. 1.03 1.55 1.34 2.76 1.52  1.55
time (sec) N/A 0.05 0.013 0.005 0969 1485 0.594 1.065
Problem 76 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 47 47 44 69 61 120 66 66
normalized size | 1 1. 0.94 1.47 1.3 2.55 1.4 1.4
time (sec) N/A 0.068 0.02 0.006 0963 1.509 0.885 1.11
Problem 77 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 66 66 67 98 84 170 94 93
normalized size | 1 1. 1.02 1.48 1.27 2.58 142 141
time (sec) N/A 0.085 0.024 0.006 0973 1.519 1.506 1.081
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Problem 78 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 90 90 91 134 113 230 122 131
normalized size | 1 1. 1.01 1.49 1.26 2.56 1.36  1.46
time (sec) N/A 0.107 0.041 0.006  0.977 1.48  2.535 1.079
Problem 79 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 29 20 26 68 19 30

normalized size | 1 1. 1. 0.69 0.9 2.34 0.66 1.03
time (sec) N/A 0.021 0.007 0.006 0975 1502 0124 1.082
Problem 80 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A B A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 42 42 39 44 43 103 304 51

normalized size | 1 1. 0.93 1.05 1.02 2.45 7.24 1.21
time (sec) N/A 0.052 0.019 0.007 0969 1509 1.148 1.074
Problem 81 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A B A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 47 47 44 65 50 122 716 58

normalized size | 1 1. 0.94 1.38 1.06 2.6 1523  1.23
time (sec) N/A 0.064 0.02 0.007 0945 1.621 5156 1.082
Problem 82 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A B A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 57 57 55 89 63 149 1389 72

normalized size | 1 1. 0.96 1.56 1.11 261 2437 1.26
time (sec) N/A 0.079 0.026 0.007 0959  1.608 26.093 1.09
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Problem 83 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 74 74 71 120 84 196 2388 92
normalized size | 1 1. 0.96 1.62 1.14 2.65 3227 1.24
time (sec) N/A 0.107 0.036 0.007 0961  1.872 137.208 1.077
Problem 84 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 96 96 91 156 111 251 0 122
normalized size | 1 1. 0.95 1.62 1.16 2.61 0. 1.27
time (sec) N/A 0.137 0.049 0.009 0978 2151 0. 1.099
Problem 85 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 42 33 43 155 34 49
normalized size | 1 1. 0.91 0.72 0.93 3.37 0.74  1.07
time (sec) N/A 0.051 0.022 0.009 0963 1.512 0.235 1.081
Problem 86 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 71 71 66 74 77 263 1188 89
normalized size | 1 1. 0.93 1.04 1.08 3.7 16.73  1.25
time (sec) N/A 0.174 0.039 0.01 0986  1.683 5.553 1.097
Problem 87 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 82 82 77 110 92 335 4767 104
normalized size | 1 1. 0.94 1.34 1.12 409 5813  1.27
time (sec) N/A 0.199 0.052 0.01 0.984 218 105.348 1.089
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Problem 88 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 95 95 90 146 109 406 0 122
normalized size | 1 1. 0.95 1.54 1.15 4.27 0. 1.28
time (sec) N/A 0.221 0.047 0.011 0.988  6.179 0. 1.082
Problem 89 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 106 106 102 182 124 483 0 136
normalized size | 1 1. 0.96 1.72 1.17 4.56 0. 1.28
time (sec) N/A 0.266 0.064 0.012 0.98 37171 0. 1.088
Problem 90 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F(-1) F(1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 122 122 118 221 146 0 0 158
normalized size | 1 1. 0.97 1.81 1.2 0. 0. 1.3
time (sec) N/A 0.315 0.07 0.011 0.952 0. 0. 1.084
Problem 91 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 56 56 48 40 57 215 44 62
normalized size | 1 1. 0.86 0.71 1.02 3.84 079 111
time (sec) N/A 0.057 0.025 0.013 0.95 1.826 0.267 1.081
Problem 92 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 89 89 80 90 101 410 1255 115
normalized size | 1 1. 0.9 1.01 1.13 4.61 141 1.29
time (sec) N/A 0.26 0.051 0.011 0959 1948 575 1.078
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Problem 93 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 105 105 97 134 123 529 5015 136
normalized size | 1 1. 0.92 1.28 1.17 504  47.76 1.3
time (sec) N/A 0.32 0.074 0.013 0977 2568 117.971 1.094
Problem 94 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 117 117 114 178 144 655 0 158
normalized size | 1 1. 0.97 1.52 1.23 5.6 0. 1.35
time (sec) N/A 0.246 0.06 0.013 0945  7.256 0. 1.101
Problem 95 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 131 131 136 222 166 783 0 180
normalized size | 1 1. 1.04 1.69 1.27 5.98 0. 1.37
time (sec) N/A 0.28 0.069 0.015 0958  34.496 0. 1.086
Problem 96 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F(-1) F(1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 147 147 153 266 188 0 0 201
normalized size | 1 1. 1.04 1.81 1.28 0. 0. 1.37
time (sec) N/A 0.33 0.092 0.013  0.969 0. 0. 1.127
Problem 97 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 68 68 60 47 70 271 53 76
normalized size | 1 1. 0.88 0.69 1.03 3.99 0.78 1.12
time (sec) N/A 0.058 0.029 0.013 0958 1739 0279 11
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Problem 98 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 105 105 97 106 119 535 1032 132
normalized size | 1 1. 0.92 1.01 1.13 51 983  1.26
time (sec) N/A 0.196 0.087 0.014 0957 1.848 5594 1.101
Problem 99 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 122 122 121 158 146 698 5192 159
normalized size | 1 1. 0.99 1.3 1.2 5.72 42.56 1.3
time (sec) N/A 0.222 0.054 0.015 0966 2156 104.122 1.076
Problem 100 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 141 141 144 210 170 867 0 184
normalized size | 1 1. 1.02 1.49 1.21 6.15 0. 1.3
time (sec) N/A 0.253 0.079 0.014 0.97 6.231 0. 1.093
Problem 101 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 158 158 169 262 196 1049 0 209
normalized size | 1 1. 1.07 1.66 1.24 6.64 0. 1.32
time (sec) N/A 0.289 0.1 0.018 0976  34.309 0. 1.085
Problem 102 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F(-1) F(1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 177 177 195 314 220 0 0 234
normalized size | 1 1. 1.1 1.77 1.24 0. 0. 1.32
time (sec) N/A 0.343 0.119 0.016  0.985 0. 0. 1.084
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Problem 103 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F B F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 717 717 0 3038 0 0 0 0
normalized size | 1 1. 0. 4.24 0. 0. 0. 0.
time (sec) N/A 0.596 0. 0.095 0. 0. 0. 0.
Problem 104 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F B F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 505 505 0 1585 0 0 0 0
normalized size | 1 1. 0. 3.14 0. 0. 0. 0.
time (sec) N/A 0.279 0. 0.026 0. 0. 0. 0.
Problem 105 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 359 359 526 453 0 0 0 0
normalized size | 1 1. 1.47 1.26 0. 0. 0. 0.
time (sec) N/A 0.159 1.422 0.023 0. 0. 0. 0.
Problem 106 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F B F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 447 447 0 1005 0 0 0 0
normalized size | 1 1. 0. 2.25 0. 0. 0. 0.
time (sec) N/A 0.273 0. 0.039 0. 0. 0. 0.
Problem 107 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F B F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 680 680 0 1395 0 0 0 0
normalized size | 1 1. 0. 2.05 0. 0. 0. 0.
time (sec) N/A 0.515 0. 0.051 0. 0. 0. 0.
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Problem 108 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F A A A F(-1) B
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 19 19 18 23 39 0 95
normalized size | 1 1. 0. 0.95 1.21 2.05 0. 5.
time (sec) N/A 0.018 0. 0.006 1126  1.217 0. 1.217
Problem 109 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F A A A F(-1) B
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 57 57 0 52 69 173 0 228
normalized size | 1 1. 0. 0.91 1.21 3.04 0. 4.
time (sec) N/A 0.067 0. 0.005 1.236  1.337 0. 1.17
Problem 110 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F A A A F(-1) B
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 57 57 0 53 66 171 0 221
normalized size | 1 1. 0. 0.93 1.16 3. 0. 3.88
time (sec) N/A 0.08 0. 0.004 1.133 1.31 0. 1.177
Problem 111 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F A A A F(-1) B
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 69 69 0 63 127 193 0 262
normalized size | 1 1. 0. 0.91 1.84 2.8 0. 3.8
time (sec) N/A 0.091 0. 0.004 1.155  1.306 0. 1.185

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

the integrand. Finally the ratio
integral was to solve. In this test, problem number [47] had the largest ratio of [ 0.6875 ]

number of rules

integrand size

is given. The larger this ratio is, the harder the




Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand N
# grade steps unique antideri"/ative leaf size Tntegrand leaf size
used rules leaf size

1 A 2 1 1. 18 0.056
2 A 2 1 1. 23 0.043
3 A 2 1 1. 28 0.036
4 A 2 1 1. 33 0.03
5 A 2 1 1. 38 0.026
6 A 2 1 1. 20 0.05
7 A 2 1 1. 25 0.04
3 A 2 1 1. 30 0.033
9 A 2 1 1. 35 0.029
10 A 10 7 1. 18 0.389
11 A 9 7 1. 23 0.304
12 A 8 6 1. 28 0.214
13 A 10 7 1. 33 0.212
14 A 12 8 1. 38 0.21
15 A 15 8 1. 16 0.5
16 A 14 8 1. 21 0.381
17 A 15 7 1. 26 0.269
18 A 17 8 1. 31 0.258
19 A 19 9 1. 36 0.25
20 A 9 7 1. 20 0.35
21 A 8 7 1. 25 0.28
22 A 9 8 1. 30 0.267
23 A 11 9 1. 35 0.257
24 A 13 10 1. 40 0.25
25 A 13 10 1. 55 0.182
26 A 12 9 1. 18 0.5
27 A 11 9 1. 23 0.391
28 A 10 8 1. 28 0.286
29 A 10 8 1. 33 0.242
30 A 11 9 1. 38 0.237
31 A 17 10 1. 16 0.625

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma,.lize.d integrand ——
# grade steps unique antldem‘zatlve leaf size Ttogrand leaf size
used rules leaf size

32 A 16 10 1. 21 0.476
33 A 15 9 1. 26 0.346
34 A 15 9 1. 31 0.29
35 A 16 10 1. 36 0.278
36 A 11 9 1. 20 0.45
37 A 10 9 1. 25 0.36
38 A 9 8 1. 30 0.267
39 A 9 8 1. 35 0.229
40 A 10 9 1. 40 0.225
41 A 13 11 1. 55 0.2
42 A 14 10 1. 18 0.556
43 A 13 9 1. 23 0.391
44 A 12 9 1. 28 0.321
45 A 12 10 1. 33 0.303
46 A 13 11 1. 38 0.29
47 A 19 11 1. 16 0.688
48 A 18 10 1. 21 0.476
49 A 17 10 1. 26 0.385
50 A 17 11 1. 31 0.355
51 A 18 12 1. 36 0.333
52 A 13 10 1. 20 0.5
53 A 12 9 1. 25 0.36
54 A 11 9 1. 30 0.3
55 A 11 10 1. 35 0.286
56 A 12 11 1. 40 0.275
57 A 11 9 0.99 55 0.164
58 A 11 10 1. 50 0.2
59 A 13 10 1. 50 0.2
60 A 2 1 1. 63 0.016
61 A 2 1 1. 63 0.016
62 A 2 1 1. 61 0.016
63 A 2 1 1. 63 0.016

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma,.lize.d integrand S
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size
64 A 9 8 1. 63 0.127
65 A 11 10 1. 63 0.159
66 A 13 10 1. 63 0.159
67 A 2 2 1. 26 0.077
68 A 3 2 1. 31 0.065
69 A 3 2 1. 36 0.056
70 A 3 2 1. 41 0.049
71 A 3 2 1. 46 0.043
72 A 3 2 1. 51 0.039
73 A 4 3 1. 21 0.143
74 A 4 3 1. 26 0.115
75 A 6 4 1. 31 0.129
76 A 6 4 1. 36 0.111
77 A 6 4 1. 41 0.098
78 A 6 4 1. 46 0.087
79 A 3 2 1. 16 0.125
30 A 3 2 1. 21 0.095
31 A 3 2 1. 26 0.077
82 A 3 2 1. 31 0.065
83 A 3 2 1. 36 0.056
84/ A 3 2 1. 41 0.049
85 A 3 2 1. 26 0.077
86 A 3 2 1. 31 0.065
37 A 3 2 1. 36 0.056
38 A 3 2 1. 41 0.049
39 A 3 2 1. 46 0.043
90 A 3 2 1. 51 0.039
91 A 9 5 1. 21 0.238
92 A 9 5 1. 26 0.192
93 A 9 5 1. 31 0.161
94 A 3 2 1. 36 0.056
95 A 3 2 1. 41 0.049

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# grade steps unique antiderivative litzfg:;d %
used rules leaf size
96 A 3 2 1. 46 0.043
97 A 3 2 1. 16 0.125
98 A 3 2 1. 21 0.095
99 A 3 2 1. 26 0.077
100 A 3 2 1. 31 0.065
101 A 3 2 1. 36 0.056
102 A 3 2 1. 41 0.049
103 A 12 10 1. 32 0.312
104 A 10 10 1. 32 0.312
105 A 8 8 1. 32 0.25
106 A 7 7 1. 32 0.219
107} A 9 8 1. 32 0.25
108 A 1 1 1. 28 0.036
109 A 5 5 1. 31 0.161
110 A 5 5 1. 33 0.152
111 A 4 4 1. 36 0.111
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Chapter 3

Listing of integrals

3.1 f(d + ex) (a + bx? + cx4) dx

Optimal. Leaf size=50

1

1 1 1 1
adx + —aex® + =bdx® + —bex* + —cdx® + =cex®
2 3 4 5 6

[Out] a*d*x + (axe*x"2)/2 + (b*d*x~3)/3 + (b*e*xx"4)/4 + (c*d*x"5)/5 + (c*exx"6)/6

Rubi [A] time = 0.0412663, antiderivative size = 50, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 18, e o e

0.056, Rules used = {1671}

integrand size

1

1 1 1 1
adx + Eaex2 + gbde + Zbex”‘ + gcdx5 + gcex6

Antiderivative was successfully verified.

[In] Int[(d + exx)*(a + b*x"2 + c*x74),x]
[Out] a*d*x + (axe*x"2)/2 + (b*d*x~3)/3 + (b*e*xx"4)/4 + (c*d*x"5)/5 + (c*exx"6)/6

Rule 1671

Int[(Pq )*x((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Int[Expa
ndIntegrand[Pg*(a + b*x~2 + c*x"4)7p, x], x] /; FreeQ[{a, b, c}, x] && Poly
Q[Pq, x] && IGtQ[p, O]
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Rubi steps

f(d + ex) (a +bx® + cx4) dx = f(ad + aex + bdx? + bex® + cdx* + cex5) dx

1 1 1 1 1
= adx + —aex? + gbdx3 + ZbEX4 + gcde + gcex6

Mathematica [A] time = 0.0017897, size = 50, normalized size = 1.

1 1 1 1 1
adx + —aex? + gbdxg’ + Zbex”‘ + gcdx5 + gcex6

Antiderivative was successfully verified.

[In] Integratel[(d + exx)*(a + b*x~2 + c*x74),x]

[Out] a*d*x + (a*xexx”2)/2 + (b*d*x"3)/3 + (b*exx"4)/4 + (cxd*x"5)/5 + (c*xe*xx"6)/6

Maple [A] time = 0.007, size = 41, normalized size = 0.8

dx + + + + +
adx + — 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(c*x"4+b*x"2+a) ,x)

[Out] a*d*x+1/2*a*e*xx”2+1/3%b*d*x"3+1/4*b*xexx~4+1/5*c*d*x"5+1/6*c*xe*xx”6

Maxima [A] time = 1.32987, size = 54, normalized size = 1.08

1 1 1 1 1
—cex® + = cdx® + = bex* + = bdx® + > aex? + adx

6 5 4 3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(c*x~4+b*x"2+a),x, algorithm="maxima"



49

[Out] 1/6*c*xe*xx”6 + 1/5*xckxd*x”5 + 1/4*b*exx"4 + 1/3%bxd*x”3 + 1/2*%a*xe*xx”2 + a*xd*x

Fricas [A] time = 1.46244, size = 104, normalized size = 2.08

1 1 1 1 1
—xbec + =x°dc + —x*eb + §x3db + ExZea + xda

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(c*x~4+b*x"2+a),x, algorithm="fricas")

[Out] 1/6%x"6xe*xc + 1/5%x"5xd*c + 1/4*x"4*xexb + 1/3%x"3*xd*b + 1/2%x"2%exa + x*d*a

Sympy [A] time = 0.064181, size = 46, normalized size = 0.92
aex* bdx®>  bex* cdx® cex®
adx + + + + +
2 3 4 5 6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)* (ckx**4+b*x**2+a),x)

[Out] a*d*x + akxexx**x2/2 + b*xd*xx**3/3 + bkxexx*x*4/4 + c*xd*xx**x5/5 + cxe*xx**6/6

Giac [A] time = 1.07894, size = 58, normalized size = 1.16

1 1 1 1 1
—cxbe + = cdx® + = bx*e + 3 bdx3 + 5 ax%e + adx

6
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(c*x~4+b*x"2+a),x, algorithm="giac")

[Out] 1/6*c*x"6%e + 1/5%c*d*x”5 + 1/4%b*xx"4*e + 1/3%bxd*x~3 + 1/2%a*xx"2%e + a*xd*x
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32 (d +ex + fxz) (a + bx? + cx4) dx

Optimal. Leaf size=69
1 1 1 1 1 1
—3 Zaex2 4+ =45 Zhert + Zoend 4 —ofry7
3¥ (af + bd) + adx + Saex” + =X (bf +cd) + 4bex + 5 oex + 7cfx

[Out] a*d*x + (axe*x~2)/2 + ((bxd + a*xf)*x~3)/3 + (b*e*x~4)/4 + ((c*xd + b*xf)*x"5)
/5 + (c*xexx"6)/6 + (cxfxx~7)/7

Rubi [A] time = 0.0446495, antiderivative size = 69, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 23, T~ > % _

integrand size
0.043, Rules used = {1657}
1 1 1 1 1 1
§x3(af + bd) + adx + zae’x2 + §x5(bf +cd) + Zbex4 + gcex6 + ;cfx7

Antiderivative was successfully verified.

[In] Int[(d + e*xx + f*x"2)*(a + b*x"2 + c*xx74),x]

[Out] a*xd*x + (axexx”2)/2 + ((bxd + axf)*x"3)/3 + (b*xexx"4)/4 + ((c*d + b*xf)*x75)
/5 + (c*e*xx"6)/6 + (cxf*xx~7)/7

Rule 1657

Int[(Pq )*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[Expand
Integrand[Pg*(a + bxx + c*x72)7p, x], x] /; FreeQ[{a, b, c}, x] && PolyQ[Pq
, x] && IGtQlp, -2]

Rubi steps

f(d +ex +fx2) (a +bx? + cx4) dx = f(ad + aex + (bd + af)x® + bex® + (cd + bf)x* + cex® + cfx6) dx

1 1 1 1 1 1
— S22 - 34 Zhord 4 = 5 L 2 onb 4 —nfrT
—adx+2aex +3(bd+af)x +4bex +5(cd+bf)x +6cex +7cfx

Mathematica [A] time = 0.0209394, size = 69, normalized size = 1.

1 1 1 1 1 1
§x3(af + bd) + adx + zaexz + gx5(bf +cd) + Ebex‘L + Ecex6 + ;cfx7
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Antiderivative was successfully verified.

[In] Integrate[(d + exx + fxx"2)*(a + b*x"2 + c*xx74),x]

[Out] a*d*x + (axe*x"2)/2 + ((bxd + a*xf)*x~3)/3 + (b*e*x"4)/4 + ((c*xd + b*xf)*x"5)
/5 + (c*e*x"6)/6 + (cxf*xx~7)/7

Maple [A] time = 0.001, size = 58, normalized size = 0.8

aex?  (af +0d)x® pext  (bf +cd)x®  cexS  cfi?
adx + + + + + +
2 3 4 5 6 7

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x"2+exx+d)*(c*x " 4+b*xx"2+a) ,x)

[Out] a*xd*xx+1/2*%axexx”2+1/3*x(axf+b*xd)*x"3+1/4*xb*xexx”4+1/5% (bxf+cxd) *x"5+1/6%c*xe*x
“6+1/Txcxfxx"7

Maxima [A] time = 1.31112, size = 77, normalized size = 1.12

1 1 1 1 1 1
;cfx7 + gcex6 + = bex* + z (cd + bf)x5 *5 aex? + 3 (bd + af)x3 + adx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x~2+e*xx+d)* (c*x~4+b*x~2+a),x, algorithm="maxima")

[Out] 1/7*xcxfxx"7 + 1/6*xc*exx”6 + 1/4xbxexx”4 + 1/5%x(c*xd + bxf)*x"5 + 1/2*xa*exx”2
+ 1/3%(b*d + a*xf)*x"3 + axd*x

Fricas [A] time = 1.47249, size = 161, normalized size = 2.33

1 1 1 1 1 1 1 1
7x7fc + —x%c + =x°dc + =x°fb + Zx‘*eb + §x3db + §x3fa + Exzea + xda

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((f*x~2+e*x+d)*(c*x~4+b*x~2+a),x, algorithm="fricas")

[Out] 1/7xx"7xfxc + 1/6%x"6*xe*xc + 1/5%xx"5xd*c + 1/5%xx"b*xfxb + 1/4*x"4*exb + 1/3%*x
“3xd*b + 1/3*%x"3xf*a + 1/2*%x"2%e*a + x*d*a

Sympy [A] time = 0.070458, size = 65, normalized size = 0.94

adx+aex2+bex4+cex6+cfx7+x5 ngﬁl +x3 ﬂ+%
2 4 6 7 5 5 3 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((f*x**2+exx+d)* (ckx*x*4+b*x**2+a) ,x)

[Out] a*d*x + akxexx*x*x2/2 + bxexx**x4/4 + cxexx*x*6/6 + c*xfxx*xx7/7 + xx*x5x(bxf/5 + ¢
*d/5) + x**3x(axf/3 + bxd/3)

Giac [A] time = 1.0831, size = 86, normalized size = 1.25

1 1 1 1 1 1 1 1
—cfx’ +—cxPe+ —cdx®+ =bfx® + = bxte+ = bdx® + = afx® + = ax?e + adx
7 f 5 5 f 4 3 3 f 2

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((f*x~2+e*xx+d)* (c*x~4+bxx~2+a),x, algorithm="giac")

[Out] 1/7*xcxfxx"7 + 1/6%c*x"6%e + 1/5%xc*d*x”5 + 1/5xb*xfxx"5 + 1/4%bxx"4*e + 1/3%b
*d*x"3 + 1/3*%axf*xx"3 + 1/2%axx"2%e + axd*x
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3.3 | (d +ex + fx? + gx3) (a + bx? + cx4) dx
Optimal. Leaf size=88
Lo La Liex?+ Lys Lo Lor + Loons
3* (af + bd) + i (ag + be) + adx + 5 ex” + =X (bf +cd) + X (bg + ce) + 7cfx + R

[Out] a*xd*x + (axexx”2)/2 + ((b*d + a*xf)*x73)/3 + ((b*e + axg)*x~4)/4 + ((cxd + b
xf)*x75)/5 + ((cxe + b*g)*x76)/6 + (cxf*xx~7)/7 + (c*g*xx~8)/8

Rubi [A] time = 0.0733669, antiderivative size = 88, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 28, T~ > % _

integrand size
0.036, Rules used = {1671}

1 1 1 1 1 1 1
§x3(af + bd) + L—}x‘*(ag + be) + adx + Eaexz + 5x5(bf +cd) + 8x6(bg +ce) + ;cfx7 + gchg

Antiderivative was successfully verified.

[In] Int[(d + e*xx + f*xx72 + g*x"3)*(a + b*x"2 + c*x74),x]

[Out] axd*x + (a*xexx"2)/2 + ((bxd + axf)*x"3)/3 + ((bxe + a*xg)*x~4)/4 + ((c*d + b
xf)*xx75)/5 + ((cxe + b*xg)*x76)/6 + (cxfxx~7)/7 + (c*g*xx~8)/8

Rule 1671
Int[(Pq )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Int[Expa

ndIntegrand[Pg*(a + b*xx"2 + c*x~4)7p, x], x] /; FreeQ[{a, b, c}, x] && Poly
Q[Pq, x] && IGtQ[p, O]

Rubi steps

f(d+ex+fx2+gx3) (a+bx2+cx4) dx:f(ad+aex+(bd+af)x2+(be+ag)x3+(cd+bf)x4+(ce+bg)x5+cA

1 1 1 1 1
= adx + Eaexz + g(bd +af)x® + Z(be +ag)x* + g(cd +b)x® + g(ce + bg

Mathematica [A] time = 0.0192433, size = 88, normalized size = 1.

1 1 1 1 1 1 1
§x3(af + bd) + L—}x‘*(ag + be) + adx + Eaexz + §x5(bf +cd) + 6x6(bg +ce) + acfx7 + gchg
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Antiderivative was successfully verified.
[In] Integratel[(d + exx + f*xx72 + g*x~3)*(a + b*x"2 + c*x74),x]

[Out] axd*x + (axexx~2)/2 + ((b*d + axf)*x~3)/3 + ((b*e + axg)*x~4)/4 + ((cxd + b
*f)*x75)/5 + ((cxe + bxg)*x"6)/6 + (c*xf*x77)/7 + (c*xg*xx~8)/8

Maple [A] time = 0., size = 75, normalized size = 0.9

3 4 5 6
e+ uerZ N (af +3bd)x .\ (ag +4be)x . (bf +5cd)x .\ (bg +6ce)x N cf7x7 . Cg8x8

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*x~3+f*x"2+e*xx+d)* (c*x~4+b*x~2+a) ,x)

[Out] axd*x+1/2*%axe*x”2+1/3x(a*xf+b*xd)*x~3+1/4* (a*xg+b*e)*x~4+1/5% (b*xf+cxd)*x~5+1/6
*x (bxgtckxe) *x"6+1/T*cxf*x"T7+1/8*c*xg*x~8

Maxima [A] time = 0.978737, size = 100, normalized size = 1.14

%chg + ;cfx7 + % (ce + bg)x6 + % (cd + bf)x5 + 411 (be + ag)x4 + %aexz + % (bd + af)x3 + adx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*x~3+f*x~2+e*x+d)* (c*x~4+b*x"2+a) ,x, algorithm="maxima")

[Out] 1/8*c*xg*xx™8 + 1/7*cxfxx”7 + 1/6%(cxe + bxg)*x"6 + 1/6%(c*d + b*f)*x"5 + 1/4
x(bxe + axg)*x”4 + 1/2%a*xexx”2 + 1/3x(bxd + a*xf)*x”"3 + axd*x

Fricas [A] time = 1.53036, size = 217, normalized size = 2.47

1 1 1 1 1 1 1 1 1 1 1
gxggc + §x7fc + 6x6ec + gxégb + gx5dc + gx5fb + —xteb + A—Lx‘*ga + §x3db + §x3fa + Exzea + xda

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((gxx~3+f*x"2+e*x+d)* (cxx~4+b*x"2+a),x, algorithm="fricas")

[Out] 1/8*x78xgkc + 1/7*x"Txf*c + 1/6%x"6*%exc + 1/6*%x"6*gxb + 1/5*x"5xd*c + 1/5%xx
“bxfxb + 1/4%x"4xexb + 1/4xx"4xgxa + 1/3*xx73kdxb + 1/3*%x"3*fxa + 1/2%x2xex*

a + x*xd*xa

Sympy [A] time = 0.072304, size = 83, normalized size = 0.94

2 7 8
adx + 25 +Cfx e SN b§+g +x° g+c—d +x* §+% +x° a_f+%
2 7 8 6 6 5 5 4 4 3 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((gkx**3+f*x**2+e*xx+d)* (Ckx**4+bxx**2+a) ,X)

[Out] axd*x + akxexx**x2/2 + cxfxx*x7/7 + cxgxx**8/8 + x*x*6%(bxg/6 + c*e/6) + x**b5x
(b*xf/5 + c*xd/5) + xx*4x(axg/4 + bxe/4) + x**x3x(axf/3 + bxd/3)

Giac [A] time = 1.07714, size = 115, normalized size = 1.31

1

1 1 1 1 1 1 1 1 1 1
gchg + ;cfx7+ gng6 + gcx6e+ — cdx® + Ebe5 + A—Lagx‘L + be4e+ gbdx3 + gafx3 + Eax26+adx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx~3+f*x"2+e*x+d)* (cxx~4+b*x~2+a),x, algorithm="giac")

[Out] 1/8*c*xg*xx™8 + 1/7*cxfxx"7 + 1/6xb*g*x~6 + 1/6%c*x"6%e + 1/b*cxd*x”5 + 1/5%b
xfxx75 + 1/4xaxg*xx”4 + 1/4%b*x"4*xe + 1/3*%bxd*x~3 + 1/3%axf*x"3 + 1/2%a*x”2%

e + axd*x
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3.4 f(a + bx? + cx4) (d +ex + fx% 4+ gx° + hx4) dx
Optimal. Leaf size=105
15hb d13 bd L b d 121617 17bh 181h9
gx(a + f+c)+§x (af + )+Zx(ug+ e) +a x+§aex +6x(g+ce)+§x( +cf)+§ch +§cx

[Out] a*xd*x + (axexx"2)/2 + ((b*d + a*xf)*x73)/3 + ((b*e + axg)*x~4)/4 + ((cxd + b
*f + axh)*x75)/5 + ((c*e + bxg)*xx76)/6 + ((c*f + bxh)*x77)/7 + (c*g*x~8)/8
+ (cxh*x79)/9

Rubi [A] time = 0.0948779, antiderivative size = 105, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 33, L

integrand size
0.03, Rules used = {1671}
1 1, 1, 1, 1 1, 1 ¢ 1
gx (ah +bf +cd) + gx (af +bd) + Zx (ag + be) + adx + Eaex + gx (bg + ce) + ;x (bh +cf) + §ng + §chx

Antiderivative was successfully verified.

[In] Int[(a + b*x"2 + c*x"4)*(d + e*x + f*x72 + g*x”3 + h*x"4),x]

[Out] axd*x + (a*xexx~2)/2 + ((bxd + axf)*x"3)/3 + ((b*xe + a*xg)*x~4)/4 + ((c*d + b
xf + axh)*x75)/5 + ((c*xe + b*g)*x~6)/6 + ((cxf + bxh)*x~7)/7 + (c*xg*xx~8)/8
+ (c*h*x79)/9

Rule 1671

Int[(Pq )*x((a_) + (b_.)*x(x )72 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Int[Expa
ndIntegrand[Pg*(a + b*x~2 + c*x"4)7p, x], x] /; FreeQ[{a, b, c}, x] && Poly
Q[Pq, x] && IGtQ[p, O]

Rubi steps

f(a+bx2+cx4) (d+ex+fx2+gx3+hx4) dx = f(ad+aex+(bd+af)x2+(be+ag)x3+(cd+bf+ah)x4+(ce+

1 1 1 1
= adx + Eaexz + g(bd +af)x® + Z(be +ag)x* + g(cd +bf +ah)x® +
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Mathematica [A] time = 0.035032, size = 105, normalized size = 1.

1 1 1 1 1 1 1 1
§x5(ah +bf +cd) + §x3(af + bd) + Zx"‘(ag + be) + adx + Eaexz + gxﬁ(bg +ce) + §x7(bh +cf) + gchg + §chx9

Antiderivative was successfully verified.

[In] Integratel[(a + b*x"2 + c*x"4)*(d + e*xx + f£*x72 + g*x~3 + h*xx"4),x]

[Out] axd*x + (a*exx~2)/2 + ((b*d + axf)*x~3)/3 + ((b*e + axg)*x~4)/4 + ((cxd + b
xf + axh)*x75)/5 + ((c*xe + b*xg)*x~6)/6 + ((cxf + bxh)*x~7)/7 + (c*g*xx~8)/8
+ (cxh*x79)/9

Maple [A] time = 0., size = 90, normalized size = 0.9

s aex? . (af+bd)x3 . (ag+be)x4 . (ah+bf+cd)x5 . (bg+ce)x6 . (bh+cf)x7 . cga® . I
2 3 4 5 6 7 8 9

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x~4+bxx~2+a)* (h*xx~4+g*x~3+f*x"2+e*xx+d) ,x)

[Out] axd*x+1/2xa*xe*x”2+1/3* (axf+b*d)*x"3+1/4* (a*xgtbxe)*x~4+1/5% (a*h+b*f+c*d)*x~5
+1/6% (b*xg+cke) *x~6+1/7* (bxh+c*f) *x~7+1/8*c*xg*x~8+1/9*c*h*x~9

Maxima [A] time = 0.957798, size = 120, normalized size = 1.14

échx9 + %chs + ; (cf + bh)x7 + % (ce + bg)x6 + é (cd +bf + ah)x5 + 411 (be + ug)x4 + %aexz + % (bd + af)x3 + ac

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~4+b*x~2+a)* (h*x~4+g*x~3+f*x"2+e*xx+d) ,x, algorithm="maxima"

[Out] 1/9%cxh*x~9 + 1/8*cxg*xx~8 + 1/7+(cxf + b*h)*x~7 + 1/6%(cxe + b*g)*x"6 + 1/5
x(cxd + bxf + a*h)*x”5 + 1/4*(b*xe + axg)*x~4 + 1/2%axe*xx”2 + 1/3*%(b*xd + axf
)*¥x73 + axd*x
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Fricas [A] time = 1.43696, size = 274, normalized size = 2.61

1 1 1 1 1 1 1 1 1 1 1 1 1 1
§x9hc + gxggc + §x7fc + §x7hb + 6x6ec + gx(’gb + §x5dc + §x5fb + §x5ha + Zx”‘eb + Zx"‘ga + §x3db + §x3fa +5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~4+b*x~2+a)* (h*x~4+g*x~3+f*x"2+e*xx+d) ,x, algorithm="fricas")

[Out] 1/9%x79%h*c + 1/8%x78xg*c + 1/7xx"7T*xfxc + 1/7*x"7*h*xb + 1/6%x"6%e*xc + 1/6%x
“6xgxb + 1/b*%x7"5xd*c + 1/5%x75xf*b + 1/5xx"Bkxh*a + 1/4*%x"4*exb + 1/4*x”4*g*
a + 1/3*x73*%dxb + 1/3*%x"3*fxa + 1/2*x"2%e*xa + x*d*a

Sympy [A] time = 0.077167, size = 102, normalized size = 0.97

2 8 chx’ bh b h b d b bd
aw+@cﬁf-ﬁ;4m17+%)m%g+%%m%%+g+%ym%%+f%m%%+?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx**4+bxx*x2+a)* (hkxx*k4+g*xr*3+f*x*k*2+exx+d) ,x)

[Out] axd*x + akxexx**2/2 + ckxgxx**8/8 + cxh*x**9/9 + x*x*7*x(bxh/7 + c*f/7) + x**6%
(bxg/6 + c*xe/6) + xx*xb6x(axh/5 + bxf/5 + c*d/5) + x**4*x(axg/4 + bxe/4) + x**
3x(axf/3 + b*xd/3)

Giac [A] time = 1.09345, size = 143, normalized size = 1.36

1 1 1 1 1 1 1 1 1 1 1 1 1
§chx9 + gchs + ;cfx7+ ;bhx7+ gng6 + gcx6e+ gcdx5 + gbfx5 + gahx5 + A—Jtagx‘L + be4e+ gbdx3 + gafx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~4+b*xx~2+a)* (h*x~4+g*x~3+f*x"2+e*x+d) ,x, algorithm="giac")

[Out] 1/9%cxh*x™9 + 1/8*c*xgxx™8 + 1/7xc*f*x~7 + 1/7*bxh*x”~7 + 1/6*b*xg*xx”~6 + 1/6%cC
*xx"6%e + 1/b*ckd*x”5 + 1/6xb*f*x”5 + 1/5xaxh*x™5 + 1/4*xaxg*x™4 + 1/4*b*xx~4x*
e + 1/3xb*d*x”3 + 1/3*a*xf*x”3 + 1/2%a*xx"2%e + axd*x
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3.5 f(a + bx? + cx4) (d +ex + fx? 4+ gx° + hat + ix5) dx
Optimal. Leaf size=122
1 1 . 1 1 1 1 1 .
gx5(ah +bf +cd) + 6x6(m +bg + ce) + §x3(uf + bd) + Zx‘*(ag + be) + adx + Eaex2 + §x7(bh +cf) + gxs(bz +cg) -

[Out] a*xd*x + (axexx”2)/2 + ((b*d + a*xf)*x73)/3 + ((b*e + axg)*x~4)/4 + ((cxd + b
*f + axh)*x75)/5 + ((c*xe + bxg + a*xi)*x76)/6 + ((c*f + b*h)*x"7)/7 + ((c*g
+ bx1)*x78)/8 + (cxh*x"9)/9 + (c*i*x~10)/10

Rubi [A] time = 0.111316, antiderivative size = 122, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 38, L

integrand size
0.026, Rules used = {1671}
15 1., . 1, 1, T 5, 1, 1 g, .
gx (ah +bf +cd) + gx (ai + bg + ce) + gx (af +bd) + Zx (ag + be) + adx + Eaex + ;x (bh +cf) + gx (bi+cg) A

Antiderivative was successfully verified.

[In] Int[(a + b*x"2 + c*x"4)*(d + e*x + f*x72 + g*x~3 + h*x"4 + i*x75),x]

[Out] axd*x + (a*xe*xx"2)/2 + ((bxd + axf)*x"3)/3 + ((b*xe + a*g)*x~4)/4 + ((c*d + b
xf + axh)*x75)/5 + ((c*xe + b*g + a*xi)*x"6)/6 + ((cxf + bxh)*x77)/7 + ((cxg
+ b*i)*x78)/8 + (c*h*xx79)/9 + (c*i*x~10)/10

Rule 1671

Int[(Pq )*x((a_) + (b_.)*(x_ )72 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Int[Expa
ndIntegrand[Pg*(a + b*x~2 + c*x"4)7p, x], x] /; FreeQ[{a, b, c}, x] && Poly
Q[Pq, x] && IGtQ[p, O]

Rubi steps

f(a +bx? + cx4) (d +ex+ fx?+gx® + hat + 5x5) dx = f(ad +aex + (bd + af)x® + (be + ag)x> + (cd + bf + ah)x*

1 1 1 1
= adx + Eaexz + g(bd +af)x® + Z(be +ag)x* + g(cd +bf +
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Mathematica [A] time = 0.0393288, size = 122, normalized size = 1.

1 1 1 1 1 1 1
gx5(ah +bf +cd) + 8x6(ai +bg + ce) + §x3(af + bd) + Zx4(ug + be) + adx + Euexz + §x7(bh +cf) + gxs(bi +cg) +

Antiderivative was successfully verified.

[In] Integratel[(a + b*x"2 + c*x"4)*(d + exx + f*xx"2 + g*x~3 + h*x"4 + i*x"b),x]

[Out] a*xd*x + (axexx"2)/2 + ((b*d + a*f)*x"3)/3 + ((b*e + axg)*x~4)/4 + ((cxd + b
*f + axh)*x75)/5 + ((c*xe + bxg + a*xi)*x76)/6 + ((c*f + b*h)*x"7)/7 + ((c*g
+ b*i)*x78)/8 + (cxh*x79)/9 + (c*xi*x~10)/10

Maple [A] time = 0.002, size = 105, normalized size = 0.9

e aex? N (af +bd)x® N (ag + be) x* . (ah +bf +cd)x® N (ai + bg + ce) x° . (b +cf) 27 . (bi+cg)x®  chas
2 3 4 5 6 7 8 9

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x~4+b*x~2+a)* (1*x~5+h*x~4+g*x~3+f*x"2+e*x+d) ,x)

[Out] axd*x+1/2%axe*x”2+1/3x(a*xf+bxd)*x~3+1/4* (a*xg+b*e)*x~4+1/5% (axh+bxf+c*xd)*x~5
+1/6% (axi+b*xg+cke) *x~"6+1/7* (bxh+c*f) *x~7+1/8* (bxi+ckg) *x~8+1/9*cxh*x~9+1/10
*cxi*x~10

Maxima [A] time = 0.977675, size = 140, normalized size = 1.15

11—0 cix'0 + %chx9 + é (cg + bi)x8 + ; (cf + bh)x7 + % (ce +bg + ai)x6 + é (cd +bf + ah)xS + le (be + ag)x4 + % aex? -

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c*x"4+b*x~2+a)* (i*x~b+h*x 4+g* x~3+f*x " 2+e*xx+d) ,x, algorithm="max

ima")

[Out] 1/10%c*i*x~10 + 1/9%cxh*x™9 + 1/8*(c*g + b*i)*x~8 + 1/7*(c*f + bxh)*x~7 + 1
/6% (cxe + b*xg + axi)*x"6 + 1/5%(c*d + bxf + axh)*x”5 + 1/4*(bxe + axg)*x~4
+ 1/2%axe*xx”2 + 1/3%(b*d + a*xf)*x"3 + a*xd*x
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Fricas [A] time = 1.47442, size = 333, normalized size = 2.73

1 1 1 1 1 1 1 1 1 1 1 1 1
Exmic + §x9hc + éngc + gxgib + §x7fc + §x7hb + gxéec + 8x6gb + gx(’ia + 5x5dc + 5x5fb + §x5ha + ZX46b +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~4+b*x~2+a)* (i*x~5+h*x~4+g*x~3+f*x"2+e*x+d) ,x, algorithm="fri
cas")

[Out] 1/10%x710%ixc + 1/9%x~9*h*c + 1/8%x”8xgkc + 1/8+x78xi*b + 1/7xx"7*xfxc + 1/7

*x"7*h*b + 1/6%x"6%exc + 1/6*x"6*xgxb + 1/6%x"6xi*a + 1/5xx"b*d*c + 1/5*x"5%

fxb + 1/b*x"5xh*a + 1/4*%x"4%exb + 1/4xx"4*gka + 1/3%x73*d*b + 1/3*%x"3xfxa +
1/2%x"2%e*a + x*d*a

Sympy [A] time = 0.080023, size = 121, normalized size = 0.99

2 chx® 10 bi bh b h b d b
MMﬁf4};4}%-m%é+%%ﬂ%7+%ym%%+g+%%ﬁ%%+g+%»m%%+£)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((cxx**4+bxx**2+a)* (ikx*x*kE5+h*xr*k4+g*xk*3+f*x*k*2+exx+d) ,x)

[Out] axd*x + akxe*xx*x2/2 + cxhxx*x*9/9 + c*xi*xx**x10/10 + x**8*(b*1/8 + c*g/8) + x*x
Tx(b*h/7 + c*xf/7) + x**6%x(axi/6 + b*xg/6 + c*e/6) + x*x*5x(a*h/5 + b*xf/5 + cx
d/5) + xx*4x(axg/4 + bxe/4) + xx*3x(axf/3 + b*d/3)

Giac [A] time = 1.09444, size = 171, normalized size = 1.4

1 1 1 1 1 1 1 1 1 1 1 1 1
Ecixlo + §chx9 + gchs + gbix8 + ;cfx7 + ;bhx7 + gng6 + gaix6 + gcx66+ gcdxf’ + gbfx5 + gahx5 g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*xx~4+b*x~2+a)* (1*x"5+h*x~4+g*x~3+f*x"2+exx+d) ,x, algorithm="gia
Cll)
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[Out] 1/10%c*i*x~10 + 1/9%cxh*x™9 + 1/8*c*xg*x”8 + 1/8%b*ixx~8 + 1/T7Txc*xf*xx~7 + 1/7
*bxh*x”7 + 1/6%b*g*x™6 + 1/6%a*xi*x”6 + 1/6%cxx"6%e + 1/bxckd*x”5 + 1/b*b*fx

X756 + 1/Bk%axh*x”5 + 1/4*axg*xx”4 + 1/4%b*x"4*e + 1/3%b*d*x~3 + 1/3*%axf*x”3 +
1/2%a*x”2%e + axd*x
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2
3.6 f(d + ex) (a +bx? + cx4) dx
Optimal. Leaf size=112
1 1 1 2 1 2 1 1 1
a?dx + —a%ex? + —dx® (Zac + bz) + —ex® (Zac + b2) + Zabdx® + —abex* + =bcdx” + =bcex® + =c%dx® + —c%ex1
5 6 3 2 7 4 9 10

[Out] a~2*xd*x + (a™2*%e*xx"2)/2 + (2*%a*bxd*x~3)/3 + (axb*exx"4)/2 + ((b™2 + 2%axc)*
d*x"5)/5 + ((b™2 + 2%a*c)*e*x"6)/6 + (2*xbxcxd*x~7)/7 + (b*xc*xe*xx"8)/4 + (c”2
*d*x"9)/9 + (c™2%e*xx~10)/10

Rubi [A] time = 0.125778, antiderivative size = 112, normalized size of antiderivative

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 20, LT

0.05, Rules used = {1671}

integrand size

2 ,,-10

1 1 1 2 1 2 1 1 1
a?dx + —a?ex? + —dx® (2ac + bz) + —ex® (Zac + bz) + Zabdx® + Zabex* + Zbcdx” + =bcex® + =c2dx® + —c%ex
2 5 6 3 2 7 4

9 10

Antiderivative was successfully verified.

[In] Int[(d + exx)*(a + b*x"2 + c*x74)"2,x]

[Out] a"2*xd*x + (a"2*%e*xx"2)/2 + (2*xa*xbxd*x~3)/3 + (axb*exx"4)/2 + ((b"2 + 2%axc)*
d*x"5)/5 + ((b"2 + 2%axc)*exx"6)/6 + (2%bxcxd*x"7)/7 + (b*cxexx~8)/4 + (c~2
*d*x"9)/9 + (c™2%e*x~10)/10

Rule 1671

Int[(Pq )*x((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Int[Expa
ndIntegrand[Pg*(a + b*x~2 + c*x"4)7p, x], x] /; FreeQ[{a, b, c}, x] && Poly
Q[Pq, x] && IGtQ[p, O]

Rubi steps

2
f (d + ex) (a +bx® + cx4) dx = f (azd + a%ex + 2abdx? + 2abex® + (b2 + 2ac) dx* + (b2 + 2ac) ex® + 2bedx® + 2bcex

1 2 1 1 1 2
= a?dx + —aex? + =abdx® + —abex* + = (b2 + 2ac) dx® + = (b2 + 2ac) ex® + Zbedx” +
2 3 2 5 6 7
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Mathematica [A] time = 0.0506573, size = 97, normalized size = 0.87

630a%x(2d + ex) + 42a (5bx>(4d + 3ex) + 2cx>(6d + 5ex)) + 42b%x%(6d + 5ex) + 45bcx” (8d + Tex) + 14c?x*(10d + Yex)
1260

Antiderivative was successfully verified.

[In] Integratel[(d + exx)*(a + b*x"2 + c*x74)72,x]

[Out] (630%a~2*x*x(2*xd + exx) + 42%b~2*xx"5x(6*%d + bkxexx) + 4b5xbkcxx”~7*(8%d + T*xexx
)+ 14xc”2xx7 9% (10*%d + O*exx) + 42%ax(Bxbxx"3*(4*d + 3xe*xx) + 2*xc*xx"b*x(6xd

+ bxexx))) /1260

Maple [A] time = 0.001, size = 95, normalized size = 0.9

a’ex®> 2abdx®  abex* (2 ac + bz) dx® s (2 ac + bz) ex®  2bcdx”  beexd  2dx . c?ext0

+ + + + +
2 3 2 5 6 7 4 9 10

a?dx +
Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(c*x"4+b*x"2+a)”"2,x)

[Out] a~2*d*xx+1/2*a~2xexx~2+2/3*a*xb*d*x~3+1/2*a*xbxexx~4+1/5% (2*a*c+b™2) *d*x~5+1/6

* (2%a*xc+b™2) kexx"6+2/7*b*cxd*xx"7T+1/4xbxckxe*xx"8+1/9%c”2%d*x"9+1/10*%c " 2*e*xx"1
0

Maxima [A] time = 0.951583, size = 127, normalized size = 1.13

1 1 1 2 1 1 1 2 1
0 cZex10 + 5 2dx® + 1 beex® + - bedx” + = (bz + 2ac)ex6 + > abex* + z (bz + 2ac)dx5 + 3 abdx® + > a%ex? + a’dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(c*x~4+b*x"2+a)~2,x, algorithm="maxima"

[Out] 1/10%c™2%exx”10 + 1/9*%c™2*d*x"9 + 1/4xbxc*xexx”8 + 2/7*b*xcxd*x”~7 + 1/6x(b"2
+ 2%axc)*xe*xx”6 + 1/2%axbxexx”4 + 1/5%x(b"2 + 2%axc)*d*x"5 + 2/3xaxbxd*xx"3 +

1/2%a"2%e*x"2 + a " 2xdx*x
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Fricas [A] time = 1.47995, size = 252, normalized size = 2.25

1 1 1 2 1 1 1 2 1 2 1
Exloec2 + =x%dc? + =xBech + =x7dcb + —x%eb?® + =x%eca + —x°db? + gx5dca + Ex‘*eba + §x3dba + Exzeaz + xda?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(cxx~4+b*x"2+a)~2,x, algorithm="fricas")

[Out] 1/10%x"10%exc”2 + 1/9%x"9%d*c™2 + 1/4*x"8kexc*b + 2/7xx"7xd*cxb + 1/6%x " 6%*e
*b~2 + 1/3%x"6kexcka + 1/5%x"5xd*b"2 + 2/5%x"bkxdxc*a + 1/2*%x"4kxexbxa + 2/3%
x"3%dxbxa + 1/2*%x"2%e*xa”2 + x*xd*xa”2

Sympy [A] time = 0.08321, size = 116, normalized size = 1.04

) a’ex?  2abdx® abex*  2bcdx”  beex®  cdx®  cfex!®  face D% s (2acd  b*d
a“dx + + Xl =+ —|+x|—+—=

+ + + +
2 3 2 7 4 9 10 3 6 5 5
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)* (ckx*x*4+b*x**2+a)**2 %)

[Out] a*x*2*d*x + a*x*2xexx*x*x2/2 + 2%axbxd*xx**x3/3 + a*xbxexx*xx4/2 + 2xbxcxd*xx*xx7/7 +
b*cxexx*x*x8/4 + cx*x2*xdxx**x9/9 + cx*x2kxexx**x10/10 + x*x*x6*(axcxe/3 + b**x2xe/6)
+ x*x5% (2xaxcxd/5 + b**x2xd/5)

Giac [A] time = 1.0943, size = 143, normalized size = 1.28

1 1 2 1 1 1 2 1 2 1 .
0 c2x10e + 5 2dx® + = bexBe + = bedx” + = b%x%e + = acxbe + 5 b2dx® + z acdx® + 5 abx*e + 3 abdx® + 5 a’x%e + a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(c*x~4+b*x"2+a)”2,x, algorithm="giac")

[Out] 1/10%c™2%x"10%e + 1/9%c™2xd*x"9 + 1/4xbxc*x"8%e + 2/7*b*cxd*x~7 + 1/6%b"2%*x
“6xe + 1/3%axc*kx"6%e + 1/5%b"2%d*x”"5 + 2/5%axc*d*xx”5 + 1/2%axbkxx"4xe + 2/3x%
axbxd*x"3 + 1/2*%a"2*%x"2*%e + a”2*d*x
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37 | (d +ex + fxz) (a + bx? + cx‘i)2 dx

Optimal. Leaf size=154
22dx + Sa2ex? + =7 (2acf +V2f + 2bcd) w1y (Zubf + 2acd + bzd)  Loxs (Zac + b2) + 1axB’(af + 2bd) + L abext +
2 7 5 6 3 2

[Out] a~2*xd*x + (a"2*xexx"2)/2 + (a*x(2*bxd + axf)*x73)/3 + (axb*e*x"4)/2 + ((b~2*d
+ 2xaxckd + 2*axbxf)*x75)/5 + ((b~2 + 2%a*xc)*e*x”6)/6 + ((2*bxcxd + b~ 2xf

+ 2kaxcxf)*x77) /7 + (b*c*xe*x”8)/4 + (cx(cxd + 2xbxf)*x79)/9 + (c™2*e*xx”~10)/

10 + (c™2xf*xx~11)/11

Rubi [A] time = 0.130352, antiderivative size = 154, normalized size of antiderivative

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 25, L

integrand size
0.04, Rules used = {1657}

1 1 1 1 1 1
a’dx + Eazexz + §x7 (Zacf +2f + Zde) + 5x5 (Zabf + 2acd + bzd) + gex6 (2ac + bz) + gax3(af +2bd) + Eabex‘L +

Antiderivative was successfully verified.

[In] Int[({d + exx + f*xx"2)*(a + b*x"2 + c*x"4)"2,x]

[Out] a~2*d*x + (a"2xexx"2)/2 + (a*x(2*b*d + axf)*x73)/3 + (axb*e*x”4)/2 + ((b~2*d
+ 2*%axcxd + 2xaxb*xf)*x75)/5 + ((b7™2 + 2*axc)*exx"6)/6 + ((2*b*ckd + b~ 2x*f

+ 2kaxcxf)*x77) /7 + (b*c*xe*xx"8)/4 + (cx(cxd + 2xbxf)*x79)/9 + (c ™ 2*e*xx"10)/

10 + (c™2*f*xx"11)/11

Rule 1657

Int[(Pq )*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[Expand
Integrand[Pg*(a + bxx + c*x”2)7p, x], x] /; FreeQ[{a, b, c}, x] && PolyQ[Pq
, x] && IGtQ[p, -2]

Rubi steps

f (d +ex + fxz) (u +bx? + cx‘ll)2 dx = f (azd + a’ex + a(2bd + af)x? + 2abex® + (bzd + 2acd + 2abf) xt+ (b2 + 2ac)

1 1 1 1 1
= a?dx + —a’ex? + ~a(2bd + af)x® + —abex* + = (bzd + 2acd + 2abf) X+ = (bz
2 3 2 5 6
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Mathematica [A] time = 0.0464454, size = 154, normalized size = 1.

1 1 1 1 1 1
2 2012 7 2 5 2 6 2 3 4
a“dx + Saex’ + ox (2acf+b f+2bcd) + =X (2abf+2acd+b d) + i (2ac+b )+ 3% (af +2bd) + Eabex -

Antiderivative was successfully verified.

[In] Integrate[(d + exx + fxx"2)*(a + b*x"2 + c*xx74)72,x]

[Out] a~2*xd*xx + (a"2*%e*xx"2)/2 + (a*x(2*%b*d + axf)*x"3)/3 + (axb*xe*xx"4)/2 + ((b"2xd
+ 2%axckxd + 2xaxb*xf)*x”5)/5 + ((b”"2 + 2%axc)*e*xx”"6)/6 + ((2*xb*cxd + b~ 2xf
+ 2%axc*xf)*x"7)/7 + (bxc*xexx"8)/4 + (cx(cxd + 2*xb*xf)*x"9)/9 + (c ™ 2%e*xx~10)/

10 + (c™2xfxx"11)/11

Maple [A] time = 0.002, size = 139, normalized size = 0.9

czjlfic“ . cziglo . (2 fbe J;czd) x° . chXS . (2bed +f(27ac +b?)) 7 N (2ac + b?) exS . (d(2ac + 1?) + 2abf) 2°

6 5
Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x"2+exx+d)*(c*x"4+b*x"2+a) 2,x)

[Out] 1/11%c”2%f*xx"11+1/10*%c™2*%e*x~10+1/9% (2*b*xcxf+c™2%d) *x~9+1/4*b*xckexx~8+1/7*(

2xbxcxd+f* (2%a*xc+b™2) ) *x~7+1/6*% (2%axc+b™2) *xexx~6+1/5% (d* (2%axc+b~2) +2*xaxb*xf
)*x75+1/2%axbxe*xx"4+1/3% (a"2xf+2xaxbxd) *x"3+1/2%a" 2*e*xx " 2+a " 2*xd*x

Maxima [A] time = 0.960336, size = 186, normalized size = 1.21

1 1 1 1 1 1 1 1
Tl faxtl + 0 c?ex!'0 + 1 beex® + 5 (czd + 2bcf)x9 2 (bz + 2ac)ex6 + (2 bed + (bz + 2ac)f)x7 *5 abex* + z (2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx~2+exx+d)* (c*x~4+b*x~2+a)”2,x, algorithm="maxima")

[Out] 1/11*c™2%fxx"11 + 1/10%c”2%e*x~10 + 1/4xbkxcke*xx™8 + 1/9%(c”2%d + 2%b*xc*f)*x
“9 + 1/6%(b"2 + 2xaxc)*exx”"6 + 1/7x(2xbxcxd + (b"2 + 2%axc)*f)*xx~7 + 1/2%ax
bxexx~4 + 1/5%x(2*axb*f + (b™2 + 2%axc)*d)*x"5 + 1/2%a"2%e*xx"2 + a~2*d*xx + 1
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/3% (2%a*xb*xd + a”~2%f)*x"3

Fricas [A] time = 1.70357, size = 385, normalized size = 2.5

1 1 1 2 1 2 1 2 1 1 1
ﬁxnfc2 + 1—0x10(2c2 + §x9dc2 + §x9fcb + —xBech + §x7dcb + §x7fb2 + §x7fca + gxéeb2 + §x6eca + gx5db2 + gx5d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*xx~2+exx+d)* (c*x~4+b*x"2+a)”2,x, algorithm="fricas")

[Out] 1/11*x711*f*c™2 + 1/10*x"10%e*xc™2 + 1/9%x79*xd*c™2 + 2/9*x"9*f*cxb + 1/4*x~8
xexc*b + 2/7*x"T*xdxcxb + 1/7*x"T7+f*b"2 + 2/7*x"7*xf*xcxa + 1/6%x"6%exb™2 + 1/
3*x"6kexcka + 1/5*xx75xd*b72 + 2/5*%x"5kd*xcka + 2/5xx"5xfxb¥a + 1/2*%x"4*exb*a

+ 2/3*x"3xdxb*a + 1/3*%x"3*%f*a”2 + 1/2*x"2*%e*xa”2 + x*d*a”2

Sympy [A] time = 0.093461, size = 165, normalized size = 1.07

2,12 4 8 25,10  2f,11 2 2 2
YR +abex +bcex | Cex +cfx L 2bcf+g o 2acf+ﬂ+2bcd b g.,_ﬁ S
2 2 4 10 11 9 9 7 7 7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((fxx**2+exx+d)* (Ckx**4+b*x*k*2+a)**2,x)

[Out] a*x*2*xd*x + ax*x2kxexx**2/2 + axbke*xx*k*4/2 + bkckexx**x8/4 + c**2ke*xx**x10/10 +
ck*2xFxx*xx11/11 + x*xxO* (2xbxc*f/9 + c*x*2xd/9) + x**7Tx(2%xaxcxf/7 + bx*x2*xf/7

+ 2*bkxckxd/7) + x*xx6x(axcxe/3 + b**2*e/6) + x*x*x5x(2xaxb*xf/5 + 2*axc*d/5 + bx*
*2%d/5) + xk*k3*k(ax*x2xf/3 + 2xaxb*d/3)

Giac [A] time = 1.08962, size = 212, normalized size = 1.38

1 1 1 2 1 2 1 2 1 1 1 !
— 2 fatl + — 2xW% + = 2dx® + = befx® + = bex®e + = bedx” + - b2 fx7 + - acfx’” + c b2xbe + 3 acxbe + z b2dx® + -

11 10 9 9

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x~2+e*xx+d)* (c*x"4+b*x~2+a) 2,x, algorithm="giac")
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[Out] 1/11*%c™2%f*x"11 + 1/10*c”™2%x"10*%e + 1/9%c™2*xd*x~9 + 2/9*bxcxf*x~9 + 1/4*xb*c
*xX"8%e + 2/T*bxcxd*x”7 + 1/7*b72%f*x"7 + 2/7*axcxf*x”~7 + 1/6%xb"2%x"6%e + 1/
3kaxckx“6xe + 1/5xb72%d*x”5 + 2/5*xaxckd*x”5 + 2/5xaxb*xf*x”5 + 1/2*axbxx"4x*e

+ 2/3*%axbxd*x~3 + 1/3*%a”2*f*x"3 + 1/2*%a"2*xx"2xe + a~2*d*x
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2
3.8 f(d +ex + fx? +gx3) (cz + bx? + cx4) dx
Optimal. Leaf size=196
a?dx + %azex2 + ;x7 (Zacf + V2 f + Zde) + éx5 (Zabf + 2acd + bzd) + %xS (Zacg + g+ 2bce) + %x6 (Zabg + 2ace +

[Out] a™2*d*x + (a"2xe*x72)/2 + (ax(2xbxd + a*f)*x73)/3 + (ax(2xb*xe + a*xg)*x~4)/4
+ ((b72*d + 2xaxc*d + 2xaxb*xf)*x75)/5 + ((b72xe + 2%akxcxe + 2*axbxg)*x~6)/

6 + ((2xbkc*xd + b™2+f + 2kaxcxf)*x77)/7 + ((2%bkcxe + b™2%g + 2ka*xc*g)*x~8)

/8 + (cx(cxd + 2xb*xf)*x79)/9 + (cx(cxe + 2%b*xg)*x~10)/10 + (c™2xf*x"11)/11

+ (c™2*g*xx~12) /12

Rubi [A] time = 0.167512, antiderivative size = 196, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 30, L

integrand size
0.033, Rules used = {1671}

1 1 1 1 1
a’dx + Eazexz + §x7 (Zacf +2f + 2bcd) + §x5 (Zabf + 2acd + bzd) + gxg (2acg +b2g + 2bce) + 6x6 (Zabg + 2ace +

Antiderivative was successfully verified.

[In] Int[(d + e*xx + £*xx72 + g*x~3)*(a + b*x"2 + c*x74)72,x]

[Out] a™2*d*x + (a"2%e*x72)/2 + (ax(2xb*xd + a*xf)*x73)/3 + (ax(2xb*e + a*xg)*x~4)/4
+ ((b7™2xd + 2%a*xcxd + 2%xa*xbxf)*xx"5)/5 + ((b~2%e + 2%axcke + 2%axb*g)*x~6)/

6 + ((2xbxckd + b72xf + 2%axcxf)*x77)/7 + ((2%b*cxe + b~2%g + 2kaxc*g)*x~8)

/8 + (cx(cxd + 2%b*xf)*x79)/9 + (c*(cxe + 2xbxg)*x~10)/10 + (c™2%f*x~11)/11

+ (c™2%g*xx~12) /12

Rule 1671

Int[(Pq )*((a_) + (b_.)*x(x_ )72 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Int[Expa
ndIntegrand[Pg*(a + b*x"2 + c*x74)7p, x], x] /; FreeQ[{a, b, c}, x] && Poly
Q[Pq, x] && IGtQ[p, O]

Rubi steps

2
f (d +ex+ fx% + gx3) (a +bx? + cx4) dx = f (aZd + a’ex + a(2bd + af)x® + a(2be + ag)x> + (bzd + 2acd + Zabf) x*

1 1 1 1
= a?dx + Eazex2 + ga(Zbd +af)x® + Za(Zbe +ag)xt + 5 (bzd + 2acd + 2a
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Mathematica [A] time = 0.0586498, size = 196, normalized size = 1.

1 1 14 ” 14 ” 1
a’dx + Eazexz + §x7 (Zacf + 2 f + 2bcd) +5x (Zabf +2acd + b d) 3% (Zacg + Vg + 2bce) X (Zabg + 2ace -

Antiderivative was successfully verified.

[In] Integratel[(d + exx + f*xx72 + g*x~3)*x(a + b*x"2 + c*x74)72,x]

[Out] a"2*d*x + (a™2xexx"2)/2 + (ax(2*b*d + a*xf)*x"3)/3 + (ax(2%bxe + axg)*x~4)/4
+ ((b7™2xd + 2%akxcxd + 2%a*xbxf)*x75)/5 + ((b"2%e + 2%axcke + 2%axb*g)*x~6)/
6 + ((2xbxckd + b72xf + 2kaxc*xf)*x77)/7 + ((2%b*cxe + b~2%g + 2kaxc*g)*x~8)
/8 + (cx(cxd + 2xb*f)*x79)/9 + (cx(cxe + 2xb*xg)*x~10)/10 + (c™2xfxx"11)/11

+ (c™2*g*xx~12) /12

Maple [A] time = 0., size = 183, normalized size = 0.9

c?gx1? .\ 2 fxll . (Zgbc + ecz) x10 N (Zfbc + czd) X’ N (2 bee + ¢ (2 ac + bz)) x® N (2 bed + f (2 ac + bz)) x7 N (e (2
12 11 10 9 8 7

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*x~3+f*xx"2+e*xx+d)* (c*xx~4+b*x"2+a) " 2,x%)

[Out] 1/12%c™2*g*x~12+1/11*%c™2xf*x"11+1/10% (2%xbxc*xg+c™2%e) *x~10+1/9% (2¥bkcxf+c™ 2%
d) *x79+1/8% (2%bkcxe+gk (2%xa*xc+b™2) ) *x~8+1/7* (2*¥bxckxd+f* (2%a*c+b™2) ) *x~7+1/6%

(ex (2%axc+b™2) +2xa*xb*xg) *x~6+1/5% (d* (2%a*xc+b™2) +2*a*xbxf) *x~5+1/4* (a~2xg+2*xax*

bxe) *xx"4+1/3% (a”2*f+2*%axb*d) *x~3+1/2%a”2%e*x"2+a"2*d*x

Maxima [A] time = 0.949298, size = 246, normalized size = 1.26

%czgxl2 + %czfxll + 11—0 (cze + 2bcg)x10 + % (0201 + 2bcf)x9 + % (2 bee + (bz + 2ac)g)x8 + ; (2 bed + (b2 + 2ac)j

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx~3+f*x"2+e*x+d)* (cxx~4+b*x~2+a)~2,x, algorithm="maxima"

[Out] 1/12%c™2%g*x~12 + 1/11xc™2%f*x711 + 1/10%(c"2%e + 2xbkc*xg)*x~10 + 1/9%(c™2x
d + 2%bxc*f)*x"9 + 1/8%(2*bxckxe + (b~2 + 2%axc)*g)*x~8 + 1/7x(2xb*cxd + (b~
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2 + 2kaxc)*xf)*xx"7 + 1/6%x(2xa*xbxg + (b72 + 2%axc)*e)*x"6 + 1/5*(2*xaxb*xf + (b
T2 + 2%axc)*d)*x"5 + 1/2%a"2%exx"2 + 1/4x(2xaxbxe + a"2%g)*x"4 + a"2*d*xx +
1/3%(2xaxb*xd + a™2%f)*x"3

Fricas [A] time = 1.73068, size = 518, normalized size = 2.64

1 1 1 1 1 2 1 1 1 2 1 2
—x2¢c? + —x11fc? + —x0%c? + —x'0ch + —x%dc? + =27 fcb + ~xBech + —x8¢b? + ~x8gca + —x"dch + =x" fb? + =.
12 11 10 5 9 9 4 8 4 7 7 7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*x~3+f*x~2+e*x+d)* (c*x~4+b*x~2+a)~2,x, algorithm="fricas")

[Out] 1/12%x712%gxc™2 + 1/11*%x"11*f*c™2 + 1/10%x710%exc”2 + 1/5xx"10*gxc*xb + 1/9%

XTO*kd*CcT2 + 2/9%x79kfxckb + 1/4%x"8*kexc*kb + 1/8*xx"8*xgxb”2 + 1/4%x"8xgxcka +
2/T7*x"T*d*c*b + 1/7*x"T*fxb~2 + 2/7*x"7+f*c*ka + 1/6%x"6%exb™2 + 1/3*%x"6xex

cka + 1/3xx"6*gkbka + 1/B*x"5xd*b~2 + 2/5xx"bkd*cka + 2/b*x”"bxfxb¥a + 1/2%x
“4xexb¥a + 1/4*%x"4kgxa~2 + 2/3xx"3kdxbka + 1/3%x"3xf*a”2 + 1/2%x"2xe*a”2 +
x*xd*a”2

Sympy [A] time = 0.099348, size = 209, normalized size = 1.07

2,02 2f 01 25,12 2 2 2 2
e +Cfx + 28 +x10(bi<g+z)+x9(_2bcf+ﬂ)+x8(%+b_g+@)+x7(_2acf+ﬂ+2_b<

a?dx +
2 11 12 5 10 9 9 4 8 4 7 7 7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*x**3+f*x**x2+e*xx+d) * (Cxx**4+b*x**2+a) **2,X)

[Out] a**2xd*x + ax*2kexx*x*2/2 + ck*x2xf*x*k*x11/11 + cx*kkgxx**%12/12 + x*x*x10% (b*cxg
/5 + c*xx2xe/10) + x*x9* (2*bxc*xf/9 + c*x*2xd/9) + x**8x(a*xckxg/4 + b*x2xg/8 +
bxcke/4) + xx*kTx(2xa*xcxf/7 + b*xx2*f/7 + 2xb*xcxd/7) + x*x*x6x(axb*xg/3 + axcke/

3 + b**2%e/6) + xx*k5x(2xaxbxf/5 + 2*axc*d/5 + b**2xd/5) + x**xdx(axx2*xg/4 +
axbxe/2) + x*x3*(a*x*x2*xf/3 + 2xaxbxd/3)

Giac [A] time = 1.09694, size = 281, normalized size = 1.43

1 1 1 1 1 2 1 1 1 2 1
5 c?gx!? + a fxtl + z begx'0 + 0 c?x'% + 5 c?dx’ + 5 befx® + 3 b2gx® + 1 acgx® + 1 bexBe + - bedx” + - b fx7
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx~3+f*x"2+e*x+d)* (c*xx~4+b*x~2+a)~2,x, algorithm="giac")

[Out] 1/12%c™2*g*x~12 + 1/11*xc™2+f*x711 + 1/5xbxc*xg*x~10 + 1/10*%c”™2*x"10%e + 1/9%
CT2xd*x”9 + 2/9%bkcxf*x"9 + 1/8%b72%g*x"8 + 1/4*axckgkxx~8 + 1/4*%bxc*x"8%e +
2/Txbxckd*x”7 + 1/7*b"2%xf*x~7 + 2/T*xaxcxf*x”7 + 1/3%a*xbkxg*x™6 + 1/6%b™2%x"
6xe + 1/3%a*xc*x”6xe + 1/5%b72xd*x"5 + 2/b%axckd*x”5 + 2/5xaxbxf*xx”5 + 1/4xa
T2%gxx~4 + 1/2%axb*x"4*e + 2/3xaxbkxdxx”3 + 1/3%a”2xf*x"3 + 1/2%a”2xx"2%e +

a~2xd*x
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2
3.9 f(a + bx? + cx4) (d +ex + fx? +gx® + hx4) dx
Optimal. Leaf size=234
a2dx + %azexz + éx9 (2c(al + bf) + bh + 2d) + ;x7 (2b(ah + cd) + 2acf + b*f) + %x5 (2abf + a(ah + 2cd) + b2d) + é

[Out] a"2*d*x + (a™2xexx"2)/2 + (ax(2*b*d + a*xf)*x"3)/3 + (ax(2%bxe + axg)*x~4)/4
+ ((b72%d + 2%axbxf + ax(2*ckd + axh))*x75)/5 + ((b"2%e + 2xaxcke + 2xaxbx
g)*x"6)/6 + ((b72+f + 2*axcxf + 2*bx(cxd + axh))*x77)/7 + ((2%b*xcke + b~ 2xg

+ 2%axc*xg)*x78)/8 + ((c™2xd + b~2+h + 2*cx(bxf + axh))*x79)/9 + (c*(c*e +

2xbxg) *x~10) /10 + (cx(cxf + 2xb*h)*x~11)/11 + (c™2*%gxx~12)/12 + (c"2xh*x~13

)/13

Rubi [A] time = 0.238095, antiderivative size = 234, normalized size of antiderivative

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 35, fomer o e

0.029, Rules used = {1671}

integrand size

1 1 1 1 j
a’dx + Eazexz + §x9 (2c(ah +bf) + b%h + czd) + §x7 (Zb(ah +cd) + 2acf + bzf) + §x5 (Zabf + a(ah + 2cd) + bzd) +

Antiderivative was successfully verified.

[In] Int[(a + b*x"2 + c*x74)72x(d + exx + fxx"2 + g*x~3 + h*x"4),x]

[Out] a™2*d*x + (a"2%e*x72)/2 + (ax(2xb*xd + a*xf)*x73)/3 + (ax(2xb*e + a*xg)*x~4)/4
+ ((b72*d + 2*a*xb*xf + a*x(2xcxd + axh))*x"5)/5 + ((b"2%e + 2%axcxe + 2xaxbx
g)*x"6)/6 + ((b™2+f + 2*axcxf + 2%bx(cxd + axh))*x77)/7 + ((2xb*xcke + b~ 2xg

+ 2%axcxg)*x78)/8 + ((c7™2xd + b~2%h + 2*cx(bxf + axh))*x79)/9 + (c*(c*e +

2*¥b*g) *x710) /10 + (cx(c*xf + 2xbxh)*x711)/11 + (c™2*g*x~12)/12 + (c™2%h*x713

)/13

Rule 1671

Int[(Pq )*((a_) + (b_.)*(x_ )72 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Int[Expa
ndIntegrand[Pg*(a + b*x"2 + c*x~4)7p, x], x] /; FreeQ[{a, b, c}, x] && Poly
Q[Pq, x] && IGtQ[p, O]

Rubi steps
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2
f(a +bx? + cx4) (d +ex+ fx?+gx> + hx4) dx = f(azd + a®ex + a(2bd + af)x® + a(2be + ag)x> + (bZd +2abf +

1 1 1 1
= a?dx + Eazex2 + ga(2bd +af)x® + Za(Zbe +ag)x* + z (bzd + 2

Mathematica [A] time = 0.0877014, size = 234, normalized size = 1.

1 1 1 1
§x5 (azh +2abf + 2acd + bzd) + a’dx + Eazex2 + §x9 (Zach +b?h + 2bcf + czd) + §x7 (2abh +2acf + b f + 2bcd) :

Antiderivative was successfully verified.

[In] Integratel[(a + b*x"2 + c*x74)72%(d + exx + f*x72 + g*x~3 + h*x74),x]

[Out] a™2*d*x + (a™2xexx"2)/2 + (ax(2*b*d + a*xf)*x"3)/3 + (ax(2%bxe + axg)*x~4)/4
+ ((b72%d + 2%axckd + 2*kaxbxf + a"2xh)*x75)/5 + ((b"2%e + 2xaxcke + 2xaxbx
g)*x"6)/6 + ((2xb*xckd + b72+f + 2*axc*xf + 2*axbxh)*x77)/7 + ((2%b*c*xe + b~2
xg + 2xakxcxg)*x~8)/8 + ((c72*%d + 2%bxc*f + b72xh + 2%akxcxh)*x79)/9 + (c*(cx*
e + 2*xbxg)*x~10)/10 + (cx(cxf + 2xbxh)*x711)/11 + (c™2*gxx~12)/12 + (c~2%hx*

x"13)/13

Maple [A] time = 0.002, size = 219, normalized size = 0.9

(2 bch + czf) x! (Zgbc + ecz) x10 ((2 ac + bz) h+2 fbc + czd) x’ (2 bee + ¢ (2 ac + bz)) x8
+ + +
9 8

hxld 2gx12
13 12 11 10

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"4+b*x~2+a) ~2* (h*x~4+g*x~3+f*x"2+exx+d) ,x)

[Out] 1/13%c™2xh*x713+1/12%c™2%g*x~12+1/11% (2*¥bxc*h+c™2*f)*x~11+1/10% (2%b*c*g+c™2
*xe)*x~10+1/9% ((2%a*xc+b™2) xh+2xf*b*xc+c™2xd) *x~9+1/8% (2+b*cket+gx (2%axc+b™2) ) *
X78+1/7T* (2%a*xbxh+f* (2%xaxc+b™2) +2xb*xc*xd) *x~7+1/6% (ex (2%a*c+b~2) +2*a*xb*g) *x~6

+1/5% (a~2*%h+2*xaxb*f+d* (2*%a*xc+b~2) ) *x~5+1/4% (a~2xg+2*a*xbke) *x~4+1/3* (a~2*f+2
*xaxb*d) *x"3+1/2%a"2%e*xx”"2+a"2*d*x

Maxima [A] time = 0.937189, size = 294, normalized size = 1.26

1 1 1 1 1 1
3 c?hx'3 + 5 c?gx!? + a (czf +2 bch)x11 * (cze +2 bcg)x10 *5 (czd +2bcf + (bz +2 ac)h)x9 *3 (2 bee + (bz
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~4+b*x~2+a) ~2% (h*x~4+g*x~3+f*x"2+e*x+d) ,x, algorithm="maxima"

)

[Out] 1/13%c™2%h*x713 + 1/12%c™2%g*x"12 + 1/11%(c”2*f + 2xb*c*h)*x"11 + 1/10%(c"2
xe + 2xbkxcxg)*x~10 + 1/9%(c™2xd + 2%bkxcxf + (b72 + 2%a*xc)*h)*x~9 + 1/8%(2*b

xcke + (b72 + 2%axc)*g)*x"8 + 1/7x(2xb*cxd + 2xaxbxh + (b7™2 + 2%axc)*f)*x77

+ 1/6%(2xaxb*xg + (b2 + 2%axc)*e)*x~6 + 1/5*x(2*axbxf + a~2xh + (b™2 + 2%ax
c)*d)*x"5 + 1/2%a"2xexx”2 + 1/4x(2*xaxbxe + a”2xg)*x"4 + a”~2xdxx + 1/3%(2*ax

bxd + a”2*xf)*x"3

Fricas [A] time = 1.73156, size = 653, normalized size = 2.79

1 1 1 2 1 1 1 2 1 2 1
ﬁxlg’th + 1—2x12gc2 + ﬁxllfc2 + ﬁxllhcb + Exloec2 + gxlogcb + §x9dc2 + §x9fcb + §x9hb2 + §x9hca + szecb -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~4+b*x~2+a) ~2* (h*x~4+g*x~3+f*x"2+e*x+d) ,x, algorithm="fricas"

)

[Out] 1/13%x713xh*c™2 + 1/12*%x712%gxc™2 + 1/11*x"11*f*c™2 + 2/11xx"11xh*c*b + 1/1
0*x~10%exc™2 + 1/5%xx710*%gxckxb + 1/9%x79%d*c™2 + 2/9%x”9xfxcxb + 1/9%x~9%hx*Db

T2 + 2/9%x79%hkcxa + 1/4*%x"8*excxb + 1/8%x"8*kgxb”2 + 1/4xx"8*xgxcka + 2/7*x”
Txdxcxb + 1/7*x"7T+f*xb"2 + 2/7*x"T*xfxcxa + 2/7*x"7xhxb*a + 1/6%x"6%exb™2 + 1
/3*x"6*exckxa + 1/3*%x"6xgxb*xa + 1/5xx75*xd*b”~2 + 2/5*x”5kxdxc*a + 2/5xx"5*f*bx*

a + 1/6xx7b*h*a”2 + 1/2%x"4xexb*a + 1/4xx"4*gka™2 + 2/3%x"3*dxb*a + 1/3%x"3
xf*a”2 + 1/2%x72%e*a”2 + x*d*a”2

Sympy [A] time = 0.104479, size = 258, normalized size = 1.1

s Pex?  Pgxl2  2pyt3 Y (Zbch . cz_f) 10 (bc_g . é) oy (Zach N vh . 2bcf . cz_d) 8 (&g N L

+ + -
2 12 13 11 11 5 10 9 9 9 9 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((cxx**x4+bxx**2+a)**2* (hkxx*k4+g*kxr*k3+f*x*k*2+e*xx+d) ,x)
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[Out] a**2xd*x + ax*2kexx**2/2 + ck*x2kgkx**x12/12 + cx*2xh*x**13/13 + x*k*k11x(2%xbxc
xh/11 + c*x2%f/11) + x*x10%(b*c*g/b + c**2%e/10) + x*x9*(2*axc*h/9 + b*x*2xh

/9 + 2xbkxcxf/9 + c*k*2%d/9) + x**k8x(axc*g/4 + bx*2xg/8 + bkcxe/4) + x*k*T* (2%
axbxh/7 + 2kaxc*f/7 + bx*2xf/7 + 2%bxc*d/7) + x**6%(axb*g/3 + axckxe/3 + bxx*
2%e/6) + xx*k5x(ax*2xh/5 + 2*xaxb*xf/5 + 2%a*xcxd/5 + b**2*xd/5) + xx*xdx(ax*x2xg/

4 + axb*e/2) + x*k*3k%(ax*2xf/3 + 2%axb*d/3)

Giac [A] time = 1.08647, size = 350, normalized size = 1.5

2 1 1 1 2 1 2 1
— behatt + = begx® + — 2x1% + = c2dx® + = befx + = b?hx” + = achx® + = |
11 5 10 9 9 9 9 8

1 1 1
— 2ha® + — 2gx!2 + — 2 fall +
13 12 11

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x"4+b*x~2+a) ~2% (h*x~4+g*x~3+f*x"2+e*x+d) ,x, algorithm="giac")

[Out] 1/13%c™2*h*x~13 + 1/12%c™2%g*x~12 + 1/11*%c™2xf*xx~11 + 2/11%b*c*h*x~11 + 1/5
*xbxckgkx~10 + 1/10%c™2xx"10%e + 1/9%c™2xd*x™9 + 2/9*bkc*xf*x™9 + 1/9%b~2xh*x

79 + 2/9%axckh*x”9 + 1/8%b"2*gxx"8 + 1/4xaxckgxx”8 + 1/4xb*cxx"8%e + 2/T7*bx
ckd*x~7 + 1/T*b"2*%fxx"7 + 2/Txa*xcxfxx”7 + 2/Txa*xbxh*x”7 + 1/3%a*xbxg*x™6 + 1
/6%b"2%x"6%e + 1/3k%axcxx"6xe + 1/5xb72%d*x”"5 + 2/Bkakxckxd*xx”5 + 2/5xaxbxf*x”

5 + 1/6%a”2*h*x"5 + 1/4*%a”2xgxx"4 + 1/2xaxb*x"4*xe + 2/3*axbxd*x~3 + 1/3%a"2
*f*x73 + 1/2%a”2%x"2%e + a"2*d*x



78

310 [y

4—5x2+x4

Optimal. Leaf size=45

1 1(X 1 -1 1 ) 1 )
—gdtanh (E) + gdtanh (%) - gelog (1 - X ) + gelog (4 - X )

[Out] -(d*ArcTanh[x/2])/6 + (d*ArcTanh[x])/3 - (e*Logll - x72])/6 + (e*xLogl[4 - x~
2]1)/6

Rubi [A] time = 0.0324412, antiderivative size = 45, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 7, integrand size = 18, number of rules

0.389, Rules used = {1673, 12, 1093, 207, 1107, 616, 31}

integrand size

1 1(X 1 -1 1 5 1 >
—gdtanh (E) + gdtanh (x) - gelog (1 - X ) + gelog (4 - X )

Antiderivative was successfully verified.

[In] Int[(d + e*xx)/(4 - 5%x~2 + x74),x]

[Out] -(d*ArcTanh[x/2])/6 + (d*ArcTanh[x])/3 - (exLog[l - x72])/6 + (exLogl[4 - x~
2]1)/6

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, q/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]*(a + bxx"2 + c*xx~4)"p, x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x]
&& 'PolyQ[Pq, x72]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 1093

Int[((a_) + (b_.)*(x )72 + (c_.)*x(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[b~
2 - 4xaxc, 2]}, Distlc/q, Int[1/(b/2 - q/2 + c*x"2), x], x] - Distl[c/q, Int
[1/(b/2 + q/2 + c*xx72), x], x]] /; FreeQl[{a, b, c}, x] && NeQ[b~2 - 4x*axc,
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0] && PosQ[b~2 - 4xaxc]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQ[a
, 01 Il GtQ[b, 01)

Rule 1107

Int[(x )*((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Dist[1/2,
Subst[Int[(a + bxx + c*xx~2)7p, x], x, x°2], x] /; FreeQ[{a, b, c, p}, x]

Rule 616

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Distl[c/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distl[c/q,
Int[1/Simp[b/2 + q/2 + c*x, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[b~2 - 4xaxc] &% PerfectSquareQ[b~2 - 4x*axc]

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI]

Rubi steps

d+ex p f d p +f ex p
—  _dx= | ——dx —  _dx
4 —5x2 4 x4 4 —5x2 4 x4 4 —5x2 4 x4

1 x
:df——————d f——————d
4 —5x2 + x4 xte 4 —5x2 + x4 X
1 1 1 1 1 1
:‘df d——df d --Sbtf—————d,,2
3%) v ™3 4+w2x+2eus( PR

_1 -(xy, 1 1oy, 1 f 1 A f
= 6dtanh (2)+3dtanh (x)+6eSubst( _4+xdx,x,x 6eSubst

1 1 1 1
= —gd tanh™ (;) + §d tanh™ (x) - gelog (1 - xz) + gelog (4 — xz)

Mathematica [A] time = 0.0179092, size = 50, normalized size = 1.11

%2(—2(01 +e)log(1 —x) + (d + 2¢e) log(2 — x) + 2(d — e) log(x + 1) — (d — 2¢) log(x + 2))

dx, x,?
X
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Antiderivative was successfully verified.

[In] Integratel[(d + exx)/(4 - 5*x~2 + x74),x]

[Out] (-2*(d + e)*Logl[l - x] + (d + 2xe)*Log[2 - x] + 2x(d - e)*Log[l + x] - (d -
2xe)*Log[2 + x])/12

Maple [A] time = 0.039, size = 58, normalized size = 1.3

_1n(2+x)d N In(2+x)e N In(1+x)d _ In(1+x)e N In(x-2)d N In(x-2)e _ In(x-1)d ~ In(x-1)e
12 6 6 6 12 6 6 6

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)/(x"4-5%x"2+4) ,x)

[Out] -1/12%1n(2+x)*d+1/6%1n(2+x)*e+1/6*1n(1+x)*d-1/6*1n(1+x)*e+1/12*%1n(x-2)*d+1/
6x1n(x-2)*e-1/6*%1n(x-1)*d-1/6*%1n(x-1) *e

Maxima [A] time = 0.957648, size = 58, normalized size = 1.29
1 1 1 1
——d-2¢e)log(x+2)+-(@d-e)log(x+1)—=-(d+e)log(x—1)+ — (d+2¢)log(x-2)
12 6 6 12
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((e*x+d)/(x"4-5*%x"2+4),x, algorithm="maxima"

[Out] -1/12%(d - 2*e)*log(x + 2) + 1/6*%(d - e)*log(x + 1) - 1/6%(d + e)*log(x - 1
) + 1/12%(d + 2x%e)*log(x - 2)

Fricas [A] time = 1.90501, size = 143, normalized size = 3.18

1 1 1 1
—1—2(d—26)log(x+2)+g(d—e)log(x+1)—6(d+e)log(x—1)+1—2(d+26)10g(x—2)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx+d)/(x"4-5%x"2+4),x, algorithm="fricas")

[Out] -1/12%(d - 2*e)*log(x + 2) + 1/6%(d - e)*log(x + 1) - 1/6%(d + e)*log(x - 1
) + 1/12%(d + 2%e)*log(x - 2)

Sympy [B] time = 2.17518, size = 515, normalized size = 11.44

407 2(1-2¢)3
~35a4e+ 22 180426390022 (d-20) +41d2e(d-2e)~ 2 E2T 130065 9604 (d-20)-8063 (d-20)+24¢(d-2¢)°

94°-160d3¢2+256d¢4 (d-e)l

- +
12

(d—2e)log|x +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(x**4-5xx**2+4) %)

[Out] -(d - 2%e)*log(x + (-3b*d**4*xe + Blkdx*x4x(d - 2xe)/2 - 180*d**2%e**3 - 90*d
*x2kex*x2% (d - 2%e) + 41xdxx2xex(d - 2%e)**2 — 15xd**2x(d — 2xe)**3/2 + 320%
ex*x5 — 96kex*k4*x(d — 2*e) — 80xe**3*(d - 2%e)**2 + 24*xex*x2x(d - 2%e)**3) /(9%
d**5 — 160xd**3xe*x*2 + 2656%d*ex*4))/12 + (d - e)*log(x + (-35*d*x4*xe - 51xd
*%4x(d - e) - 180*d**2*xex*x3 + 180*d**2xe**2x(d - e) + 164xd**2*xex(d - e)**2
+ 60*d**2*x(d — e)**3 + 320%e**5 + 192*e*x*4*x(d - e) — 320%e*x*3*x(d - e)**2 -
192*xex*x2x (d - e)*%*3)/(9*d**5 - 160*d**3xex*x2 + 256xd*e**4))/6 - (d + e)x*lo
g(x + (-3b*d*x*4*xe + Blxd*x4x(d + e) - 180xd**2*ex*3 — 180*d**2*xex*x2x(d + e)
+ 164*d*x*2xex(d + e)**2 — 60*d**2*x(d + e)**x3 + 320*e**5 - 192*e*x*x4*x(d + e)
- 320*%ex*3*(d + e)**2 + 192xex*2*(d + e)**3)/(9*d*x*5 — 160*d*x*3*xe*x*2 + 256
*xdxex*4)) /6 + (d + 2*xe)*log(x + (-35*d*xdxe - Slkxd*x4x(d + 2%e)/2 - 180*d**
2xex*x3 + 90*kd*x2xe*x*x2x (d + 2ke) + 41xdx*x2xex(d + 2*xe)**x2 + 15xd*x*x2%x(d + 2%e
Y*x3/2 + 320%e**5 + 96kex*x4dx(d + 2xe) - 80*e**3*x(d + 2%e)**2 — 24xex*x2%(d +
2%e) **3) / (9kd**5 — 160*xd*x*3*e*x*x2 + 256*xd*xe*x*x4)) /12

Giac [A] time = 1.09427, size = 69, normalized size = 1.53

1 1 1 1
I (d-2e)log(x +2|) + g(d—e)log(|x+1|)— 6(d+e)10g(|x—1|) + E(d+23)log(|x—2l)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(x"4-5*x"2+4),x, algorithm="giac")
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[Out] -1/12%(d - 2*e)*log(abs(x + 2)) + 1/6%(d - e)*log(abs(x + 1)) - 1/6%(d + e)
xlog(abs(x - 1)) + 1/12*(d + 2*e)*log(abs(x - 2))
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2
311 [Ty

4—5x2+x4

Optimal. Leaf size=51
1 1(X 1 -1 1 1
—g(d+4f)tanh (§)+ g(d+f)tanh (x)—gelog (1—x2) +gelog (4—x2)

[Out] -((d + 4*f)*ArcTanh[x/2])/6 + ((d + f)*ArcTanh[x])/3 - (exLogl[l - x72])/6 +
(exLogl[4 - x72]1)/6

Rubi [A] time = 0.0566029, antiderivative size = 51, normalized size of antiderivative =

. . b f rul
1., number of steps used = 9, number of rules used = 7, integrand size = 23, e L

integrand size
0.304, Rules used = {1673, 1166, 207, 12, 1107, 616, 31}

1 1(X 1 -1 1 > 1 >
—g(d +4f)tanh (5) + §(d + f)tanh " (x) - gelog (1 —x ) + gelog (4 —-x )

Antiderivative was successfully verified.

[In] Int[(d + exx + f*x72)/(4 - 5*%x"2 + x74),x]

[Out] -((d + 4xf)*ArcTanh[x/2])/6 + ((d + f)*ArcTanh[x])/3 - (exLog[l - x72])/6 +
(exLogl[4 - x72])/6

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, q/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]*(a + b*x"2 + c*xx~4)7p, x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x]
&% 'PolyQ[Pq, x72]

Rule 1166

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[b~2 - 4xa*xc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2*%c*d - bxe)/(2xq), Int[1/(b/2 + q/2
+ cxx72), x], x]]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && Ne
Qlcxd™2 - a*xe™2, 0] && PosQ[b™2 - 4xaxc]

Rule 207
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Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQ[a
, 0] |l GtQlb, 01)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 1107

Int[(x_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Dist[1/2,
Subst[Int[(a + b*x + c*x”2)7p, x], x, x°2], x] /; FreeQ[{a, b, c, p}, x]

Rule 616

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Distl[c/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distl[c/q,
Int[1/Simp[b/2 + q/2 + cx*x, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[b~2 - 4xaxc] &% PerfectSquareQ[b~2 - 4*axc]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQl[{a, b}, x]

Rubi steps
d+ex+fx f d+fx
4-5x2 + x4 +x4 4 - 5x2 +x4 4 4-5x2 + x4
_ d f
ef4—5x2+x4 S+ ) 1+

_ 1 - 1 2
= 6(d+4f)tanh ( +3(d+f)tanh (x)+ZeSubst(f4 5x+x2dxxx)

dx, x, xz) — —eSubst (f —
X 6 =]

(d + f)tanh ™' (x) - %elog (1-x2)+ %elog (4-22)

= —%(d +4f)tanh_1 d+f) tanh_l(x) + %e Subst (f ”yn

3.
]
!

—
NIR NIR NIR

QJIH OJI’—‘

= —é(d + 4f)tanh_] (

Mathematica [A] time = 0.0259607, size = 58, normalized size = 1.14

%(—2 log(1 —x)(d+e+ f)+1og2 —x)(d + 2e + 4f) + 2log(x + 1)(d —e + f) — log(x + 2)(d — 2e + 4f))
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Antiderivative was successfully verified.

[In] Integrate[(d + exx + fxx72)/(4 - b*x"2 + x74),x]

[Out] (-2*%(d + e + f)*Log[l - x] + (d + 2%e + 4xf)*Log[2 - x] + 2x(d - e + f)*Log
[1 + x] - (d - 2%e + 4xf)*Log[2 + x])/12

Maple [B] time = 0.007, size = 86, normalized size = 1.7

_ln(2+x)d N In(2+x)e ~ In@2+x)f N In(1+x)d B In(1+x)e N In(1+x)f N In(x-2)d N In(x-2)e N In (
12 6 3 6 6 6 12 6

Verification of antiderivative is not currently implemented for this CAS.

[In] int((fxx"2+exx+d)/(x"4-5%xx"2+4) ,x)

[Out] -1/12%1n(2+x)*d+1/6*1n(2+x)*e-1/3*%1n(2+x) *f+1/6*1n(1+x)*d-1/6*1n(1+x)*e+1/6
*1n(1+x) *f+1/12%1n(x-2) *d+1/6*%1n(x-2) *e+1/3*x1n(x-2) *f-1/6*1n(x-1)*d-1/6*1n(
x-1)*e-1/6%1n(x-1) *f

Maxima [A] time = 0.963057, size = 69, normalized size = 1.35

1

- (d—26+4f)log(x+2)+%(d—e+f)log(x+1)—%(d+e+f)log(x—1)+11—2(d+23+4f)10g(x—2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x~2+e*xx+d)/(x"4-5*x"2+4) ,x, algorithm="maxima")

[Out] -1/12%(d - 2*e + 4xf)xlog(x + 2) + 1/6%(d - e + f)xlog(x + 1) - 1/6%x(d + e
+ f)xlog(x - 1) + 1/12*%(d + 2%e + 4*f)*log(x - 2)

Fricas [A] time = 2.0685, size = 170, normalized size = 3.33

_112(d-2e+4f)1og(x+2)+%(d—e+f)1og(x+1)-%(d+e+f)1og(x—1)+11—2(d+2e+4f)1og(x_2)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((f*x~2+exx+d)/(x"4-5*x"2+4),x, algorithm="fricas")

[Out] -1/12%(d - 2*%e + 4xf)xlog(x + 2) + 1/6%(d - e + f)xlog(x + 1) - 1/6%x(d + e
+ f)xlog(x - 1) + 1/12*%(d + 2%e + 4*f)*log(x - 2)

Sympy [B] time = 33.0575, size = 2195, normalized size = 43.04

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((fxx**2+exx+d)/ (x**4-5xx**2+4) ,x)

[Out] -(d - 2xe + 4*f)xlog(x + (-35xdx*bxe + Llxd**5x(d - 2xe + 4*f)/2 - 820*d**4
xexf + 90*d**4d*xfx(d — 2%e + 4xf) - 180*d**3*e**3 — 9O0xd*x*3xexx2x(d - 2%e +
4xf) - 4100*d**3*xexf**x2 + 41xd**3xex(d — 2%e + 4xf)**2 + 42xd**3xF*x2*(d -
2%e + 4*f) - 15xd**3x(d — 2%xe + 4*f)**3/2 - 432*xd**2xexx2xf*(d - 2%e + 4x*f)
- 8000*d**2*kexf**x3 + 240%d**2kxe*xf*(d - 2%e + 4*xf)**x2 — 240+d**2*f**3*x(d -
2%e + 4*f) - 12*xd**2xfx(d - 2%e + 4*f)**3 + 320*kd*e*x*x5 — 96xd*e*x*4*(d - 2*e
+ 4xf) + 720*d*exx3*xf**x2 — 80xd*xe**3x(d - 2%e + 4*xf)**2 — 1080*d*e**2xf**2
*(d - 2%e + 4*f) + 24xdxexx2x(d - 2%e + 4*f)**3 - 6400*xd*exf*xx4 + 492+d*exf
*%2% (d - 2ke + 4xf)**x2 — B76xd*xf**x4+(d - 2*e + 4*f) + 30xd*xf**x2x(d - 2%e +
4xf)**x3 + 512xe**x5+xf — 128*e*x*k3xf*x(d — 2%e + 4xf)**x2 — B576*kex*x2xf**3x(d - 2
xe + 4%f) - 1472*%exf**x5 + 320%e*xf**x3*%(d - 2%e + 4*xf)**x2 — 480*f**x5x(d - 2*e
+ 4*f) + 48xf**3x(d - 2xe + 4*f)**3)/(9*kd**6 + Abxdx*x5xf - 160*d**4*e**2 -
36*dxkAxf**x2 — 1312kdA**3kex*x2xf — 360*d*x*x3xf**3 + 256%d**2xe*x*x4 — 3840*d**
2kex*x 2k fk*k2 — 144xd*x*x2xfxx4 + 1280*d*e*x*4*f — 5248xdxex*x2xf**x3 + T20*d*f**5
+ 1024*ex*x4xf*x2 — 2560*ex*2xf*x4 + B576*xf**6))/12 + (d - e + f)xlog(x + (-
35*xd*x*5xe — Hlxd*x*x5x(d - e + f) - 820*kd*x*kd*exf — 180*d**4*f+x(d - e + f) - 1
80xd**3*exx3 + 180*d**3xe*x*2x(d - e + f) — 4100*d**3*xexf**x2 + 164*d**x3xe*(d
- e + f)**2 — B4xdx*3xf**2x(d - e + f) + 60*d**3*x(d - e + f)**3 + 864*xd**2
xexx2+xf*x(d - e + ) — 8000xd*x*2%e*xf**x3 + 960*d**2xexfx(d — e + f)**2 + 480%
Ax*k2xF**k3%x(d — e + £) + 96*d**2*f*(d - e + f)**x3 + 320*d*e**5 + 192*kd*e*x*x4x*
(d - e + f) + 720xd*ex*3xf**x2 — 320*d*e**3*%(d - e + )**2 + 2160*d*xe*x*2*f**
2%(d - e + f) - 192*%d*ex*2x(d - e + f)**3 - 6400*d*exf**x4 + 1968kd*e*f+*2x(
d - e + f)**x2 + 1152xd*xf**x4*x(d - e + f) - 240*%d*f**x2%x(d - e + f)**3 + 512x*e
#%5xf — B512%e**3xfx(d - e + f)**2 + 1152%ex*x2xf**x3%x(d - e + f) — 1472*xexf**
5 + 1280*e*xf**3*(d — e + f)*x2 + 960*f**x5x(d - e + ) - 384*xf*x3x(d - e + f
)*x3) /(9*%d**6 + 45xd**5xf — 160*xd*x*x4*e**x2 — 36kdAkk4kF**x2 — 1312xd**3ke*x*2*f
- 360*%d**k3*xf**3 + 256*d*x*2kxe**x4 — 3840*d*k2kexk2kfx*x2 — 144%d**2+xf**x4 + 12
80*dxex*x4xf — 5248xd*xe*x*2+xf*x3 + 720*%d*f**5 + 1024%exx4*xf**2 — 2560*%e*x*2*f*
x4 + B576*xfx*x6))/6 - (d + e + f)*log(x + (-35*d**5xe + 51lxd*xb5*x(d + e + f) -
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820xdx*x4xexf + 180*xd**4*xf*x(d + e + f) — 180*d**3*ex*x3 — 180*d*x*3*xe*x*2*(d +
e + f) - 4100*d**3xexf**x2 + 164*d**3*xex(d + e + f)*xx2 + 84*xd**x3*xf**2x(d +
e + ) - 60xd**3*x(d + e + )**x3 - 864*d**2*ke*x*k2xf*x(d + e + f) - 8000*d**2x*e
*f4%x3 + 960*kd**2xexfx(d + e + f)**2 — 480*d**2*xf**3*x(d + e + f) — 96*d**2x*f
*(d + e + f)**3 + 320*d*ex*x5 — 192+d*e*x*4*x(d + e + f) + 720*d*e*x*3*xf**x2 - 3
20kd*e*x*3*(d + e + f)**2 - 2160*d*ex*2xf**x2x(d + e + f) + 192*xd*ex*x2*x(d + e
+ f£)**3 - 6400*d*xexfxx4 + 1968*d*e*xf**2x(d + e + f)*xx2 — 1152*d*f**x4*x(d +
e + f) + 240%dxf**2x(d + e + f)**3 + B12*ex*k5xf — 512*exx3xf*x(d + e + f)**2
- 1152%ex*2xf**3%x(d + e + f) - 1472*e*xf**5 + 1280*exf**x3*%(d + e + f)**2 —
960*f**5x(d + e + f) + 384xf**x3*x(d + e + f)**3)/(9*d**6 + 45*xd**5xf — 160*d
*k4xe*x*x2 — 36kdkkdkfr*2 — 1312%d**3ke**2*xf - 360*d**k3xf**x3 + 256%d**2*xe**4
- 3840%d**2kexk2xf*x*x2 — 144xd**2+f**x4 + 1280*d*xex*xd*xf — 5248xd*e**2*xf**3 +
T20xd*f**5 + 1024xex*x4*xf+%x2 — 2560*e*x*2xf*x*x4 + 576xf*x%x6))/6 + (d + 2*e + 4x%
f)*log(x + (-35*%dx*5xe — blxd*xb5*x(d + 2%e + 4*f)/2 - 820*d**4*xexf - 90xd*x4
*fx(d + 2%e + 4*f) — 180*d*x*x3*xe*x*3 + 90*d**3kex*k2x(d + 2%xe + 4*f) - 4100*d*
*3kexf*xx2 + 41*d**3*e*(d + 2%e + 4*f)**2 - 42*d**3*f**2*(d + 2%e + 4*f) + 1
5xd**x3% (d + 2%e + 4%f)**3/2 + 432+d**2xe*x*2xf*x(d + 2%e + 4xf) - 8000*d**2*e
*f*x*x3 + 240%d**x2kexf*x(d + 2%e + 4*xf)**x2 + 240xd**x2xf*x*3*x(d + 2%e + 4*xf) + 1
2%d*x*x2+f % (d + 2%e + 4*xf)**x3 + 320*d*e**5 + 96kd*ex*xdx(d + 2xe + 4xf) + 720%
d*xe*xx3xfx*x2 — 80kxd*xe*x*3%(d + 2%e + 4*xf)**2 + 1080*d*xe*x*x2*xf*xx2x(d + 2*xe + 4%
f) - 24*xd*ex*x2x(d + 2%e + 4*f)**3 - 6400*d*exfx*x4 + 492+d*e*xf**2x(d + 2*e +
4xf)*x2 + B76*xd*fxx4dx(d + 2%e + 4*xf) - 30xd*xf**2x(d + 2%e + 4*f)**x3 + 512%
ex*x5*xf — 128*ex*3xfx(d + 2%xe + 4*f)**2 + B576xex*x2xf*x3x(d + 2%e + 4x*f) - 14
T2xexf**5 + 320%exf*xx3%x(d + 2%e + 4*f)**2 + 480*f**x5x(d + 2%e + 4*f) - 48x%f
*x3%(d + 2%e + 4*f)*x*3)/(9xd*x*6 + 45%xd*xx5xf — 160*d**x4xex*x2 — 36kd*x*x4*xf*x%x2
— 1312%d*x*3xe*x*x2*%f — 360xd**x3*xf*x*3 + 256xd**x2*ke*x*4 — 3840*%d*x*x2xe*x*2kf*x*x2 —
144xd**x2xfxx4 + 1280*d*e*x*xd*xf — 5248kxdrex*x2xf**x3 + 720*d*f**5 + 1024*ex*4xf

*%x2 — 2560%e*x*2xf*x*x4 + 576xf*%6))/12

Giac [A] time = 1.10251, size = 80, normalized size = 1.57

1

- (d+4f—2e)1og(|x+2|)+%(d+f—e)1og(|x+1|)—%(d+f+e)1og(|x—1|)+11—2(d+4f+2e)1og(|x—2|j

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x~2+exx+d)/(x"4-5*%x"2+4),x, algorithm="giac")

[Out] -1/12%(d + 4xf - 2xe)*log(abs(x + 2)) + 1/6%(d + £ - e)*log(abs(x + 1)) - 1
/6%(d + £ + e)*log(abs(x - 1)) + 1/12%x(d + 4xf + 2%e)*log(abs(x - 2))
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2 3
319 fd+ex+fx +9x dx

4—5x2+x4

Optimal. Leaf size=57

—%(d + 4f)tanh_1 (;—C) + %(d +f) tanh_l(x) - %(e +g)log (1 - xz) + %(e +4¢) log (4 - x2)

[Out] -((d + 4*f)*ArcTanh[x/2])/6 + ((d + f)*ArcTanh[x])/3 - ((e + g)*Logl1l
1)/6 + ((e + 4*xg)*Logl4 - x72])/6

Rubi [A] time = 0.0722953, antiderivative size = 57, normalized size of antiderivative =

. . b f rul
1., number of steps used = 8, number of rules used = 6, integrand size = 28, e

integrand size
0.214, Rules used = {1673, 1166, 207, 1247, 632, 31}

—%(d +4f) tanh™" (g) + %(d + f)tanh™ (x) - %(e +9)log (1 -~ xz) + %(e +4¢)log (4 -~ xz)

Antiderivative was successfully verified.

[In] Int[(d + e*x + f*x"2 + gxx"3)/(4 - 5*x"2 + x74),x]

[Out] -((d + 4xf)*ArcTanh[x/2])/6 + ((d + f)*ArcTanh[x])/3 - ((e + g)*Logl1
1)/6 + ((e + 4xg)*Logld - x72])/6

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, q/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]1*(a + b*x"2 + c*xx~4)7p, x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x]
&% 'PolyQ[Pq, x"2]

Rule 1166

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[b~2 - 4xa*xc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2*%c*d - bxe)/(2xq), Int[1/(b/2 + q/2
+ cxx72), x], x]]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*xaxc, 0] && Ne
Qlcxd™2 - a*xe™2, 0] && PosQ[b™2 - 4xaxc]

Rule 207

- X2
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Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQ[a
, 0] |l GtQlb, 01)

Rule 1247

Int[(x )*((d) + (e_.)*(x_)"2)"(q_.)*x((a_) + (b_)*(x)"2 + (c_.)*x(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + exx)"g*(a + b*x + c*x72)7p, x],
x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x]

Rule 632

Int[((d_.) + (e_)*(x_))/((a_) + (b_)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> W
ith[{q = Rt[b"2 - 4xax*xc, 2]}, Dist[(c*d - ex(b/2 - q/2))/q, Int[1/(b/2 - q/
2 + c*x), x], x] - Dist[(cxd - ex(b/2 + q/2))/q, Int[1/(b/2 + q/2 + c*x), X
1, x1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bxe, 0] && NeQ[b~2 - 4x*a
xc, 0] && NiceSqrtQ[b~2 - 4*axc]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]11/b, x] /; FreeQl{a, b}, xl]

Rubi steps
fd+ex+fx2+gx3d B d+ fx? p x(e+gx2)
4 — 5x2 + x* J 4-5x2 4 x4 4 - 5x2 + x*

e+gx

1 1 1
:—Subst( LT )——(d+f)f o dx+—(d+4f)f_4+x2dx

. 1 1
:——(d+4f)tanh1(2)+ 2@+ ftanh™ @) + (- e—g)Subst(f —

1
dx, x, x| + =
XXX) 6

:—%(d+4f)tanh ()+ ~(d + f)tanh” (x)—%(e+g)log(1 x)+6(€+48)10g(4—

Mathematica [A] time = 0.032265, size = 68, normalized size = 1.19

%(—Zlog(l -x)d+e+f+g) +log2—x)d+2e+4f +89)+2log(x+1)({d—e+ f—g) —log(x +2)(d —2e +4f -

Antiderivative was successfully verified.

[In] Integrate[(d + e*x + f*x™2 + g*x~3)/(4 - 5*x"2 + x74),x]
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[Out] (-2%(d + e + £ + g)xLogl[l - x] + (d + 2xe + 4*f + 8*xg)xLogl[2 - x] + 2x(d -
e + f - g)xLog[l + x] - (d - 2xe + 4*xf - 8*g)*Logl[2 + x])/12

Maple [B] time = 0.01, size = 114, normalized size = 2.

_ln(2+x)d+ ln(2+x)e_111(2+x)f+21n(2+x)g+ In(1 +x)d_ ln(l+x)e+ 1n(1+x)f_ ln(1+x)g+1£
12 6 3 3 6 6 6 6

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*x~3+f*x"2+exx+d)/(x"4-5*x"2+4) ,x)

[Out] -1/12%1n(2+x)*d+1/6*%1n(2+x)*e-1/3*1n(2+x)*f+2/3*1n(2+x)*g+1/6%1n(1+x)*d-1/6
*x1n (1+x) *e+1/6%1n(1+x) *f-1/6*1n(1+x) *g+1/12%1n (x-2) *d+1/6*1n(x-2) *e+1/3*1n(
x-2)*f+2/3%1n(x-2) *g-1/6*%1n(x-1) *d-1/6*1n(x-1)*e-1/6*1n(x-1)*f-1/6*1n(x-1) *

g

Maxima [A] time = 0.966077, size = 82, normalized size = 1.44

1 1 1 1
—1—2(d—26+4f—8g)10g(x+2)+6(d—e+f—g)log(x+1)—6(d+e+f+g)log(x—1)+ﬁ(d+2e+4f+8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx~3+f*x"2+e*x+d)/(x"4-5%x"2+4) ,x, algorithm="maxima"

[Out] -1/12%(d - 2xe + 4xf - 8xg)*log(x + 2) + 1/6%(d - e + £ - g)*log(x + 1) - 1
/6%(d + e + £ + g)*xlog(x - 1) + 1/12%(d + 2%e + 4xf + 8*g)*log(x - 2)

Fricas [A] time = 3.66056, size = 197, normalized size = 3.46

1 1 1 1
S(d-2e+4f-8g)log(x+2)+ - (d-c+f-g)log(x+1) - = (d+e+ f+g)logx=1)+ - (d+2e+4f +8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx~3+f*x"2+e*x+d)/(x"4-5*%x"2+4),x, algorithm="fricas")
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[Out] -1/12%(d - 2%e + 4*f - 8xg)*log(x + 2) + 1/6%(d - e + £ - g)*log(x + 1) - 1
/6%(d + e + £ + g)*xlog(x - 1) + 1/12+(d + 2%e + 4xf + 8*g)*log(x - 2)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*x**3+f*x**2+e*xx+d)/ (x**4-5*x**x2+4) ,x)

[Out] Timed out

Giac [A] time = 1.14393, size = 93, normalized size = 1.63
—l(d+4f—8g—2e)1og(|x+2|)+1(d+f—g—e)1og(|x+1|)—1(d+f+g+e)1og(|x—1|)+l(d+4f+8
12 6 6 12 |

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx~3+f*x"2+e*x+d)/(x"4-5*%x"2+4) ,x, algorithm="giac")

[Out] -1/12x(d + 4*xf - 8xg - 2xe)*log(abs(x + 2)) + 1/6*x(d + £ - g - e)*log(abs(x
+ 1)) - 1/6x(d + £ + g + e)xlog(abs(x - 1)) + 1/12x(d + 4*xf + 8xg + 2%e)*1

og(abs(x - 2))
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d+ex+fx2+gx3+hx4ci
4-5x2+x*

313 |

Optimal. Leaf size=64
1 1(X 1 -1 1 > 1 >
—gtanh (E)(d+4f+16h)+§tanh (x)(d+f+h)—g(e+g)log(l—x)+g(e+4g)log(4—x)+hx

[Out] h*x - ((d + 4*xf + 16xh)*ArcTanh([x/2])/6 + ((d + £ + h)*ArcTanh[x])/3 - ((e
+ g)*Log[l - x72]1)/6 + ((e + 4xg)xLogl[4 - x72])/6

Rubi [A] time = 0.147038, antiderivative size = 64, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 7, integrand size = 33, number of rules _

0.212, Rules used = {1673, 1676, 1166, 207, 1247, 632, 31}

integrand size

1 1 1 1
o tanh ™ (;—C) (d+4f +16h) + 3 tanh_l(x)(d +f+h)- g(e +g)log (1 - xz) + g(e +4¢) log (4 - x2) + hx
Antiderivative was successfully verified.

[In] Int[(d + exx + f*x72 + g*x~3 + h*x"4)/(4 - 5*x"2 + x74),x]

[Out] h*x - ((d + 4xf + 16%h)*ArcTanh[x/2])/6 + ((d + f + h)*ArcTanh[x])/3 - ((e
+ g)xLogl[l - x72])/6 + ((e + 4xg)xLogl[4 - x72])/6

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, gq/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]*(a + b*xx~2 + c*xx~4)"p, x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x]
&& 'PolyQ[Pq, x72]

Rule 1676

Int[(Pq )/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :> Int[ExpandInte
grand[Pq/(a + b*x"2 + c*x74), x], x] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x~
2] &% Expon[Pq, x72] > 1

Rule 1166

Int[((d_) + (e_)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]
> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2%c*d - bxe)/(2*q), Int[1/(b/2
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- q/2 + c*x72), x], x] + Dist[e/2 - (2*cxd - bxe)/(2xq), Int[1/(b/2 + q/2
+ cxx72), x], x]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*xaxc, 0] && Ne
Qlcxd™2 - a*xe™2, 0] && PosQ[b~2 - 4x*xaxc]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt([b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQla
, 01 Il GtQ[b, 01)

Rule 1247

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + e*xx)"g*(a + b*x + c*x72)7p, x],
x, x°2], x] /; FreeQ[{a, b, c, d, e, p, qt, x]

Rule 632

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> W
ith[{q = Rt[b"2 - 4xaxc, 2]}, Dist[(c*d - ex(b/2 - q/2))/q, Int[1/(b/2 - q/
2 + c*x), x], x] - Dist[(cxd - ex(b/2 + q/2))/q, Int[1/(b/2 + q/2 + c*x), X
1, x]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*cxd - bxe, 0] && NeQ[b~2 - 4x*a
xc, 0] && NiceSqrtQ[b~2 - 4xaxc]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rubi steps
fd+ex+fx2+gx3+hx4d B x(e+gx2) d+ fx? + hxt
4-5x2 + x4 ~J 4-5x2 4 x4 4 -5x2 + x4

1 -4 2
:ESubst( Hidx,x,xz)+f(h+d hit (f + S )dx

4 —5x + x2 4 —5x2 4 x4

1 1
=hx + 6(—6 — g) Subst (f 3

+Xx

:hx—%(e+g)log(1—x2)+%(e+4g)log(4—x2)—%(d+f+h)f

1 1
2 Z
dx, x, x )+ 6(e+4g)Subst (f e

1
-1+ x2

dx, x, xz) -

1
dx + =

3

1 _ 1 _ 1
=hx - 8(d+4f+16h)tanh ! (32—6) + §(d+f+h)tanh 1(x) - 6(e+g)log(1 —xz) _
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Mathematica [A] time = 0.045697, size = 81, normalized size = 1.27

%(—ZIOg(l—x)(d+e+f+g+h)+10g(2—x)(d+2(e+2f+4g+8h))+210g(x+1)(d—e+f—g+h)—log(x+2)(

Antiderivative was successfully verified.

[In] Integrate[(d + exx + fxx"2 + g*x~3 + h*x"4)/(4 - 5*x"2 + x74),x]

[Out] (12*h*x - 2%(d + e + £ + g + h)*Logl[l - x] + (d + 2x(e + 2%f + 4%g + 8+h))x
Log[2 - x] + 2x(d - e + £ - g + h)*xLog[l + x] - (d - 2%e + 4xf - 8xg + 16%h
)xLog[2 + x])/12

Maple [B] time = 0.01, size = 145, normalized size = 2.3

In(2+x)d N In(2+x)e ~ In(2+x)f N 21n(2+x)g_41n(2+x)h N In(1+x)d ~ In(1+x)e N In(1+x)f
12 6 3 3 3 6 6 6

hx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((h*x"4+g*xx~3+f*x"2+e*xx+d)/(x"4-5*%x"2+4) ,x)

[Out] hx*xx-1/12%1n(2+x)*d+1/6*%1n(2+x)*e-1/3*1n(2+x)*f+2/3*1n(2+x) *g-4/3*1n (2+x) *h+
1/6*%1n(1+x)*d-1/6*1n(1+x) *e+1/6%1n (1+x)*f-1/6*%1n(1+x) *g+1/6*1n(1+x)*h+1/12%
1In(x-2)*d+1/6%1n(x-2) *e+1/3*1n(x-2) *f+2/3*1n(x-2) *g+4/3*1n(x-2) *h-1/6*1n(x-
1)*d-1/6*1n(x-1)*e-1/6*1n(x-1)*f-1/6*%1n(x-1)*g-1/6%1n(x-1)*h

Maxima [A] time = 0.960384, size = 97, normalized size = 1.52
hx—l(d—2e+4f—8g+16h)1og(x+z)+1(d—e+f—g+h)1og(x+1)—1(d+e+f+g+h)1og(x—1)+ e
12 6 6 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x~4+g*x~3+f*x"2+e*xx+d)/(x"4-5%x"2+4) ,x, algorithm="maxima")

[Out] hxx - 1/12%(d - 2%e + 4*f - 8*g + 16*h)*log(x + 2) + 1/6%(d - e + f - g+ h
)*¥log(x + 1) - 1/6%(d + e + £ + g + h)*xlog(x - 1) + 1/12%x(d + 2%e + 4*f + 8
*xg + 16xh)*log(x - 2)
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Fricas [A] time =12.7352, size = 234, normalized size = 3.66

1 1 1
hx—E(d—2€+4f—8g+16h)10g(x+2)+g(d—e+f—g+h)log(x+1)—g(d+e+f+g+h)log(x—1)+;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x~4+g*x~3+f*x"2+e*x+d)/(x"4-5%x"2+4) ,x, algorithm="fricas")

[Out] hxx - 1/12%(d - 2%e + 4*f - 8*g + 16*h)*log(x + 2) + 1/6%(d - e + f - g+ h
)*¥log(x + 1) - 1/6%(d + e + £ + g + h)*log(x - 1) + 1/12%x(d + 2*%e + 4xf + 8

*xg + 16xh)*log(x - 2)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((hxx**4+gxx**x3+f*xx**2+e*xx+d) / (x**4-5*xx**2+4) ,x)

[Out] Timed out

Giac [A] time = 1.06955, size = 108, normalized size = 1.69
1 1 1
hx—1—2(d+4f—8g+16h—2e)log(|x+2|)+ g(d+f—g+h—e)log(|x+1|)—6(d+f+g+h+e)log(|x—1|)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x~4+g*x~3+f*x"2+e*x+d)/(x"4-5%x"2+4) ,x, algorithm="giac")

[Out] hxx - 1/12%(d + 4xf - 8*g + 16xh - 2*e)*log(abs(x + 2)) + 1/6%x(d + f - g +
h - e)xlog(abs(x + 1)) - 1/6x(d + £ + g + h + e)*xlog(abs(x - 1)) + 1/12*(d
+ 4xf + 8%g + 16%h + 2%e)*log(abs(x - 2))
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d+ex+ fx?+gxd+hxt+in®
314 | dx
4-5x24x*
Optimal. Leaf size=76
L ann (f)(d+4f+16h)+ltanh‘l(x)(d+f+h)—llo (1-22)(e+ +i)+110 (4 - x2) (e + 4g + 160) + x
6 2 3 6 8 grUTE08 g
[Out] hxx + (i*x"2)/2 - ((d + 4%f + 16xh)*ArcTanh[x/2])/6 + ((d + £ + h)*ArcTanh[
x])/3 - ((e + g + i)*Logl[l - x72])/6 + ((e + 4*g + 16%i)*Logl[4 - x72])/6

Rubi [A] time = 0.191523, antiderivative size = 76, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 8, integrand size = 38, number of rules _

0.21, Rules used = {1673, 1676, 1166, 207, 1663, 1657, 632, 31}

integrand size

1 1 1 1
- tanh” (;f) (@ +4f +16k) + 5 tanh™ (@) + f + 1)~ = log (1= ) (e + g+ 1)+ £ log (4= 22) e+ 4g +161) + hx
Antiderivative was successfully verified.

[In] Int[(d + e*x + f*x72 + g*x~3 + h*x"4 + i*x75)/(4 - 5*x"2 + x74),x]

[Out] h*x + (i*x"2)/2 - ((d + 4xf + 16%h)*ArcTanh[x/2])/6 + ((d + f + h)*ArcTanh[
x]1)/3 - ((e + g + i)*Log[l - x72])/6 + ((e + 4xg + 16xi)*Log[4 - x72])/6

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, gq/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]*(a + b*xx~2 + c*xx~4)"p, x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x]
&& 'PolyQ[Pq, x72]

Rule 1676

Int[(Pq )/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :> Int[ExpandInte
grand[Pq/(a + b*x"2 + c*x74), x], x] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x~
2] &% Expon[Pq, x72] > 1

Rule 1166

Int[((d_) + (e_)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]
> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2%c*d - bxe)/(2*q), Int[1/(b/2
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- q/2 + c*x72), x], x] + Dist[e/2 - (2*cxd - bxe)/(2xq), Int[1/(b/2 + q/2
+ cxx72), x], x]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*xaxc, 0] && Ne
Qlcxd™2 - a*xe™2, 0] && PosQ[b~2 - 4x*xaxc]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt([b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQla
, 01 Il GtQ[b, 01)

Rule 1663

Int[(Pq )*(x_)"(m_.)*((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :
> Dist[1/2, Subst[Int[x~((m - 1)/2)*SubstFor[x~2, Pq, x]*(a + b*x + c*xx72)~
p, x1, x, x72], x] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x"2] && IntegerQ[
(m - 1)/2]

Rule 1657

Int[(Pq )*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[Expand
Integrand[Pg*(a + bxx + c*x”2)7p, x], x] /; FreeQ[{a, b, c}, x] && PolyQ[Pq
, x] && IGtQlp, -2]

Rule 632

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> W
ith[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(cxd - ex(b/2 - q/2))/q, Int[1/(b/2 - q/
2 + cxx), x], x] - Dist[(cxd - ex(b/2 + q/2))/q, Int[1/(b/2 + q/2 + c*x), X
1, x]1]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bxe, 0] && NeQ[b~2 - 4xa
xc, 0] && NiceSqrtQ[b~2 - 4xaxc]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps
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fd+ex+fx2+gx3+hx4+14x5d j‘x(€+gx2+14x4) N d+ fx? + hat
X = x —
4 —5x2 + x4 4 —5x2 + x4 4 —5x2 + x*
1 14x2 d—4h 5h)x?
= — Subst wdx,x,xz +f h+ +(f +Sh)x dx
2 4 —5x + x? 4 —5x2 + x4
1 56 —e— (70 + g)x d—4h+ (f + 5h)x
= hxt - f14— dx, x, 3 f
x+2Subst( ( yp— ) xxx)+ 152
1 56 —e— (70 + 9)x 1 1
= 727 =3 Subst )= f o [
hx + 7x 2Subst( 1 5r dxxx) 3(d+f+h) T

1 . 1 L1
= hiv + 7% = (4 + 4f +16h) tanh”" (’zf) # 3@+ f + ) tanh™ () - £(-224 -

1 1 1
= hx + 7x% - cd+af+ 16h) tanh™ (’2—‘) +3+f+h) tanh ™ (x) - RESS

Mathematica [A] time = 0.0651369, size = 98, normalized size = 1.29

1
E(—210g(1—x)(d+e+f+g+h+i)+log(2—x)(d+2e+4(f+2g+4h+8i))+210g(x+1)(d—e+f—g+h—i)—

Antiderivative was successfully verified.

[In] Integrate[(d + e*x + f*x™2 + gxx~3 + h*x™4 + i*x75)/(4 - 5*x"2 + x74),x]

[Out] (12*h*x + 6%xi*x"2 - 2x(d + e + £ + g + h + i)*Log[l - x] + (d + 2%e + 4x(f
+ 2xg + 4*h + 8xi))*Log[2 - x] + 2¢¥(d - e + f - g+ h - i)*Log[l + x] - (d
- 2x(e - 2xf + 4%g - 8xh + 16%i))*Log[2 + x])/12

Maple [B] time = 0.01, size = 179, normalized size = 2.4

_ln(2+x)d N In(2+x)e N In(1+x)d _ In(1+x)e N In(x-2)d N In(x-2)e _ In(x-1)d ~ In(x-1)e N 8 In (:
12 6 6 6 12 6 6 6 ‘

Verification of antiderivative is not currently implemented for this CAS.

[In] int((i*x~B+h*x~4+g*x~3+f*x"2+e*xx+d)/(x"4-5%xx"2+4) ,x)

[Out] -1/12%1n(2+x)*d+1/6*1n(2+x)*e+1/6%1n(1+x)*d-1/6%1n(1+x)*e+1/12*%1n(x-2)*d+1/
6x1n(x-2)*e-1/6*%1n(x-1)*d-1/6*1n(x-1)*e+8/3*1n(x-2)*i-1/6*1n(x-1)*i+8/3*1n(
2+x) *i-1/6*%1n(1+x) *i+2/3%1n(2+x) *g-1/6*1n(1+x) *g+2/3*1n(x-2) *g-1/6*1n(x-1)*
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g-4/3%1n(2+x) *h+1/6%1n(1+x) *h+4/3*1n(x-2) *h-1/6%1n(x-1)*h+1/3*1n(x-2) *f-1/6
*1n(x-1)*f-1/3%1n(2+x) *f+1/6*%1n(1+x) *f+1/2%i*x~2+h*x

Maxima [A] time = 0.953738, size = 119, normalized size = 1.57

1 1 1 1
.2 . .
5 i +hx—E(d—2e+4f—8g+16h—321)10g(x+2)+g(d—e+f—g+h—z)log(x+1)—6(d+e+f+g+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((i*x~5+h*x~4+g*x~3+f*x"2+e*xx+d)/(x"4-5*x"2+4) ,x, algorithm="maxim
au)

[Out] 1/2%i*x"2 + h*x - 1/12x(d - 2xe + 4*f - 8xg + 16xh - 32*i)x*log(x + 2) + 1/6
*(d-e+f -g+h- i)xlog(x +1) - 1/6%(d + e + f + g+ h + i)*log(x - 1
) + 1/12%(d + 2%e + 4%f + 8%g + 16%h + 32xi)*log(x - 2)

Fricas [A] time = 55.1404, size = 279, normalized size = 3.67

1 1 1 1
.2 . .
5 i +hx—E(d—2e+4f—8g+16h—321)10g(x+2)+g(d—e+f—g+h—z)1og(x+1)—6(d+e+f+g+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((i*x~5+h*x~4+g*x~3+f*x"2+e*x+d)/(x"4-5*x"2+4) ,x, algorithm="frica
S")

[Out] 1/2*i*x"2 + h*x - 1/12%(d - 2%e + 4*xf - 8xg + 16%h - 32*xi)*log(x + 2) + 1/6
*(d -e+f -g+h- i)xlog(x + 1) - 1/6x(d + e + f + g+ h + i)*xlog(x - 1
) + 1/12%(d + 2%e + 4%f + 8%g + 16%h + 32xi)*log(x - 2)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((i*x**5+h*x**4+grx**3+f*x**2+exx+d) / (x*¥*4-5*x**2+4) ,X)
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[Out] Timed out

Giac [A] time = 1.10385, size = 130, normalized size = 1.71
lix2+hx—l(d+4f—8g+16h—32i—26)10g(|x+2|)+1(d+f— +h—i-e)1og(|x+1|)—1(d+f+ +h
2 12 6 § 6 §

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((i*x~5+h*x~4+g*x~3+f*x"2+e*xx+d)/(x"4-5%x"2+4) ,x, algorithm="giac"
)

[Out] 1/2%i*x"2 + h*x - 1/12%x(d + 4xf - 8%g + 16%h - 32%i - 2x%e)*log(abs(x + 2))
+ 1/6%x(d + £ - g+ h - i - e)*log(abs(x + 1)) - 1/6x(d + f + g+ h + i + e)
xlog(abs(x - 1)) + 1/12x(d + 4xf + 8xg + 16%h + 32*%i + 2xe)*log(abs(x - 2))
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315 [ X dx

1+x2+x4
Optimal. Leaf size=92

-1 (1-2x 1 [ 2x+1 1 (22241
dtan (\/5) dtan (\/5) etan (\/5)

2B 2 B

[Out] -(d*ArcTan[(1 - 2x*x)/Sqrt[3]1]1)/(2%Sqrt[3]) + (d*ArcTan[(1 + 2%x)/Sqrt[3]1])/
(2xSqrt[3]) + (exArcTan[(1 + 2*x72)/Sqrt[3]]1)/Sqrt[3] - (d*Logl[l - x + x~2]
)/4 + (d*Logl[l + x + x72])/4

—}Ldlog(xz—x+1)+}Ldlog(x2+x+1)—

Rubi [A] time = 0.0768899, antiderivative size = 92, normalized size of antiderivative =

1., number of steps used = 15, number of rules used = 8, integrand size = 16, number of rules _

0.5, Rules used = {1673, 12, 1094, 634, 618, 204, 628, 1107}

2
dtan™! (1_2x) dtan™! (2x+1) etan™! (Zx +1)
1 1
—Zdlog(xz—x+1)+Zdlog(x2+x+1)— By By Ve

23 23 V3

integrand size

Antiderivative was successfully verified.

[In] Int[(d + exx)/(1 + x~2 + x74),x]

[Out] -(d*ArcTan[(1 - 2*x)/Sqrt[3]1]1)/(2*Sqrt[3]) + (d*ArcTan[(1 + 2*x)/Sqrt[3]1]1)/
(2%Sqrt [3]) + (exArcTan[(1 + 2*x72)/Sqrt[3]])/Sqrt[3] - (d*Logl[l - x + x™2]
)/4 + (dxLogll + x + x72])/4

Rule 1673

Int[(Pq )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2xk]*x~(2*k), {k, 0, gq/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]x(a + b*x"2 + c*xx~4)7p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&% 'PolyQ[Pq, x72]

Rule 12
Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match

Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 1094
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Int[((a_) + (b_)*x(x_)"2 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[a/
c, 2]}, With[{r = Rt[2*q - b/c, 2]}, Dist[1/(2*c*q*r), Int[(r - x)/(q - r*x
+ x72), x], x] + Dist[1/(2%c*xq*r), Int[(r + x)/(q + r*x + x72), x], x]1] /
; FreeQ[{a, b, c}, x] &% NeQ[b~2 - 4*axc, 0] && NegQ[b~2 - 4x*axc]

Rule 634

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*x"2), x], x] + Distl[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x°2, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x72, x]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rule 1107
Int[(x_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Dist[1/2,

Subst[Int[(a + b*x + c*x”2)7p, x], x, x°2], x] /; FreeQ[{a, b, c, p}, x]

Rubi steps



103

d+ ex f +f P
————dx
1+x2+x4 1+x2+x4 1+x2+x4
f1+x2+x4 +ef1+x2+x4 *
1-x 1 1+x 1 1
2
=) T e ™ mdx+‘68“b“(f1—zd’“'““)
1 1 1 -1+ 2x 1 1+2x
:—df—d——d —_— f —d dx — e Subst
4 T-x+2 774 1—x+x2 4 1+x+x2 ax+ 4 Toxga@ X7 eoums
1 14242
:M—1d10g(1—x+x2)+1dlog(1+x+x2)—ldSubst f dx, x, =1 + 2x
\/§ 4 4 2 _ _xz 7 Ay
2
dtan™ (—1_2x) dtan (1+2) etan”! (—1+2x)
V3 V3 V3 1 2, L 2
= - + + ——dlog(l-x+x“)+ —dlog(l+x+x
243 2v3 V3 4 ( ) 4 ( )

Mathematica [C] time = 0.178098, size = 98, normalized size = 1.07
1 1 1
Ei (\/6 - 6i\/§d tan™! (E (\/_ — i) x) -V6+ 6i\/§d tan™! (E (\/5 + i) x) + 21'\/56 tan™! (23;/?_ 1 ])

Warning: Unable to verify antiderivative.

[In] Integratel[(d + exx)/(1 + x72 + x74),x]

[Out] (I/6)*(Sqrt[6 - (6%I)*Sqrt[3]]*d*ArcTan[((-I + Sqrt[3])*x)/2] - Sqrt[6 + (6
*x1)*xSqrt [3]]*d*ArcTan[((I + Sqrt([3])*x)/2] + (2*%I)*Sqrt[3]*exArcTan[Sqrt[3]
/(1 + 2xx72)])

Maple [A] time = 0.011, size = 92, normalized size = 1.

din(x®+x+1) d\/éamtan((prz;c)\/é)_ \3e arctan((1+2x)\/§)_ din(x>-x+1) 443
3

2
1 + 5 3 3 1 + 5 arctan(—(

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)/(x"4+x"2+1),x)

[Out] 1/4*d*1n(x"2+x+1)+1/6*d*arctan(1/3*x(1+2*xx)*37(1/2))*3"(1/2)-1/3%3"(1/2)*arc
tan(1/3%x(1+2%xx)*37(1/2) ) *e-1/4*d*1n(x"2-x+1)+1/6*3"(1/2) *arctan(1/3*(2*xx-1)
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*37(1/2))*d+1/3*37(1/2) *arctan(1/3*x (2*xx-1)*37(1/2) ) *e

Maxima [A] time = 1.43112, size = 88, normalized size = 0.96

1 1 1 1 1 1
g\/g(d—Ze)arctan(g \/5(2x+1)) + ‘ \/§(d+26)arctan(§ \/5(2x—1)) + Zdlog(xz +x+1) - Zdlog(XZ_x+.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(x"4+x"2+1),x, algorithm="maxima")

[Out] 1/6*sqrt(3)*(d - 2*xe)*arctan(1/3*sqrt(3)*(2*x + 1)) + 1/6*sqrt(3)*(d + 2%*e)
xarctan(1/3*sqrt(3)*(2xx - 1)) + 1/4xd*log(x”2 + x + 1) - 1/4xdxlog(x”2 - x

+ 1)

Fricas [A] time = 1.51995, size = 212, normalized size = 2.3

1 1 1 1 1 1
g\/g(d—Ze)arctan(g \/5(2x+1)) + ‘ \/§(d+2e)arctan(§ \/5(2x—1)) + L—Ldlog(x2 +x+1) - Zdlog(xZ_x+.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)/(x"4+x"2+1),x, algorithm="fricas")

[Out] 1/6*sqrt(3)*(d - 2xe)*arctan(1/3*sqrt(3)*(2*x + 1)) + 1/6*sqrt(3)*(d + 2x*e)
xarctan(1/3*sqrt(3)*(2%x - 1)) + 1/4xd*log(x"2 + x + 1) - 1/4*d*log(x”2 - x

+ 1)

Sympy [C] time = 1.918, size = 923, normalized size = 10.03

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(x**4+x**2+1) ,x)

[Out] (-d/4 - sqrt(3)*Ix(d + 2xe)/12)*log(x + (-7*d**4*xe + 6xd**4*(-d/4 - sqrt(3)
xI*x(d + 2%e)/12) - 1Bkd**2xe**3 — 18xd**x2*ex*2x(-d/4 - sqrt(3)*I*(d + 2xe)/
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12) + 60*d*x2xe*x(-d/4 - sqrt(3)*Ix(d + 2%e)/12)*x2 + 72xd**2x(-d/4 - sqrt(3
)¥Ix(d + 2%e)/12)**3 + 4dkex*5 + 24*ex*x4x(-d/4 - sqrt(3)*I*x(d + 2xe)/12) + 4
8xexx3*(-d/4 - sqrt(3)*Ix(d + 2%xe)/12)**2 + 288xe*xx2*(-d/4 - sqrt(3)*Ix(d +
2xe) /12)**3) / (3kd**5 — 8xd**3*e*x*2 - 16xd*ex*4)) + (-d/4 + sqrt(3)*I*x(d +
2%e) /12)*log(x + (-T*xdx*4*xe + 6xd*x4x(-d/4 + sqrt(3)*Ix(d + 2xe)/12) - 15xd
*k2kex*3 — 18*kd**x2kexx2*x(-d/4 + sqrt(3)*Ix(d + 2%e)/12) + 60*d*x*2*ex(-d/4 +
sqrt (3) *xI*(d + 2%e) /12)*%2 + T2*d*x2%(-d/4 + sqrt(3)*Ix(d + 2xe)/12)**3 +
4xe*xx5 + 24xexx4*(-d/4 + sqrt(3)*Ix(d + 2xe)/12) + 48*ex*3*x(-d/4 + sqrt(3)*
Ix(d + 2%e)/12)*x2 + 288*ex*2x(-d/4 + sqrt(3)*I*x(d + 2%e)/12)*%x3)/(3*d**5 -
8xd**3kex*2 — 16*%dkex*4)) + (d/4 - sqrt(3)*Ix(d - 2xe)/12)*log(x + (=7T*d**
4xe + 6xdx*4x(d/4 - sqrt(3)*Ix(d - 2%e)/12) - 15*d**2xe*x*3 — 18*d**2kxe*x*2x (
d/4 - sqrt(3)*xIx(d - 2%e)/12) + 60*d**2%e*x(d/4 - sqrt(3)*I*x(d - 2*e)/12)**2
+ 72xd*x2%(d/4 - sqrt(3)*Ix(d - 2xe)/12)**3 + 4xexxb5 + 24xexx4x(d/4 - sqrt
() *xI*x(d - 2%e)/12) + 48*ex*3x(d/4 - sqrt(3)*Ix(d - 2%e)/12)**2 + 288kex*2x
(d/4 - sqrt(3)*Ix(d - 2*xe)/12)**3)/(3*d**5 — 8xd**3*xe*x*2 - 16xd*ex*x4)) + (d
/4 + sqrt(3)*xIx(d - 2%e)/12)*log(x + (-T*d*xdxe + 6xdx*4*(d/4 + sqrt(3)*I*(
d - 2%e)/12) - 15xd**2xe**3 - 18xd**2xe*x*2x(d/4 + sqrt(3)*Ix(d - 2%e)/12) +
60*d*x2%e*x(d/4 + sqrt(3)*I*x(d - 2%e)/12)**2 + 72*xd**2*(d/4 + sqrt(3)*I*x(d
- 2xe) /12)**3 + 4xex*xb + 24xexx4x(d/4 + sqrt(3)*Ix(d - 2xe)/12) + 48*e*x*3x%(
d/4 + sqrt(3)*Ix(d - 2%e)/12)*x2 + 288*ex*2x(d/4 + sqrt(3)*Ix(d - 2*e)/12)*
*3)/(3%d**x5 — 8*xd*x*3kxe*x*x2 — 16xd*e*x*x4))

Giac [A] time = 1.09963, size = 90, normalized size = 0.98

1 1 1 1 1 ) 1 )
gvad—Zaam&m,§V&2x+D +6V&d+2@am&m,§va2x—b +Zdbg@ +x+1y—1dbg@ — X -
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(x"4+x"2+1),x, algorithm="giac")

[Out] 1/6*sqrt(3)*(d - 2*e)*arctan(1l/3*sqrt(3)*(2*xx + 1)) + 1/6%sqrt(3)*(d + 2xe)
xarctan(1/3*sqrt(3)*(2%x - 1)) + 1/4xd*log(x”"2 + x + 1) - 1/4*d*xlog(x”2 - x
+ 1)
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316  [LedE g

T+x2+x4
Optimal. Leaf size=104

1-2x

(d-+f)tanf1( g ) (d-kf)tanfl(zi%l) etan—l(

—i(d—f)log(xz—x+1)+}E(d—f)log(x2+x+1)— + +

23 23 V3

[Out] -((d + f)*ArcTan[(1 - 2*x)/Sqrt[3]1]1)/(2*Sqrt[3]) + ((d + f)*ArcTan[(1 + 2xx
)/Sqrt[3]11)/(2%Sqrt[3]) + (exArcTan[(1 + 2%x72)/Sqrt[3]]1)/Sqrt[3] - ((d - £
)*Log[l - x + x72])/4 + ((d - f)*Log[l + x + x72])/4

Rubi [A] time = 0.0848895, antiderivative size = 104, normalized size of antiderivative =

1., number of steps used = 14, number of rules used = 8, integrand size = 21, number of rules _

0.381, Rules used = {1673, 1169, 634, 618, 204, 628, 12, 1107}

integrand size

1-2x

(d+f)tan‘1( \/3) (d+ f)tan™ (2;\:/;1) Etan_l(

—}L(d—f)log(xz—x+1)+}l(d—f)log(x2+x+1)— + +

23 23 V3

Antiderivative was successfully verified.

[In] Int[({d + exx + f*x72)/(1 + x”2 + x74),x]

[Out] -((d + f)*ArcTan[(1 - 2%x)/Sqrt([3]]1)/(2xSqrt[3]) + ((d + f)*ArcTan[(1 + 2%x
)/8qrt[3]1]1)/(2%Sqrt[3]) + (exArcTan[(1 + 2%x~2)/Sqrt[3]])/Sqrt[3] - ((d - f
)*¥Logl[l - x + x72])/4 + ((d - f)*xLogl[l + x + x72])/4

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, q/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]1*(a + b*x"2 + c*xx~4)7p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&% 'PolyQ[Pq, x72]

Rule 1169

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rtl[a/c, 21}, With[{r = Rt[2xq - b/c, 2]}, Dist[1/(2%c*g*r), Int
[(d*r - (d - exq)*x)/(q - r*x + x~2), x], x] + Dist[1/(2%cxq*r), Int[(d*r +
(d - exq@)*x)/(q + r*x + x72), x], x]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
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[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NegQ[b~2 - 4*axc]

Rule 634

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2*xc), Int[1/(a + b*x + c*x"2), x], x] + Distl[e/(2*c), In
t[(b + 2%xc*xx)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQl
a, 0] |l LtQ[b, 01)

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 1107
Int[(x_)*((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4)~(p_.), x_Symbol] :> Dist[1/2,

Subst[Int[(a + b*x + c*x~2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, p}, x]

Rubi steps
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d+ex+fx f d+fx
1+x?+ﬁ 1+ 2+x4 T+x2+ x4
d-(d- f)xdx+ d+(d- f)x f
“2J T-x+a2 2 1+x+x2 1+x2+x4
1+ 2x -1+ 2x 1
——eSubst(f1 dxxx)+ (d- f)f1+x+x2dx+ (d+f)f1 +x2dx+é—}(c
1 1
_ 2 2 2
——L—L(d—f)log(l—x+x)+Z(d—f)log(1+x+x)—eSubst(f_3_ 2dx,x,1+2x)+§(—
1 (1-2x _1 1+2x _1 [ 1+2x2
@+ ftan (ﬁ) @+ f) tan (ﬁ) etan (ﬁ) . N
= - + + ——(d- f)log(1-x+22) + —(d
2V3 23 V3 4 4

Mathematica [C] time = 0.138965, size = 121, normalized size = 1.16

(2id + (V3—i) f) tan™? (g (V3-i) x) (V3 +) f - 2id) tan™? (g (V3+i) x) etan”! (f“’ 1)

+

V6 +6iV3 \J6-6i\3 ) V3

Warning: Unable to verify antiderivative.

[In] Integratel[(d + exx + fxx72)/(1 + x72 + x74),x]

[Out] (((2*I)*d + (-I + Sqrt[3])*f)*ArcTan[((-I + Sqrt[3])*x)/2])/Sqrt[6 + (6%I)x*
Sqrt[3]] + (((-2*I)*d + (I + Sqrt[3])*f)*ArcTan[((I + Sqrt[3])#*x)/2])/Sqrt[
6 - (6xI)*Sqrt[3]] - (exArcTan[Sqrt([3]/(1 + 2%x72)])/Sqrt[3]

Maple [A] time = 0.006, size = 148, normalized size = 1.4

dln (x? In (x?
n(x +x+1) n(x +x+1)f+d\6/§arctan((l+2x)\/§)_ \/gearctan(a +2x)\/§)+ \/gfarctan((l-'_z

4 B 4 3 3 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((fxx"2+exx+d)/(x"4+x"2+1),x)

[Out] 1/4*d*1n(x~2+x+1)-1/4*1n(x"2+x+1)*f+1/6xd*arctan(1/3*x(1+2*x)*3~(1/2))*3~(1/
2)-1/3%x3"(1/2)*arctan(1/3*x(1+2*xx)*3~(1/2) ) *xe+1/6%3~(1/2) *arctan(1/3* (1+2%x)
*37(1/2))*f+1/4%x1n(x"2-x+1) *f-1/4*d*x1n(x"2-x+1)+1/6*3"(1/2) xarctan (1/3* (2*x
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-1)*37(1/2) ) *d+1/3%3"(1/2)*arctan(1/3*(2*xx-1)*3"(1/2) ) *xe+1/6*x3"(1/2) *arctan
(1/3%x(2%x-1)*3~(1/2) ) *f

Maxima [A] time = 1.43683, size = 101, normalized size = 0.97

%\/g(d—2€+f) arctan(% \/5(2x+1)) + %\/§(d+2€+f) arctan(% \/5(235—1)) + 411 (d—f) 1og(x2 +x+1) —}1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x~2+exx+d)/(x"4+x"2+1),x, algorithm="maxima")

[Out] 1/6*sqrt(3)*(d - 2*xe + f)*arctan(1/3*sqrt(3)*(2xx + 1)) + 1/6%sqrt(3)*(d +
2%e + f)*arctan(1/3*sqrt(3)*(2xx - 1)) + 1/4x(d - f)*log(x"2 + x + 1) - 1/4
x(d - f)*log(x”2 - x + 1)

Fricas [A] time = 1.77454, size = 239, normalized size = 2.3

%\/g(d—26+f) arctan(% \/§(Zx+1)) + %\/g(d+26+f) arctan(% \/5(23(—1)) + le (d—f) 1Og(x2 +x+1) _41]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*xx~2+exx+d)/(x"4+x"2+1),x, algorithm="fricas")

[Out] 1/6*sqrt(3)*(d - 2*%e + f)*arctan(1/3*sqrt(3)*(2*xx + 1)) + 1/6*sqrt(3)*(d +
2xe + f)*arctan(1l/3*sqrt(3)*(2xx - 1)) + 1/4%(d - f)*log(x"2 + x + 1) - 1/4
x(d - f)*log(x™2 - x + 1)

Sympy [C] time = 26.5424, size = 3589, normalized size = 34.51

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx**2+e*xx+d)/ (x**4+x**2+1) ,x)
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[Out] (-d/4 + £/4 - sqrt(3)*I*(d + 2%e + f)/12)*1log(x + (-7*d**b5xe + 6xd*x5*(-d/4
+ £/4 - sqrt(3)*Ix(d + 2xe + £)/12) + 25xd*x4*exf + 18xd*x*x4xf*x(-d/4 + /4
- sqrt(3)*Ix(d + 2%e + £)/12) - 15kd**3*e**3 - 18*d**3*kex*x2x(-d/4 + f/4 - s
qrt(3)*Ix(d + 2*%e + £)/12) - 25xd**3*exf**2 + 60*d*x*3xe*x(-d/4 + £/4 - sqrt(
3)*I*x(d + 2%e + £)/12)**%2 - 42xd**3xfx*2x(-d/4 + £/4 - sqrt(3)*Ix(d + 2xe +
£)/12) + 72xd**3%(-d/4 + £/4 - sqrt(3)*Ix(d + 2xe + f)/12)**3 + 108*d**2x*e
*x2xfx(-d/4 + £/4 - sqrt(3)*I*x(d + 2xe + £)/12) + 20xd**2xe*xf*x3 - 144*d**2
xexfx(-d/4 + £/4 - sqrt(3)*I*x(d + 2%e + £)/12)**%2 — 12*kd**2xf*x3*(-d/4 + £/
4 - sqrt(3)*I*x(d + 2%e + £)/12) - 144xd*x*2xfx(-d/4 + £/4 - sqrt(3)*Ix(d + 2
xe + £)/12)*x3 + 4kxdkxex*5 + 24xdxex*x4x(-d/4 + £/4 - sqrt(3)*Ix(d + 2%e + f)
/12) + 156%d*kex*3*xf**2 + 48xd*ex*3x(-d/4 + f/4 - sqrt(3)*I*x(d + 2%e + £)/12)
*x%2 — BdAxdxex*2xf*x*x2x(-d/4 + £/4 - sqrt(3)*I*x(d + 2xe + £)/12) + 288*xd*ex*2
x(-d/4 + £/4 - sqrt(3)*Ix(d + 2%e + £)/12)*x3 - 20*xd*exfx*x4 + 180*d*kexf**2x%
(-d/4 + £/4 - sqrt(3)*Ix(d + 2*%e + £)/12)*x2 + 36xd*f**4*x(-d/4 + f/4 - sqrt
() *xI*x(d + 2%e + £)/12) - 7T2*d*xf*x2x(-d/4 + £/4 - sqrt(3)*Ix(d + 2xe + f)/1
2) %3 — 8xexxbxf - 96kexx3*xf*(-d/4 + £/4 - sqrt(3)*Ix(d + 2xe + £)/12)**x2 +
36xe*x*x2xf*xx3% (-d/4 + /4 - sqrt(3)*Ix(d + 2*e + £)/12) + 1lkxexf*x*5 - 48xex
fxx3x(-d/4 + £/4 - sqrt(3)*I*x(d + 2%e + f)/12)*x2 - 6xf*x5x(-d/4 + £/4 - sq
rt(3)*Ix(d + 2xe + £)/12) + 144xf*x3*x(-d/4 + £/4 - sqrt(3)*Ix(d + 2*%e + f)/
12) *%3) / (3*%d**6 — 3kd*x5xf — 8kd*kkxdxex*x2 — 3Ikdxx4dxf*x*x2 + 40*xd**x3kex*x2xf + 6
*dk*k3kf*x%k3 — 16kd**k2kex*k4 — 48kd**k2kex*k2xf*k*x2 — kd**k2kf*x*k4 + 16kd*ex*4xf +
A0xd*ke*x*x2xf**x3 — 3kd*xf*x*x5 — 16kex*k4xf*x*x2 — Sxexx2xf*xx4d + 3xf*x6)) + (-d/4
+ £/4 + sqrt(3)*Ix(d + 2xe + f)/12)*log(x + (-7xd*xb*xe + 6*xd*x*x5x(-d/4 + f/4
+ sqrt(3)*Ix(d + 2xe + £)/12) + 26xd*x4d*xexf + 18xdxx4xf*x(-d/4 + f/4 + sqrt
(3)*xI*x(d + 2%e + £)/12) - 15*d**3*e*x*3 — 18*xd**3*xe*x*2x(-d/4 + f/4 + sqrt(3)
xIx(d + 2%e + £)/12) - 2b5*d**3xexf**2 + 60*d**3*xex(-d/4 + £/4 + sqrt(3)*Ix*(
d + 2%e + £)/12)*x2 - 42xd*x3*xf**2x(-d/4 + £/4 + sqrt(3)*I*x(d + 2%e + f)/12
) + T2xd*x3%(-d/4 + £/4 + sqrt(3)*Ix(d + 2*e + £)/12)*%3 + 108*d**2ke*xx2*f*
(-d/4 + £/4 + sqrt(3)*Ix(d + 2*xe + £)/12) + 20xd**x2*exf**3 — 144*xd**2xe*xfx*(
-d/4 + £/4 + sqrt(3)*Ix(d + 2%xe + £)/12)**2 — 12*d**2xf**3*x(-d/4 + £/4 + sq
rt(3)*xIx(d + 2%e + £)/12) - 144*d*x*2*f*x(-d/4 + £/4 + sqrt(3)*Ix(d + 2xe + f
)/12) %%3 + 4xdkex*5 + 24*xdxexx4*x(-d/4 + £/4 + sqrt(3)*Ix(d + 2xe + £)/12) +
15xd*xe*x*x3xf*%x2 + 48*xd*ex*3*(-d/4 + £/4 + sqrt(3)*Ix(d + 2%e + £)/12)*x2 -
Baxdxexx2xf**x2x (-d/4 + f/4 + sqrt(3)*I*x(d + 2%e + £)/12) + 288xd*xex*2x(-d/4
+ £/4 + sqrt(3)*Ix(d + 2xe + £)/12)**3 - 20*d*xexf**x4 + 180*xd*exfx*2x(-d/4
+ £/4 + sqrt(3)*xIx(d + 2%e + £)/12)**2 + 36*xd*xfx*x4*x(-d/4 + £/4 + sqrt(3)*Ix
(d + 2xe + £)/12) - 72xd*xfx*2x(-d/4 + £/4 + sqrt(3)*I*x(d + 2%e + f)/12)*%3
- 8*exxbxf — 96xex*3xf*x(-d/4 + f/4 + sqrt(3)*Ix(d + 2%e + £)/12)**2 + 36%ex*
*x2xfx*x3%x (-d/4 + £/4 + sqrt(3)*I*x(d + 2%e + £)/12) + 1lkexf*x5 — 48kexf**3%(
-d/4 + £/4 + sqrt(3)*I*x(d + 2%e + £)/12)**2 - 6xf*xbx(-d/4 + £/4 + sqrt(3)*
Ix(d + 2%e + £)/12) + 144xf**x3%(-d/4 + £/4 + sqrt(3)*I*x(d + 2%e + £)/12)**3
)/ (3xd*x*x6 — 3kd*kx5xf — 8Skxdkx*x4dxex*x2 — Ikdkkdkf*x*x2 + 40kxd**k3kexk2xf + Gkd**3%
T*x%x3 — 16xd*x*x2%ke**k4 — A4A8xd**x2kex*k2xf*x*x2 — Ixdkx2kf**x4 + 16xd*kex*4dxf + 40*dx*x
ex*k2xfx*x3 — 3xkdxf*x5 — 16ke*xx4xf*xx2 — 8Skexx2kxf*xx4 + 3xfx*x6)) + (d/4 - £/4 -
sqrt (3)*xIx(d - 2xe + f)/12)*log(x + (-7*d**b5*xe + 6xd*x5x(d/4 - f/4 - sqrt(
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3)*Ix(d - 2xe + £)/12) + 25xd*x4d*exf + 18xd**x4xf*x(d/4 - £/4 - sqrt(3)*I*x(d
- 2xe + £)/12) - 15*d**3%ex*3 — 18*%d**3*e*x*2x(d/4 - f/4 - sqrt(3)*Ix(d - 2%
e + £)/12) - 2b*d**3xexf**2 + 60*d**3*xex(d/4 - £/4 - sqrt(3)*Ix(d - 2xe + f
)/12) %%2 - 42xd*x3*xf**x2%x(d/4 - f£/4 - sqrt(3)*Ix(d - 2%e + £)/12) + 72xd**3%
(d/4 - £/4 - sqrt(3)*Ix(d - 2xe + £)/12)**3 + 108xd**2xex*2xfx(d/4 - £/4 -
sqrt(3)*xI*x(d - 2%xe + £)/12) + 20*d**2kexf**3 - 144xd*x*x2xexfx(d/4 - f/4 - sq
rt(3)*Ix(d - 2%e + £)/12)*x2 - 12xd**x2xf*x3%x(d/4 - £/4 - sqrt(3)*Ix(d - 2*e
+ £)/12) - 144xd*x2*xf*x(d/4 - £/4 - sqrt(3)*Ix(d - 2%e + £)/12)**3 + 4xd*ex
x5 + 24xdxex*4*x(d/4 - £/4 - sqrt(3)*Ix(d - 2*%e + £)/12) + 15xd*e*x*3xf**2 +
48*%dxex*3%(d/4 - f£/4 - sqrt(3)*Ix(d - 2%e + £)/12)**2 - bdxdxex*x2xfx*x2x(d/4
- £/4 - sqrt(3)*Ix(d - 2xe + £)/12) + 288*dxe*x*2*(d/4 - £/4 - sqrt(3)*I*x(d
- 2%e + £)/12)*%3 - 20*xd*exf**4 + 180xd*xexf**2x(d/4 - £/4 - sqrt(3)*Ix(d -
2xe + £)/12)*%2 + 36xd*f*x*x4x(d/4 - £/4 - sqrt(3)*Ix(d - 2xe + £)/12) - 72x%
dxf*x2%(d/4 - £/4 - sqrt(3)*I*x(d - 2%e + £)/12)**3 — 8kexxb*xf - 96*e*x*3*xf*(
d/4 - £/4 - sqrt(3)*Ix(d - 2*%e + £)/12)*x2 + 36*xe*x*2*xf**x3%x(d/4 - £/4 - sqrt
(3)*Ix(d - 2xe + £)/12) + 1lkexfx*5 - 48*xexfx*3%x(d/4 - f/4 - sqrt(3)*Ix(d -
2xe + £)/12)*%2 - 6xf**x5x(d/4 - £/4 - sqrt(3)*Ix(d - 2*%e + £)/12) + 144x*fx
*x3%(d/4 - £/4 - sqrt(3)*I*x(d - 2%e + £)/12)**3)/(3%d**6 — 3xd**5*xf - 8kxd**x4
kexk?2 — kdkkdkfkkD + 40kd*k*k3kek*k2kf + Gkd*k*k3kf*%3 — 16%d**2kex*x4d — 48xd*x*x2
xexkQkf*xx2 — Ixdx*k2kf*xx4d + 16*kd*ke*xx4dxf + 40*kd*ke*xx2xf*x*x3 — 3Ikd*f*xx5 — 16%ke*xx
4xfxx2 — Bxexx2xf*x4 + 3xf*x6)) + (d/4 - £/4 + sqrt(3)*I*x(d - 2xe + £)/12)*
log(x + (-7*dx*xbxe + 6%d*x*5x(d/4 - f/4 + sqrt(3)*Ix(d - 2xe + f)/12) + 25%d
xkdxexf + 18*xdx*x4xfx(d/4 - £/4 + sqrt(3)*Ix(d - 2xe + £)/12) - 15*d**3%ex*3
- 18xd*x3*ex*2x(d/4 - £/4 + sqrt(3)*Ix(d - 2%e + £)/12) - 25xd**3*xexf**2 +
60*d**3xe*x (d/4 - £/4 + sqrt(3)*I*x(d - 2%e + £)/12)**2 — 42*kd**3xf*x2* (d/4
- £/4 + sqrt(3)*Ix(d - 2%e + £)/12) + 72xd**3*%(d/4 - £/4 + sqrt(3)*Ix(d - 2
xe + £)/12)*%%3 + 108xd**x2*ex*2xf*x(d/4 - £/4 + sqrt(3)*Ix(d - 2xe + £)/12) +
20xd**2xexfx*x3 — 144xdx*x2xexf*(d/4 - f/4 + sqrt(3)*Ix(d - 2*e + £)/12)*%2
— 12xd**x2+f**x3%(d/4 - £/4 + sqrt(3)*Ix(d - 2%e + £)/12) - 144*d*x*2xfx(d/4 -
f/4 + sqrt(3)*I*x(d - 2%e + £)/12)**3 + 4xd*e*x*5 + 24xd*xex*x4x(d/4 - £/4 + s
qrt(3)*Ix(d - 2xe + £)/12) + 15kd*kex*3xf**2 + 48*kd*ex*3x(d/4 - f/4 + sqrt(3
)¥Ix(d - 2%e + £)/12)*x2 - b4dxd*ex*2xf*x2%(d/4 - £/4 + sqrt(3)*Ix(d - 2xe +
£)/12) + 288*xd*xex*x2*(d/4 - f/4 + sqrt(3)*Ix(d - 2*e + f)/12)*x3 - 20*d*exf
k4 + 180*dxexf**x2%(d/4 - £/4 + sqrt(3)*I*x(d - 2%e + £)/12)**%2 + 36kxd*f**4x*
(d/4 - £/4 + sqrt(3)*Ix(d - 2xe + £)/12) - 72*d*xf*x*2x(d/4 - £/4 + sqrt(3)x*I
x(d - 2xe + £)/12)*%x3 - 8kex*xbxf - 96%ex*3xfx(d/4 - £/4 + sqrt(3)*I*x(d - 2%
e + £)/12)**%2 + 36kex*x2xf*x3*%(d/4 - £/4 + sqrt(3)*I*x(d - 2%e + £)/12) + 11x
exf*x5 — 48xexfxx3*%(d/4 - f/4 + sqrt(3)*Ix(d - 2*xe + f)/12)**2 - 6xf**x5x(d/
4 - £/4 + sqrt(3)*Ix(d - 2%e + £)/12) + 144*f**3x(d/4 - £/4 + sqrt(3)*Ix(d
- 2%e + f)/12)%%x3)/(3xd**6 — 3xd*x*k5*xf — 8kdx*k4dke*x*x2 — Ikdkkdxf*x*x2 + 40*d**3
xex*k2%f + 6kd**x3xf*x*k3 — 10kxd*x*2%ke*xx4d — 48kd*x2xex*k2*xf*xx2 — 3Ixdx*2%xf*xx4 + 16
kdxexkdxf + 40*kdke*x*2*xf**3 — 33kd*kf**5 — 16ke**k4*xf**x2 — Bkex*2xfxx4 + 3xf*x*x6
)
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Giac [A] time = 1.09702, size = 104, normalized size = 1.

1Vﬁd+f—2dam&m,lva2x+b +lvad+f+zaam&m,1V&2x—D-+1@—j)bgﬁ2+x+ﬂ—1(
6 3 6 3 4 4
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x~2+e*x+d)/(x"4+x72+1),x, algorithm="giac")

[Out] 1/6*sqrt(3)*(d + f - 2*e)*arctan(1/3*sqrt(3)*(2*x + 1)) + 1/6%sqrt(3)*(d +
f + 2xe)*arctan(1/3*sqrt(3)*(2xx - 1)) + 1/4%(d - f)*log(x"2 + x + 1) - 1/4
x(d - f)*log(x™2 - x + 1)
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ex xz x3
317 [T gy

T+x2+x4
Optimal. Leaf size=127

1-2x 2x+1

(d+f)tan_1( \/5) (d+f)tan_l( \/5) (Ze—g)tan_1

—i(d—f)log(xz—x+1)+}E(d—f)log(x2+x+1)— + +

243 243 243

[Out] -((d + f)*ArcTan[(1 - 2*x)/Sqrt[3]]1)/(2*Sqrt[3]) + ((d + f)*ArcTan[(1 + 2xx
)/8qrt[3]1]1)/(2+Sqrt[3]) + ((2xe - g)*ArcTan[(1 + 2*x72)/Sqrt[3]1])/(2*Sqrt[3

1) - ((d - f)*xLogll - x + x72])/4 + ((d - f)*Logll + x + x72])/4 + (gxLogl1

+ x72 + x74])/4

Rubi [A] time = 0.101051, antiderivative size = 127, normalized size of antiderivative =

1., number of steps used = 15, number of rules used = 7, integrand size = 26, number of rules_

integrand size
0.269, Rules used = {1673, 1169, 634, 618, 204, 628, 1247}

1-2x 2x+1

(d+f)tan_1( :/3 ) (d+f)tan_1( 7 ) (2 - g)tan™!

—}L(d—f)log(xz—x+1)+}L(d—f)log(x2+x+1)— + +

243 243 243

Antiderivative was successfully verified.

[In] Int[(d + e*xx + f*xx72 + g*x~3)/(1 + x72 + x74) ,x]

[Out] -((d + f)*ArcTan[(1 - 2*x)/Sqrt[3]]1)/(2*Sqrt[3]) + ((d + f)*ArcTan[(1 + 2xx
)/Sqrt[31]1)/(2*%Sqrt[3]) + ((2xe - g)*ArcTan[(1 + 2*x~2)/Sqrt[3]])/(2%Sqrt[3

1) - ((d - f)*Log[l - x + x72])/4 + ((d - f)*Logl[l + x + x72])/4 + (gxLogl1

+ x72 + x74])/4

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, gq/2}]*(a + b
*x"2 + c*x"4)7p, x] + Int[x*Sum[Coeff[Pq, x, 2%k + 1]*x~(2xk), {k, 0, (q -
1)/2}]*(a + b*x"2 + c*x"4)"p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&% 'PolyQ[Pq, x72]

Rule 1169

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]
> With[{q = Rtl[a/c, 2]}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2*c*qg*r), Int
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[(d*r - (@ - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*qxr), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b72 - 4xaxc, 0] &% NeQ[c*d™2 - bxd*xe + axe”2, 0] && NegQ[b~2 - 4*axc]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2*xc), Int[1/(a + b*x + c*xx"2), x], x] + Distl[e/(2*%c), In
t[(b + 2xc*x)/(a + b¥x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 0])

Rule 628

Int[((d) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x72, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 1247

Int[(x )*((d) + (e_)*x(x )"2)"(q_)*x((a) + (b_)*(x_)"2 + (c_.)*(x_)"4)(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + exx) gx(a + b*x + c*x~2)7p, x],
x, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, xIJ

Rubi steps
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2 3 2 x (e + gx?
fd+ex+fx +9x gy — d+ fx x4 ( 8 )dx
1+x2+ x4 1+x2+x4 1+x2+ x4
d—(d-f)x 1 pd+d-f)x 1 ‘ e+gx 2)
2 T iy | Tt g s ([ T duns
——(d )flzxd —(d+)f12x (d+)f d+(d
- D) ez ™t NJq Nz *
:—Z(d—f)log(l—x+x2)+Z(d—f)log(1+x+x2)+Zglog(1+x2+x4)+5(—d—f)
(d+ f)tan! (1‘2") @+ f)tan! (“Z") (2¢ - g) tan™! (“sz) )
_ V3 V3 NG
= - + + ——(d - f)log(1-
243 243 243 4

Mathematica [C] time = 0.484633, size = 150, normalized size = 1.18

2(\/2+2i\/§((\/§+i)f—2id)tan_1 (%(\/§+i)x)+(2g—4e)tan_ (22 1)+\/—glog(x + x2 +1))+2\/2 2i
8V3

Warning: Unable to verify antiderivative.

[In] Integrate[(d + e*x + f*x"2 + gxx~3)/(1 + x"2 + x74),x]

[Out] (2*%Sqrt[2 - (2*I)*Sqrt[3]]1*((2*I)*d + (-I + Sqrt[3])*f)*ArcTan[((-I + Sqrt[
31)*x) /2] + 2%(Sqrt[2 + (2+I)*Sqrt[3]1]1*((-2*I)*d + (I + Sqrt[3])*f)*ArcTan[

((I + Sqrt[3])*x)/2] + (-4*e + 2*xg)*ArcTan[Sqrt[3]/(1 + 2xx~2)] + Sqrt[3]*g
*Log[l + x72 + x74]))/(8xSqrt[3])

Maple [A] time = 0.004, size = 204, normalized size = 1.6

- +
4 4 4 3 3

dln(x2+x+1) ln(xZ +x+1)f ln(x2+x+1)g . dx/garctan((l-kzx)\/g]— \3e arctan((1+2x)\/§)+
6 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*x~3+f*x"2+exx+d)/(x"4+x"2+1) ,%)

[Out] 1/4*d*1n(x"2+x+1)-1/4*1n(x"2+x+1)*f+1/4*%1n(x"2+x+1)*g+1/6*d*arctan(1/3*(1+2
*xx)*37(1/2))*37(1/2)-1/3%37(1/2) *arctan (1/3* (1+2*x) *37(1/2) ) xe+1/6%3~ (1/2) *
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arctan(1/3*(1+2*x)*37(1/2) ) *xf+1/6%37(1/2) *arctan(1/3* (1+2*x)*37(1/2) ) *xg+1/4
*1n(x72-x+1)*f-1/4*%d*1n(x"2-x+1)+1/4*1n(x"2-x+1) *g+1/6%3~ (1/2) *arctan (1/3*(
2xx-1)*37(1/2))*d+1/3%37 (1/2) *arctan(1/3* (2*x-1)*3~(1/2) ) *xe+1/6*3~ (1/2) *arc
tan(1/3*(2%x-1)*37(1/2))*£-1/6%37 (1/2) *arctan(1/3* (2xx-1)*37(1/2)) *g

Maxima [A] time = 1.47307, size = 112, normalized size = 0.88

1 1 1 1 1 )
g\/g(d—26+f+g)arctan 5\/5(2x+1) + g\/g(d+26+f—g)arctan 5\/5(295—1) + L—L(d—f+g)log(x +
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx~3+f*x"2+e*x+d)/(x"4+x72+1),x, algorithm="maxima"

[Out] 1/6*sqrt(3)*(d - 2%e + f + g)*arctan(1/3*sqrt(3)*(2*x + 1)) + 1/6x*sqrt(3)*(
d + 2%e + £ - g)*arctan(1/3*sqrt(3)*(2*x - 1)) + 1/4x(d - £ + g)*xlog(x~2 +
x + 1) - 1/4%x(d - £ - g)*log(x”2 - x + 1)

Fricas [A] time = 2.98584, size = 261, normalized size = 2.06

1 1 1 1 1

c \/g(d —2e+f +g) arctan(§ V3@2x + 1)) t3 \/g(d +2e+f —g) arctan(§ V3(@2x —1)) *1 (d-f +g) 10g(x2 +
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx~3+f*x"2+e*x+d)/(x"4+x72+1),x, algorithm="fricas")

[Out] 1/6*sqrt(3)*(d - 2xe + f + g)*arctan(1l/3*sqrt(3)*(2xx + 1)) + 1/6*sqrt(3)*(
d + 2xe + f - g)*arctan(1/3*sqrt(3)*(2*xx - 1)) + 1/4x(d - £ + g)*xlog(x~2 +
x +1) - 1/4x(d - £ - g)*xlog(x”2 - x + 1)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((g*x**3+f*xx*2+e*xx+d)/ (x**4+x**2+1) ,x)

[Out] Timed out

Giac [A] time = 1.11059, size = 115, normalized size = 0.91

%\/g(d+f+g—2e)arctan(% \/5(2x+1)) +%\/§(d+f—g+2@)arctan(% \/5(23(—1)) + 31 (d—f+g)log(x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx~3+f*x"2+e*x+d)/(x"4+x72+1),x, algorithm="giac")

[Out] 1/6*sqrt(3)*(d + f + g - 2xe)*arctan(1/3*sqrt(3)*(2xx + 1)) + 1/6%sqrt(3)*(
d + f - g+ 2xe)*arctan(1/3*sqrt(3)*(2*xx - 1)) + 1/4x(d - £ + g)*xlog(x"2 +
x + 1) - 1/4%x(d - £ - g)*log(x"2 - x + 1)
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318 f d+ex+fx2+gx3+hx4 dx

T+x2+x4
Optimal. Leaf size=136

tan ' (E2) @+ f-2n)  tan ' (Z2) @+ f-2h)
o (‘/5) + . (\/’5’) d —Z(d—f)log(xz—x+1)+}l(d—f)log(x2+x+1)+

243 243

[Out] hxx - ((d + £ - 2xh)*ArcTan[(1 - 2xx)/Sqrt[3]1])/(2xSqrt[3]) + ((d + £ - 2xh
Y*¥ArcTan[(1 + 2*x)/Sqrt[3]])/(2xSqrt[3]) + ((2xe - g)xArcTan[(1 + 2%x72)/Sq
rt[311)/(2xSqrt[3]) - ((d - f)*Logl[l - x + x72]1)/4 + ((d - f)*Logl[l + x + x
~2])/4 + (gxlogll + x72 + x74]1)/4

(2e — ¢

Rubi [A] time = 0.139987, antiderivative size = 136, normalized size of antiderivative =

1., number of steps used = 17, number of rules used = 8, integrand size = 31, number of rules _

integrand size
0.258, Rules used = {1673, 1676, 1169, 634, 618, 204, 628, 1247}

tan (S2) @+ f-2n)  tan” (2} (@ + £ - 2h)
- (\/5) + (\/g) —Z(d—f)log(xz—x+1)+}L(d—f)log(x2+x+1)+

243 243

(2e -

Antiderivative was successfully verified.

[In] Int[(d + e*x + f*x72 + g*x~3 + h*x"4)/(1 + x72 + x74) ,x]

[Out] h*x - ((d + £ - 2xh)*ArcTan[(1 - 2*x)/Sqrt[3]])/(2xSqrt([3]) + ((d + £ - 2*h
)*¥ArcTan[(1 + 2x*x)/Sqrt[3]1]1)/(2%Sqrt[3]) + ((2xe - g)*ArcTan[(1 + 2*x~2)/Sq
rt[3]1])/(2%Sqrt[3]) - ((d - f)*Logl[l - x + x72])/4 + ((d - f)*Logl[l + x + x
~2]1)/4 + (gxLogll + x2 + x74])/4

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, gq/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]*(a + b*x"2 + c*x"4)"p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&& 'PolyQ[Pq, x72]

Rule 1676

Int[(Pq_)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :> Int[ExpandInte
grand[Pq/(a + b*x"2 + cxx~4), x], x] /; FreeQ[{a, b, c}, x] & PolyQ[Pq, x~
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2] &% Expon[Pq, x72] > 1

Rule 1169

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rtla/c, 2]}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2*c*qg*r), Int
[(dxr - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*xqg*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NegQ[b~2 - 4x*axc]

Rule 634

Int[((d_.) + (e_)*(x_))/((a)) + (b_)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> D
ist[(2*xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*x"2), x], x] + Distl[e/(2%c), In
t[(b + 2%c*x)/(a + b*¥x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x~2, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(@Rt[-a, 2]*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 628

Int[((d) + (e_)*(x ))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent[a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rule 1247

Int[(x )*((d_) + (e_.)*(x_)"2)"(q_.)*x((a_) + (b_)*x(x_)"2 + (c_.)*x(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + exx)"g*(a + b*x + c*x72)7p, x],
x, x°2], x] /; FreeQl{a, b, ¢, d, e, p, q}, x]

Rubi steps
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X

fd+ex+fx2+gx3+hx4d x(€+gx2)d d+ fx? + hxt
x= | ———Zdx —_—
T+x2+x4 1+x2+x4 1+ x2+x4

1 e+gx ) d—h+(f —hx?
= 5 Subst m””“x”C)*f(“ e

1 1 1 1+2x
= hx + 4(Ze ¢) Subst (fl 2dx,x,x )+ g Subst (fl P dx, x, x )+

d h-@-fx 1 rd-hs@-fr 1
SR e [

1-x+2x2 14+ x4+ x2 2

1
:hx+1glog(1+x2+x

(2e—g) tan™! (p:/zg )
23

(2e-9) tan™! (p:/zng)
2v3

@+ f—2h) tan™! (”x) (d+ f - 21 tan”! (132") (2e - g) tan™" (“jgz)

1+ 2x 1

1 s 1
+Zglog(l+x +x)+4_l(d_f)fl+x+x2 x+1(—

=hx +

1 1
—Z(d—f)log(l—x+x2)+1(d—f)10g(1+x+x2)+‘

=hx +

=hx - V3 + +

243 243 243

Mathematica [C] time = 0.601022, size = 165, normalized size = 1.21

l(mn—l (5 (V3= )3 (V3+30)+ (5 -30) £ - 2330) + tan (3 (V5 +0)2) (V3= 3)a+ (V339 £ -2

24 2

Antiderivative was successfully verified.

[In] Integratel[(d + exx + f*xx72 + g*x~3 + h*xx"4)/(1 + x"2 + x74),x]

[Out] (24*h*x + 4*((3*I + Sqrt[3])*d + (-3*I + Sqrt[3])*f - 2%Sqrt[3]*h)*ArcTan[(
(-I + Sqrt[3])*x)/2] + 4*x((-3*I + Sqrt[3])*d + (3*I + Sqrt[3])*f - 2xSqrt[3
Ixh)*ArcTan[((I + Sqrt[3])#*x)/2] - 8%Sqrt[3]*exArcTan[Sqrt[3]/(1 + 2*x~2)]

+ 4xSqrt [3]*g*xArcTan[Sqrt [3]/(1 + 2*x72)] + 6*gxLogl[l + x72 + x74])/24

Maple [B] time = 0.004, size = 241, normalized size = 1.8

hac + 1 - 1 * 1 3 3

dln(x2+x+1) 1n(x2+x+1)f ln(x2+x+1)g A3 1+22)vV3) 3e 1+2%) 3
+ arctan - 3 arctan| ———

Verification of antiderivative is not currently implemented for this CAS.
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[In] int ((h*x"4+gxx”~3+f*x"2+e*x+d) /(x"4+x72+1) ,x)

[Out] hxx+1/4*d*1ln(x"2+x+1)-1/4*%1n(x"2+x+1)*f+1/4*1n(x"2+x+1)*g+1/6*d*arctan(1/3%
(1+2%x)*37(1/2))*37(1/2)-1/3%37 (1/2) *arctan (1/3* (1+2*x) *37 (1/2) ) xe+1/6%3~ (1
/2)*arctan(1/3* (1+2%x)*37 (1/2) ) *£+1/6%37(1/2) *arctan(1/3* (1+2xx) *37(1/2) ) *g
-1/3%37(1/2) *arctan(1/3*(1+2*x) *37(1/2) ) *h+1/4*1n(x"2-x+1) *f-1/4*d*1n(x"2-x
+1)+1/4%1n(x"2-x+1) *g+1/6%37(1/2) *arctan (1/3* (2xx-1)*37(1/2) ) *d+1/3*37(1/2)
xarctan(1/3*(2*x-1)*37(1/2) ) *e+1/6%37(1/2)*xarctan(1/3*(2*xx-1)*37(1/2) ) *f-1/
6*37(1/2) *arctan(1/3*(2xx-1)*37(1/2) ) *g-1/3*37(1/2) *arctan(1/3*(2*x-1)*3~ (1
/2))*h

Maxima [A] time = 1.48999, size = 124, normalized size = 0.91
1 1 1 1 1
g\/g(d—26+f+g—2h)arctan(§ \/5(2x+1)) + g\/g(d+23+f—g—2h)arctan(§ \/5(2x—1)) + hx + 1 (d.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x~4+g*x~3+f*x"2+e*x+d)/(x"4+x"2+1) ,x, algorithm="maxima"

[Out] 1/6*sqrt(3)*(d - 2xe + f + g - 2*h)*arctan(1/3*sqrt(3)*(2*x + 1)) + 1/6%sqr
t(3)*x(d + 2%xe + £ - g - 2xh)*arctan(1/3*sqrt(3)*(2*%x - 1)) + h*xx + 1/4x(d -
f + g)*xlog(x"2 + x + 1) - 1/4x(d - £ - g)*log(x™2 - x + 1)

Fricas [A] time = 11.1041, size = 285, normalized size = 2.1
1 1 1 1 1
g\/g(d—26+f+g—2h)arctan(§ \/5(2x+1)) + 6\/§(d+26+f—g—2h)arctan(§ \/5(2x—1)) + hx + 1 (d-

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x~4+g*x~3+f*x"2+e*x+d)/(x"4+x"2+1),x, algorithm="fricas")

[Out] 1/6*sqrt(3)*(d - 2*e + f + g - 2*xh)*arctan(1/3*sqrt(3)*(2*x + 1)) + 1/6%sqr
t(3)*(d + 2%xe + £ - g - 2xh)*arctan(1/3*sqrt(3)*(2*x - 1)) + hxx + 1/4*%(d -
f + g)xlog(x™2 + x + 1) - 1/4%(d - £ - g)*log(x™2 - x + 1)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x*x4+g*x**x3+f*x*k*2+e*xx+d)/ (x**4+x**2+1) ,x)

[Out] Timed out

Giac [A] time = 1.10218, size = 127, normalized size = 0.93

%\/§(d+f+g—2h—26)arctan(%\/5(2x+1))+%\/§(d+f—g—2h+26)arctan(%\/5(2x—1))+hx+ji(d—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x™4+g*x~3+f*x"2+e*x+d)/(x"4+x72+1) ,x, algorithm="giac")

[Out] 1/6*sqrt(3)*(d + £ + g - 2*¥h - 2%e)*arctan(1/3*sqrt(3)*(2*x + 1)) + 1/6%sqr
t(3)*x(d + £ - g - 2¥h + 2xe)*arctan(1/3*sqrt(3)*(2xx - 1)) + hxx + 1/4*x(d -
f + g)*log(x™2 + x + 1) - 1/4%(d - f - g)*log(x™2 - x + 1)
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5

d+ex+fx2+gx3 +hxt+ix
319 [ ferss dx

T+x2+x4

Optimal. Leaf size=151

tan " (2 @+ F-2n)  tan ! (Z2) @+ F - 2n) tan’
B (\/g) d + . (\/g) d —Lli(d—f)log(xz—x+1)+}L(d—f)log(x2+x+1)+—n

243 243

[Out] h*x + (i*x72)/2 - ((d + f - 2xh)*ArcTan[(1 - 2*x)/Sqrt[3]]1)/(2%Sqrt[3]) + (
(d + £ - 2¥h)*ArcTan[(1 + 2x%x)/Sqrt[3]1])/(2%Sqrt[3]) + ((2%e - g - i)*ArcTa

n[(1 + 2%x72)/Sqrt[3]])/(2%Sqrt[3]) - ((d - f)*Logll - x + x72])/4 + ((d -
f)xLog[l + x + x72]1)/4 + ((g - i)*Logl[l + x72 + x74])/4

Rubi [A] time = 0.176035, antiderivative size = 151, normalized size of antiderivative =
1., number of steps used = 19, number of rules used = 9, integrand size = 36, number of rules _

integrand size
0.25, Rules used = {1673, 1676, 1169, 634, 618, 204, 628, 1663, 1657}

2x+1

tan™! (2 @d+f-2h) tan’! d+ f—2h) tan”
- (\/52)\/5 + (\/522/5 —Z(d—f)log(xz—x+1)+}L(d—f)log(x2+x+1)+—

Antiderivative was successfully verified.

[In] Int[(d + e*x + f*x™2 + g*x~3 + h*x"4 + i*x"5)/(1 + x72 + x74) ,x]

[Out] h*x + (i*x72)/2 - ((d + £ - 2%h)*ArcTan[(1 - 2*x)/Sqrt[3]])/(2*Sqrt[3]) + (
(d + f - 2xh)*ArcTan[(1 + 2*x)/Sqrt[3]])/(2xSqrt[3]) + ((2%¥e - g - i)*ArcTa

n[(1 + 2*%x72)/Sqrt[3]11)/(2%8Sqrt[3]) - ((d - f)*Logll - x + x72])/4 + ((d -
f)*Logll + x + x72])/4 + ((g - i)*Logl[l + x72 + x74])/4

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, gq/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]*(a + b*x"2 + c*x"4)"p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&& 'PolyQ[Pq, x72]

Rule 1676

Int[(Pq_)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :> Int[ExpandInte
grand[Pq/(a + b*x"2 + cxx74), x], x] /; FreeQ[{a, b, c}, x] & PolyQ[Pq, x~
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2] &% Expon[Pq, x72] > 1

Rule 1169

Int[((d)) + (e_)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rtla/c, 2]}, With[{r = Rt[2%q - b/c, 2]}, Dist[1/(2*c*qg*r), Int
[(dxr - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*xqg*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b™2 - 4xaxc, 0] &% NeQ[c*d™2 - bxd*xe + axe”2, 0] && NegQ[b~2 - 4*axc]

Rule 634

Int[((d_.) + (e_)*(x_))/((a)) + (b_)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> D
ist[(2*xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*x"2), x], x] + Distl[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xa*c - x°2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 628

Int[((d) + (e_)*(x ))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent[a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rule 1663

Int[(Pq ) *(x_ )" (m_.)*((a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4)"(p_), x_Symbol] :
> Dist[1/2, Subst[Int[x~((m - 1)/2)*SubstFor[x~2, Pq, x]*(a + b*x + c*xx"2)~
p, x], x, x72], x] /; FreeQl[{a, b, c, p}, x] && PolyQ[Pq, x"2] && IntegerQ[
(m - 1)/2]

Rule 1657
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Int[(Pq )*((a_) + (b_)*(x_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[Expand
Integrand[Pg*(a + b*x + c*x72)7p, x], x] /; FreeQ[{a, b, c}, x] && PolyQ[Pq
, x] && IGtQlp, -2]

Rubi steps
fd+ex+fx2+gx3+hx4+19x5d fx(€+8x2+19x4) . d+ fx? +hxt
x = x —— dx
1+x2 + x4 1+ x2 + x4 1+ x2 + x4
1 e+ gx +19x? ) d—h+(f —h)x?
—ESUbSt( mdx,x,x)+f(h+ T+ 2+ dx
1 19 - 19 - -h - h)x?
:hx+—Subst f 19 - 9-e+r19-gx dx, x, x? +fd t(f—hx
1+x+x2 1+ x2 + x4
1 1 - - 1
e LA L A
2 1-x+x2 2 1+ x+x2
19x2 1+2x -1+ 2x
=hv4——+ g (d f)f1+ v g (d+f)f1 dx——(19
:hx+1,i——(d f)log(l x+x)+—(d—f)log(1+x+x2)——(19—g
2 4 4
o2 @+ f—zh)tan—l(lj_") d+ f—2h)tan_1(1j;x) (19 -
= hx + - <A 3/
2 2v3 243

Mathematica [C] time = 0.64167, size = 187, normalized size = 1.24

: [(1 + 1V3) tan- (% (V3-1) ) (2v3d - (V3 +3i) f — (V3 - 3i) ) + (V3 + i) tam (% (V3+i) ) (-23d + (3

Antiderivative was successfully verified.

[In] Integrate[(d + e*x + f*x™2 + gxx~3 + h*x™4 + i*x75)/(1 + x72 + x74),x]

[Out] (6*%x*x(2%h + i*x) + (1 + I*Sqrt[3])*(2xSqrt[3]*d - (3*I + Sqrt[3])*f - (-3*I
+ Sqrt[3])*h)*ArcTan[((-I + Sqrt[3])#*x)/2] + (I + Sqrt[3])*((-2*I)*Sqrt[3]

xd + (3 + I*Sqrt[3])*f + Ix(3+I + Sqrt[3])*h)*ArcTan[((I + Sqrt[3])*x)/2] -
2xSqrt [3]*(2xe - g - i)*ArcTan[Sqrt[3]/(1 + 2%x72)] + 3*(g - i)*Logll + x~

2 + x74])/12
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Maple [B] time = 0.007, size = 303, normalized size = 2.

— +hx + - + -
3

izz dln(x24+x+1) ln(x2+4x+1)f 1n(x2+4x+1)g ln(xz-;x+1)i+dfarctan[(l-'_zx)\/g)—:

Verification of antiderivative is not currently implemented for this CAS.

[In] int((i*x~5+h*x~4+g*x~3+f*x"2+exx+d)/(x"4+x"2+1) ,x)

[Out] 1/2%i*x~2+h*x+1/4*d*1ln(x"2+x+1)-1/4*%1n(x"2+x+1)*f+1/4%1n(x"2+x+1)*g-1/4*1n(
X"2+x+1)*i+1/6*d*arctan(1/3* (1+2*x)*37(1/2))*3~(1/2)-1/3%3"(1/2) *arctan(1/3

* (1+2xx) *37(1/2) ) *e+1/6%37 (1/2) *arctan (1/3* (1+2xx) *37(1/2) ) *£+1/6%37(1/2) *a
rctan(1/3%(1+2%x) *37(1/2) ) *g-1/3%37(1/2) *arctan(1/3* (1+2*x) *37(1/2) ) *h+1/6%
37(1/2) *arctan(1/3* (1+2%x)*37(1/2) ) *i+1/4*1n(x"2-x+1) *g-1/4*1n(x"2-x+1) *i+1
/4*1n(x"2-x+1) *f-1/4*d*1n(x"2-x+1)+1/6%37 (1/2) *arctan (1/3* (2xx-1)*3~(1/2) ) *
d+1/3*37(1/2)*arctan(1/3* (2*x-1)*37(1/2) ) *e+1/6*x3~(1/2) *arctan(1/3*(2*xx-1)*
37(1/2))*£-1/6%3"(1/2) *arctan(1/3* (2*x-1)*37(1/2) ) *g-1/3*37(1/2) *arctan(1/3
*(2xx-1)*37(1/2) ) *h-1/6%37(1/2) *arctan(1/3* (2*xx-1)*37(1/2) ) *i

Maxima [A] time = 1.46354, size = 143, normalized size = 0.95

1 1 1 1 1
Eix2+6\/g(d—23+f+g—2h+i)arctan(§\/§(2x+1))+6\/§(d+26+f—g—2h—i)arctan(§\/5(2x—1))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((i*x~5+h*x~4+g*x~3+f*x"2+e*xx+d)/(x"4+x"2+1) ,x, algorithm="maxima"

)

[Out] 1/2*i*x"2 + 1/6%sqrt(3)*(d - 2%¥e + £ + g - 2xh + i)*arctan(1/3*sqrt(3)*(2x*x
+ 1)) + 1/6xsqrt(3)*(d + 2*%e + £ - g - 2xh - i)*arctan(1/3*sqrt(3)*(2*x -

1)) + h*x + 1/4x(d - £ + g - i)*xlog(x"2 + x + 1) - 1/4x(d - £ - g + i)*log(

X722 - x + 1)

Fricas [A] time = 39.4204, size = 323, normalized size = 2.14

1 1 1 1 1
Eix2+6\/§(d—2€+f+g—2h+i)arctan(§\/§(2x+1))+g\/§(d+26+f—g—2h—i)arctan(§\/E(Zx—l))

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((i*x~5+h*x~4+g*x”~3+f*x"2+e*xx+d)/(x"4+x"2+1) ,x, algorithm="fricas"

)

[Out] 1/2*i*x"2 + 1/6%sqrt(3)*(d - 2*%e + £ + g - 2xh + i)*arctan(1/3*sqrt(3)*(2*x
+ 1)) + 1/6%sqrt(3)*(d + 2%xe + £ - g - 2xh - i)xarctan(1/3*sqrt(3)*(2xx -

1)) + hxx + 1/4%(d - £ + g - 1)*xlog(x"2 + x + 1) - 1/4x(d - £ - g + i)*log(

x"2 - x + 1)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((i*x*xb+h*x**x4+gkxx*3+f*xxx*2+exx+d) / (x*k*4+x**2+1) ,%)

[Out] Timed out

Giac [A] time = 1.10442, size = 146, normalized size = 0.97

1 1 1 1 1
Eix2+6\/§(d+f+g—2h+i—2e)arctan(§\/5(2x+1))+g\/§(d+f—g—2h—i+26)arctan(§ V3Q2x -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((i*x~5+h*x~4+g*x”~3+f*x"2+exx+d)/(x"4+x"2+1) ,x, algorithm="giac")

[Out] 1/2*i*x"2 + 1/6%sqrt(3)*(d + £ + g - 2xh + i - 2%e)*arctan(1/3*sqrt(3)*(2x*x
+ 1)) + 1/6%sqrt(3)*(d + £ - g - 2¢h - i + 2%e)*arctan(1/3*sqrt(3)*(2xx -

1)) + h*x + 1/4x(d - £ + g - i)*¥log(x"2 + x + 1) - 1/4%(d - f - g + i)*log(

X2 - x + 1)
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320 [y

a+bx2+cxt

Optimal. Leaf size=189

aved tan! (f_fJ mdtan—l(ﬂ) b
b—-Vbh2-4ac \ Vb2—4ac+b etanh (M)

Vb2 — dac\lb— Vb2 —4ac Vb2 — dacAJ Vb2 —dac + b Vb? - dac

[Out] (Sqrt[2]*Sqrtlc]*d*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/Sqrt[b - Sqrt[b~2 - 4*axc]]])
/(Sqrt[b~2 - 4xaxc]*Sqrt[b - Sqrt[b~2 - 4xaxc]]) - (Sqrt[2]*Sqrt[c]l*d*ArcTa
n[(Sqrt[2]*Sqrt [c]*x)/Sqrt[b + Sqrt[b~2 - 4xaxc]]])/(Sqrt[b~2 - 4*axc]*Sqrt

[b + Sqrt[b™2 - 4xa*xc]]) - (exArcTanh[(b + 2*c*x72)/Sqrt[b~2 - 4*axc]])/Sqr

t[b~2 - 4x*axc]

Rubi [A] time = 0.210849, antiderivative size = 189, normalized size of antiderivative =
. . f rul
1., number of steps used = 9, number of rules used = 7, integrand size = 20, number of rules_

integrand size
0.35, Rules used = {1673, 12, 1093, 205, 1107, 618, 206}

V2+/fed tan™ [ﬂ) V2+/fed tan™! (ﬂ) -1 ( b+2cx?
b-Vb2-4ac \ Vb2-4ac+b etanh ( \/M)

Vb2 — dac\Jb — Vb2 - 4ac \/b2—4a0\/m Nb? — dac

Antiderivative was successfully verified.

[In] Int[(d + exx)/(a + b*x~2 + c*x~4),x]

[Out] (Sqrt[2]*Sqrt[c]*d*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/Sqrt[b - Sqrt[b~2 - 4*axc]]])
/(Sqrt[b~2 - 4xaxc]*Sqrt[b - Sqrt[b~2 - 4xaxc]]) - (Sqrt[2]*Sqrt[c]l*d*ArcTa
n[(Sqrt[2]*Sqrt [c]*x)/Sqrt[b + Sqrt[b~2 - 4*axc]]])/(Sqrt[b~2 - 4*axc]*Sqrt

[b + Sqrt[b™2 - 4xa*xc]]) - (exArcTanh[(b + 2*c*x72)/Sqrt[b~2 - 4*axc]])/Sqr

t[b~2 - 4x*axc]

Rule 1673

Int[(Pg )*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, q/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]1*(a + b*x"2 + c*xx~4)7p, x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x]
&& 'PolyQ[Pq, x72]
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Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 1093

Int[((a ) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(-1), x_Symbol]l :> With[{q = Rt[b~
2 - 4xaxc, 2]}, Distl[c/q, Int[1/(b/2 - q/2 + c*x"2), x], x] - Dist[c/q, Int
[1/(b/2 + q/2 + c*xx"2), x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc,
0] && PosQ[b~2 - 4xaxc]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rule 1107

Int[(x_)*((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4)~(p_.), x_Symbol] :> Dist[1/2,
Subst[Int[(a + b*x + c*x"2)7p, x], x, x°2], x] /; FreeQ[{a, b, c, p}, x]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b"2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps
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f d+ex dx—f d dx+f ex i
a+bx2+cxt T J a+bx2+coxt a+ bx2 + cx*
1 X
_dfa+bx2+cx4dx+efu+bx2+cx4dx

1 1

D) sam7e 0 ()] g 0— 4

¢ )f§—§Vb2—4ac+cx2 © e )f§+§ et 1 Subst f : d, x, 32
ViZ — dac Vig—dae 207" a2 T

ﬁﬁdt&n—l[ﬂ) \/E\/Edtan‘l(ﬂ)

b—Vb2—-4ac \ b+Vb2-4ac

1
= - —eSubst(fmdx,x,b+2c
Vb2 — 4acA\lb — Vb2 - dac \/b2—4ucxlb+\/b2—4uc

V2+/cd tan™! [ﬂ) V2+/cd tan™ (ﬂ) 1 be2ex?
b-Vb2-4ac B \b+Vb2-4ac B etanh (M)

- N
Vb2 — 4ac\lb — Vb2 - dac \/b2—4a6\/b+\/b2—4ac b* — dac

Mathematica [A] time = 0.272544, size = 194, normalized size = 1.03

2V2+ed tanl[ﬂ] 2V2fed tanl[\/ﬁ—LJ
Vb2 _4ac 2—4ac+
bovbdne) _ V2t +e(1og(\/b2—4uc—b—2cx2)—log(Vb2—4ac+b+2cx2))
\b-Vb2-dac \ Vb2—4dac+b
2Vb? - 4ac

Antiderivative was successfully verified.

[In] Integratel[(d + exx)/(a + b*x"2 + c*x74),x]

[Out] ((2*Sqrt[2]*Sqrt[c]l*d*xArcTan[(Sqrt[2]*Sqrtlc]l*x)/Sqrt[b - Sqrt[b~2 - 4xax*c]
11)/Sqrt[b - Sqrt[b~2 - 4xaxc]] - (2*Sqrt[2]*Sqrt[c]*d*ArcTan[(Sqrt[2]*Sqrt
[c]*x)/Sqrt[b + Sqrt[b~™2 - 4*axc]]])/Sqrtlb + Sqrt[b~2 - 4*axc]] + ex(Logl[-

b + Sqrt[b~2 - 4*axc] - 2xc*x"2] - Loglb + Sqrt[b~2 - 4*axc] + 2xc*xx"2]))/(
2x3qrt [b”™2 - 4*axc])

Maple [A] time = 0.089, size = 231, normalized size = 1.2

A= 2
_EMCC%ZZJZV —4ac+b%1n (—2 cx? + V=4ac+1? - b) +2 cV-4ac + b2 Artanh cxV2
(8ac—2b2)\/(\/—4ac+b2—b)c (V—4uc+b2
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)/(c*xx"4+b*x"2+a),x)

[Out] -(-4*a*xc+b”2)~(1/2)/(8*a*xc-2%b~2)*ex1n(-2*cxx~2+(~4*a*xc+b”~2) " (1/2)-b)+2*c*(
-4xaxc+b”2) " (1/2) / (8*xaxc—-2xb~2) *d*2~ (1/2) / (((-4d*a*xc+b~2) ~(1/2)-b)*c) ~(1/2) *
arctanh (cxx*2”(1/2)/ (((-4*axc+b~2) " (1/2)-b) *c) ~(1/2) ) +(-4xa*xc+b~2)~(1/2) /(8
*a*xc-2%b72) kex1n (2xcxx ™2+ (—4*a*xc+b~2) " (1/2) +b) +2*xc*x (=4d*axc+b~2) ~(1/2) / (8*ax
c—2xb"2) *d*27 (1/2) / ((b+(—4*axc+b~2) ~(1/2) ) *c) ~(1/2) *arctan(c*xx*2~(1/2) / ((b+
(=4xaxc+b~2)~(1/2))*c)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.
ex+d
[l
cxt+bx2+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(c*x~4+b*x~2+a),x, algorithm="maxima")

[Out] integrate((exx + d)/(c*x™4 + b*x"2 + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(c*x~4+b*x"2+a),x, algorithm="fricas")

[Out] Timed out

Sympy [B] time = 93.8135, size = 471, normalized size = 2.49

RootSum (t4 (256a3c2 —128a%b?c + 16ub4) + 2 (32512ce2 — 8ab?e? — 16abcd? + 4b3d2) +t (—16acdze + 4b2d2e) + ae* -

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx+d)/(cxx**4+bkx**2+a) ,x)

[Out] RootSum(_tx*4* (256*a*x*3*kc**2 — 128*ax*2*xbx*2%xc + 16xaxb*x4) + _t**2x (32xaxx*
2kcxe*x*2 — 8kxaxb¥*2kxex*2 — 16%axbxckd**2 + 4xbx*3kxd**2) + _tk(—16*akckxd**2x*
e + 4Axbx*2xd*x2%e) + axe*x*4 + bkdx*2xe*xx2 + cxd**4, Lambda(_t, _t*xlog(x + (
=B512% tkk3kakxkdkck*k2ke*x*x2 + 256% txx3kax*k3xbkkkckexx2 — 128% tx*k3ka*x*x3*bkxc
*kQkd**x2 — 32*_t**3*a**2*b**4*e**2 + 64*_t**3*a**2*b**3*c*d**2 - 8*_t**3*a*
b**5xd**2 — B64% tHx2kxax*3kbkxckex*k3 — B4k tr*kkax*k3kck*2kd*x*2kxe + 16%_t**2xa
*kDxbkx3kex*k3 + 4k trkdxaxbrkdxd* x2ke — 32% _trark3kcrer*kd + 8k traxk2xbkk2k
ex*4 + 24 txaxk2xbkxckdxk2xe*x*2 — 16% txax*k2kckk2xd*x4 — 6% _traxbkk3kxd*r*2ke
**2 + 12% txaxbkx2kckdk*kd — 2% txbkkdkd**4d — Adxax*k2xbkex*5 + 20ka**2kxckdx*2
*e*x*3 — Bxaxbx*x2xd*x*2xex*3 + 8Skakxbkckdxkdxe - bkxx3xd*xxdxe)/(16*xa*x*x2xckdkex*
4 + 8xaxbkxckdx*x3kex*k2 — dkakxck*k2kd*x5 + b¥xx2kxckd**5))))

Giac [C] time = 1.97199, size = 3996, normalized size = 21.14

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(c*xx~4+b*x~2+a),x, algorithm="giac")

[Out] 1/2*(2*(sqrt(axc)*b~2xc + 4xsqrt(axc)*a*xc™2 + sqrt(b”™2 - 4xaxc)*sqrt(axc)*b
xc)*cos(5/4*pi + 1/2*xreal_part(arcsin(1/2x*sqrt(a*c)*b/(axabs(c)))))*cosh(1/
2ximag_part(arcsin(1l/2*sqrt(a*c)*b/(a*xabs(c))))) "2*xexsin(5/4*pi + 1/2%real_
part (arcsin(1/2*sqrt (a*xc)*b/(axabs(c))))) - 4*x(sqrt(a*xc)*b™2xc + 4*xsqrt(ax*c
)*axc™2 - sqrt(b”2 - 4xaxc)*sqrt(a*xc)*bxc)*cos(5/4*pi + 1/2*xreal part(arcsi
n(1/2*xsqrt(a*xc)*b/(a*xabs(c)))))*cosh(1l/2*imag part(arcsin(1/2*sqrt(a*xc)*b/(
a*abs(c)))))*exsin(5/4*pi + 1/2*real_part(arcsin(1/2*sqrt(a*xc)x*b/(a*xabs(c))
)))*sinh(1/2*imag part (arcsin(1/2*sqrt(a*xc)*b/(a*abs(c))))) - 2*x(sqrt(axc)*
b~2%c - 4xsqrt(axc)*axc™2 + sqrt(b”™2 - 4xaxc)*sqrt(axc)*bxc)*cos(5/4*pi + 1
/2*real_part(arcsin(1/2*sqrt(axc)*b/(a*abs(c)))))*e*xsin(5/4*pi + 1/2*real p
art (arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c)))))*sinh(1/2*imag part(arcsin(1/2*sqrt
(axc)*b/(a*xabs(c))))) "2 + ((axc™3)7(1/4)*b"2xc - 4*(axc”3)"(1/4)*axc”2 + (a
*c"3) 7 (1/4)*sqrt (b2 - 4xax*c)*b*c)*d*cosh(1/2*imag part(arcsin(1l/2xsqrt (axc
)*b/(a*abs(c)))))*sin(5/4*pi + 1/2*real part(arcsin(1/2*sqrt(a*c)*b/ (a*abs(
c))))) - ((axc™3)7(1/4)*b"2%c - 4*(axc™3)~(1/4)*a*xc™2 + (axc™3)7(1/4)*sqrt(
b~2 - 4xaxc)x*bxc)*d*sin(5/4*pi + 1/2*real_part(arcsin(1/2xsqrt(a*xc)*b/(a*ab
s(c)))))*sinh(1/2*imag part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c))))))*arctan(-(
(a/c)~(1/4)*cos(5/4xpi + 1/2*arcsin(1/2xsqrt(a*c)*b/(a*xabs(c)))) - x)/((a/c
)" (1/4)*sin(5/4xpi + 1/2*arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))))/(axb™2*c™2 -
4xa”2xc”3) + 1/2*%(2*x(sqrt(a*xc)*b™2xc - 4xsqrt(axc)*a*xc™2 - sqrt(b™2 - 4xax
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c)*sqrt (axc)*bxc)*cos(1/4*pi + 1/2*real part(arcsin(1/2*sqrt(a*c)*b/ (a*abs(
c)))))*cosh(1/2*imag part(arcsin(1/2xsqrt(a*xc)*b/(axabs(c))))) 2%exsin(1/4%
pi + 1/2xreal part(arcsin(1/2*sqrt(a*c)*b/(a*xabs(c))))) + 4*x(sqrt(axc)*b~2x%
c - 4xsqrt(axc)*a*xc”2 - sqrt(b”2 - 4*axc)*sqrt(axc)*b*c)*cos(1/4*pi + 1/2*r
eal part(arcsin(1/2x*sqrt(axc)*b/(a*abs(c)))))*cosh(1/2*imag part(arcsin(1/2
xsqrt (axc)*b/ (axabs(c)))))*xexsin(1/4*pi + 1/2%real part(arcsin(1/2*sqrt(a*xc
)*b/(a*abs(c)))))*sinh(1/2*imag_part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))) +
2x(sqrt (a*xc)*b~2%c + 4*sqrt(axc)*a*xc™2 + sqrt(b™2 - 4xa*c)*sqrt(a*c)*b*xc)*
cos(1/4*pi + 1/2xreal part(arcsin(1/2*sqrt(a*c)*b/(a*xabs(c)))))*exsin(1/4*p
i + 1/2*real_part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c)))))*sinh(1/2*imag _part(a
rcsin(1/2*sqrt (a*xc)*b/(axabs(c))))) "2 + ((a*xc”™3)7(1/4)*b"2*xc - 4x(axc™3)" (1
/4)*a*xc”2 + (axc™3)7(1/4)*sqrt(b”2 - 4*axc)*b*c)*d*cosh(1l/2*imag part(arcsi
n(1/2*xsqrt(axc)*b/(a*xabs(c)))))*sin(1/4*pi + 1/2*real part(arcsin(1l/2*sqrt(
a*xc)*b/(axabs(c))))) - ((a*xc™3)7(1/4)*b~2xc - 4*x(a*xc”™3)~(1/4)*axc”2 + (a*xc”
3)7(1/4)*sqrt (b2 - 4xaxc)*b*xc)*d*sin(1/4*pi + 1/2xreal part(arcsin(1/2*sqr
t (a*c)*b/(a*xabs(c)))))*sinh(1/2ximag part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))
))))*arctan(-((a/c)~(1/4)*cos(1/4*pi + 1/2*arcsin(1/2*sqrt(a*c)*b/(a*abs(c)
))) - x)/((a/c)~(1/4)*sin(1/4xpi + 1/2*arcsin(1/2xsqrt(a*xc)*b/(axabs(c)))))
)/ (a*b™2%c”2 - 4xa~2*xc”3) + 1/4x((sqrt(a*xc)*b~2*c + 4*xsqrt(a*c)*axc™2 + sqr
t(b~2 - 4xaxc)*sqrt(axc)*b*c)*cos(5/4*pi + 1/2*real part(arcsin(1/2xsqrt(a*
c)*b/ (a*abs(c))))) "2*xcosh(1/2ximag part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))
)"2xe + (sqrt(axc)*b~2*c - 4xsqrt(axc)*axc”™2 - sqrt(b~2 - 4xaxc)*sqrt(axc)*
b*c)*cosh(1/2*imag_part(arcsin(1/2*sqrt(axc)*b/(a*abs(c))))) "2*xexsin(5/4*pi
+ 1/2*xreal_part(arcsin(1/2*sqrt(a*c)*b/(a*xabs(c))))) 2 + 2x(sqrt(a*c)*b~2%
c - 4xsqrt(axc)*a*xc™2 - sqrt(b”2 - 4*axc)*sqrt(axc)*b*c)*cos(5/4*pi + 1/2*r
eal part(arcsin(1/2x*sqrt(axc)*b/(a*abs(c))))) 2*cosh(1/2ximag part(arcsin(l
/2*sqrt (a*c)*b/(axabs(c)))))*exsinh(1/2*imag part(arcsin(1/2*sqrt(a*xc)*b/(a
*xabs(c))))) - 2+(sqrt(a*xc)*b™2*xc - 4*xsqrt(axc)*a*xc”™2 - sqrt(b™2 - 4*a*c)*sq
rt (axc)*b*c)*cosh(1/2ximag part(arcsin(1/2*sqrt (a*c)*b/(axabs(c)))))*exsin(
5/4xpi + 1/2*real part(arcsin(1/2xsqrt(axc)*b/(a*abs(c))))) "2*sinh(1/2*imag
_part(arcsin(1/2x*sqrt(axc)*b/(a*abs(c))))) - (sqrt(axc)*b”~2xc - 4xsqrt(axc)
xa*xc”2 + sqrt (b2 - 4*axc)*sqrt(axc)*b*c)*cos(5/4*pi + 1/2*real_part(arcsin
(1/2xsqrt (axc) *b/ (a*abs(c))))) “2*exsinh(1/2*imag_part(arcsin(1/2*sqrt (a*c)*
b/ (a*xabs(c))))) "2 - (sqrt(axc)*b™2xc + 4xsqrt(axc)*a*xc™2 - sqrt(b™2 - 4*axc
)*sqrt (a*c) *b*xc)*e*xsin(5/4*pi + 1/2xreal part(arcsin(1/2*sqrt(a*xc)x*b/(a*abs
(c)))))"2xsinh(1/2*imag_part(arcsin(1/2xsqrt(a*c)*b/(a*abs(c))))) "2 - ((a*xc
73)7(1/4)*%b"2xc - 4x(a*xc”3)7(1/4)*a*xc”™2 + (a*xc™3)7(1/4)*sqrt(b~2 - 4*axc)*b
xc)*d*cos (5/4*pi + 1/2*real part(arcsin(1/2*sqrt(a*xc)*b/(a*abs(c)))))*cosh(
1/2*imag_part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c))))) + ((a*xc™3)7(1/4)*b"2*xc -
4x(axc”3) " (1/4)*a*xc™2 + (a*xc”™3)7(1/4)*sqrt(b~2 - 4xa*c)*b*xc)*d*cos(5/4*pi
+ 1/2*real _part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c)))))*sinh(1/2*imag part(arc
sin(1/2x*sqrt (a*xc)*b/(axabs(c))))))*log(-2*x*(a/c)~(1/4)*cos(5/4*pi + 1/2*ar
csin(1/2*sqrt(axc)*b/(axabs(c)))) + x~2 + sqrt(a/c))/(axb™2xc™2 - 4*a~2*c”3
) + 1/4x((sqrt(axc)*b”2xc - 4xsqrt(axc)*a*c™2 - sqrt(b~2 - 4*axc)*sqrt(axc)
xb*c)*cos(1/4xpi + 1/2*real_part(arcsin(1/2*sqrt(a*xc)*b/(a*abs(c))))) ~2*cos
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h(1/2*imag_part(arcsin(1/2*sqrt (a*xc)*b/(a*xabs(c))))) 2xe + (sqrt(a*c)*b~2x*c
- 4xsqrt(axc)*a*xc™2 - sqrt(b”™2 - 4*axc)*sqrt(axc)*b*c)*cosh(1/2ximag part(
arcsin(1/2*xsqrt(axc)*b/(a*xabs(c))))) "2*exsin(1/4*pi + 1/2*real_part(arcsin(
1/2*xsqrt (a*xc)*b/(a*xabs(c))))) "2 + 2x(sqrt(a*xc)*b~2*c - 4*sqrt(a*c)*axc™2 -
sqrt(b~2 - 4xaxc)*sqrt(akxc)*bxc)*cos(1/4*pi + 1/2xreal part(arcsin(1/2*sqrt
(axc)*b/(axabs(c))))) "2xcosh(1/2*imag part(arcsin(1/2*sqrt(a*xc)x*b/(a*xabs(c)
))))*exsinh(1/2*imag part(arcsin(1/2*sqrt(axc)*b/(axabs(c))))) + 2x(sqrt(ax
c)*b”2xc + 4xsqrt(axc)*a*xc”2 - sqrt(b”2 - 4*axc)*sqrt(axc)*b*c)*cosh(1/2%im
ag_part(arcsin(1/2*sqrt(a*xc)*b/(axabs(c)))))*exsin(1/4*pi + 1/2*real part(a
rcsin(1/2*sqrt (a*c)*b/(a*xabs(c))))) "2xsinh(1/2*imag part(arcsin(1/2*sqrt (ax*
c)*b/(a*xabs(c))))) + (sqrt(a*xc)*b™2xc - 4*xsqrt(a*xc)*a*c”2 + sqrt(b™2 - 4x*ax
c)*sqrt(axc)*b*c)*cos(1/4*pi + 1/2*real part(arcsin(1/2xsqrt(a*c)*b/ (a*xabs(
c))))) 2xexsinh(1/2ximag part(arcsin(1/2*sqrt (a*c)*b/(a*xabs(c)))))"2 + (sqr
t(a*xc)*b~2%c + 4*sqrt(a*xc)*axc™2 + sqrt(b”2 - 4xa*c)*sqrt(a*c)*b*xc)*e*sin(1
/4*pi + 1/2*real part(arcsin(1l/2x*sqrt(axc)*b/(a*abs(c))))) 2*sinh(1/2*imag
part(arcsin(1/2*sqrt(a*xc)*b/(axabs(c))))) "2 - ((a*xc™3)"(1/4)*b~2xc - 4*(a*c
~3)7(1/4)*a*xc”2 + (axc™3)7(1/4)*sqrt(b™2 - 4*axc)*b*c)*dxcos(1/4*pi + 1/2*r
eal_part(arcsin(1/2x*sqrt(axc)*b/(a*abs(c)))))*cosh(1/2*imag_part(arcsin(1/2
xsqrt (axc)*b/(a*xabs(c))))) + ((a*xc”™3)7(1/4)*b~2*xc - 4x(axc™3)~(1/4)*axc”2 +

(axc™3) 7 (1/4)*sqrt (b2 - 4xaxc)*b*c)*d*cos(1/4*pi + 1/2xreal part(arcsin(l
/2*sqrt (axc)*b/(a*abs(c)))))*sinh(1/2*imag part(arcsin(1/2*sqrt (a*c)*b/(a*xa
bs(c))))))*log(-2*x*(a/c)”(1/4)*cos(1/4*pi + 1/2*xarcsin(1/2*sqrt(a*c)*b/ (ax*
abs(c)))) + x72 + sqrt(a/c))/(axb™2%c™2 - 4*a~2%c”~3)
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391  [Lef gy

a+bx?+cx?
Optimal. Leaf size=211

2cd-bf 1l Ve _ 2cd-bf 1l Vevex e
(Vb2—4ac +f) tan ( b_m] . ( \/b2—4ac) an ( m+bJ etanh_l (52_—)
V2N - Vo7 — dac VoA VIZ —dac + b Vb? ~ dac

[Out] ((f + (2xc*d - b*f)/Sqrt[b~2 - 4*axc])*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/Sqrt[b -
Sqrt[b~2 - 4xaxc]]])/(Sqrt[2]*Sqrt[c]l*Sqrt[b - Sqrt[b~2 - 4xaxc]l]) + ((f -
(2%c*xd - bxf)/Sqrt[b~2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/Sqrt[b + Sqrt[b

"2 - 4xaxc]]])/(Sqrt[2]*Sqrt[c]*Sqrt[b + Sqrt[b~2 - 4*a*c]]) - (e*xArcTanh[(

b + 2xc*x72)/Sqrt[b”™2 - 4xaxc]])/Sqrt[b”2 - 4*axc]

Rubi [A] time = 0.239978, antiderivative size = 211, normalized size of antiderivative =

. . number of rules
1., number of steps used = 8, number of rules used = 7, integrand size = 25, ———— =

0.28, Rules used = {1673, 1166, 205, 12, 1107, 618, 206}

integrand size

2cd-bf 1 V24/ex (  2cd-bf ) tan-! V24/fex B 2
( Vb2-4ac * f) tan [ b—m] f Vb2-4ac an /«/Mw etanh ! (5;—22_—4ac)
+ -

Vayeb - ViR~ ac VBV VIEdac + b VIF —dac

Antiderivative was successfully verified.

[In] Int[({d + exx + f*x72)/(a + b*x"2 + c*x74),x]

[Out] ((f + (2xc*d - b*f)/Sqrt[b~2 - 4*axc])*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/Sqrt[b -
Sqrt[b~2 - 4xaxc]]])/(Sqrt[2]*Sqrt[c]l*Sqrt[b - Sqrt[b~2 - 4xaxc]l]) + ((f -
(2%c*xd - bxf)/Sqrt[b™2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt[b + Sqrt[b

"2 - 4xaxc]]])/(Sqrt[2]*Sqrt[c]*Sqrt[b + Sqrt[b~2 - 4xa*xc]]) - (e*ArcTanh[(

b + 2xc*x72)/Sqrt[b”™2 - 4xaxc]])/Sqrt[b”2 - 4*axc]

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, q/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]1*(a + b*x"2 + c*xx~4)7p, x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x]
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&& 'PolyQ[Pq, x72]

Rule 1166

Int[((d)) + (e_)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4*axc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2%q), Int[1/(b/2
- q/2 + c*xx”2), x], x] + Dist[e/2 - (2*cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ c*xx~2), x], x]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*axc, 0] && Ne
Qlcxd™2 - a*xe™2, 0] && PosQ[b"2 - 4xaxc]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/bl]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_ ) /; FreeQ[b, x]]

Rule 1107

Int[(x_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Dist[1/2,
Subst[Int[(a + b*x + c*x”2)7p, x], x, x°2], x] /; FreeQ[{a, b, c, p}, x]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2xcxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
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fd+ex+fx =

—_— x_
a+ bx2 + cxt

J

a+ bx2 + cxt
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2

a+ bx2 + cxt

—ef—x dx+1(f— ZCd_bf)f ! dx+1(f+—2Cd_bf)f
a+bx? + cx* 2 VB2 — 4ac g+%*/bz—4ac+cx2 2 VB2 — 4ac

R
R

Mathematica [A]

\/E(f(m—b) +2cd) tanl[

(£

2cd-bf ) tan‘l{ V2+Jex ) ( f- 2cd-bf ) tan‘l[ V2+/ex ]
VP ~tac e Vb2~dac b+Vi2dac) 1
+ + Ee Subst f

a+bx+

V2+/eb - V2  dac V2+/eb + V2 — dac

2cd-bf )tan_l[ V2+Jex ] ( _ 20d-bf )tan_l[ V2+Jex ]
Vb2 —dac b2 —dac VR ~tac b+ Vi —dac 1
+ — e Subst f m

V2+/c\b = Vb2 - 4dac \/E\/E\/b + Vb2 - dac

ZCd—bf)tan—l[ V2yex ) ( _ ZCd_bf) an—l [ﬂ] 1 ( b+2cx?
Vb2—dac b2 —dac s Vb —4ac bevizaa)  €tanh (\/bz—4ac)

Vayeyh - VI ax Vb e VP

time = 0.226158, size = 234, normalized size = 1.11

ﬂ] \/E(f(m+b)—2cd) tanl[ﬂ
b-Vi2—4ac 4

e b-Vb2—4ac

Jﬁ] N elog(m_ b- 2cx2) —elog(\’b2 -

2Vb2 — 4dac

Antiderivative was successfully verified.

[In] Integrate[(d + exx + fxx72)/(a + b*x"2 + c*xx74),x]

[Out] ((Sqrt[2]*(2xcxd + (-b + Sqrt[b™2 - 4xaxc])*f)*ArcTan[(Sqrt[2]*Sqrt[c]*x)/S
qrt[b - Sqrt[b~2 - 4xaxc]]])/(Sqrtlcl*Sqrt[b - Sqrt[b~2 - 4xaxc]l]) + (Sqrtl
2] % (-2xc*d + (b + Sqrt[b~2 - 4xaxc])*f)*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/Sqrt[b +
Sqrt[b~2 - 4*axc]]])/(Sqrtlc]*Sqrt[b + Sqrt[b~2 - 4*axc]]) + exLogl-b + Sq
rt[b72 - 4xaxc] - 2*c*xx"2] - exLogl[b + Sqrt[b~2 - 4*axc] + 2xc*x72])/(2*Sqr

t[b"2 - 4xaxc])
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Maple [B] time = 0.024, size = 616, normalized size = 2.9

—m\/—4 ac + b2 In (—2 cx? + V=4ac+1b? - b) -2 C\/Efa Artanh cxy2
(4ac—b2)\/(\/—4ac+b2—b)c (\/—4ac+b2—

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x"2+exx+d)/(c*x"4+b*xx"2+a) ,x)

[Out] -1/2*%(-4*axc+b™2) " (1/2)/(4*a*xc-b~2)*xex1n(-2*cxx"2+(-4*a*xc+b~2) " (1/2)-b)-2%c
/ (dxaxc-b~"2)*%27(1/2) / (((=4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) *arctanh (cxx*2~(1/2) /(
((-4*a*xc+b~2) " (1/2)-b)*c) " (1/2) )xfxa+1/2/ (d*a*c-b"2)*27(1/2) / (((-4*a*c+b~2)
~(1/2)-b)*c)~(1/2)*arctanh (cxx*2~ (1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) ) xfx*
b~2-1/2x (=4*xa*xc+b~2) "~ (1/2) / (d*axc-b~2)*27(1/2) / (((~4*axc+b~2) ~(1/2)-b)*c) ~(
1/2) *arctanh (cxx*27(1/2) / (((=4*a*xc+b~2) " (1/2)-b)*c) ~(1/2)) *bxf+c*x (-4*a*xc+b”
2)"(1/2) / (dxaxc-b~2)*27(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) " (1/2) *arctanh (cxx*2
~(1/2)/ (((—4*xa*xc+b™2) " (1/2)-b)*c) ~(1/2) ) *d+1/2* (-4d*a*xc+b~2) ~(1/2) / (4*a*c-b~
2) *ex1n (2*xcxx "2+ (-4*a*xc+b~2) " (1/2)+b) +2*c/ (4dxa*xc-b"2) %27 (1/2) / ((b+(-4*a*xc+b
~2)7(1/2))*c)~(1/2) *arctan(cxx*2~ (1/2) / ((b+(=4*axc+b~2) " (1/2) ) *c) ~(1/2) ) xfx*
a-1/2/ (dxaxc-b"2)*27(1/2) / ((b+(-4*axc+b™2) " (1/2))*c) ~(1/2)*arctan(c*xx*2~ (1/
2)/ ((b+(=4*axc+b™2) " (1/2))*xc)~(1/2) ) *f*xb~2-1/2*% (-4d*axc+b~2) ~(1/2) / (4*a*c-b~
2)*%27(1/2) / ((b+(—4d*axc+b~2)~(1/2) ) *c) ~(1/2) *arctan(cxx*x2~(1/2) / ((b+ (-4*axc+
b"2)"(1/2))*c) " (1/2)) *b*kf+ckx(-4d*xaxc+b~2) ~(1/2) / (d*a*xc-b~2) *27(1/2) / ((b+(-4*
a*xc+b”2) " (1/2))*c) " (1/2)*arctan (c*x*2~(1/2) / ((b+(-4*axc+b~2)~(1/2))*c)~(1/2
))*d

Maxima [F] time = 0., size = 0, normalized size = 0.

fx?+ex+d
cxt+bx2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx~2+exx+d)/(c*x~4+b*x"2+a),x, algorithm="maxima"

[Out] integrate((f*x~2 + e*xx + d)/(c*x™4 + b*x"2 + a), x)
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Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x~2+exx+d)/(c*x~4+b*x"2+a),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((fxx**2+exx+d)/ (ckx*x*4+b*x**2+a) ,x)

[Out] Timed out

Giac [C] time = 2.92854, size = 9104, normalized size = 43.15

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx~2+exx+d)/(c*x~4+b*x"2+a),x, algorithm="giac")

[Out] 1/2%(3*%((a*c”™3)7(3/4)*b"2 - 4*(a*xc™3)~(3/4)*a*xc + (a*c™3)7(3/4)*sqrt(b~2 -
4xaxc)*b)*xfxcos(5/4*pi + 1/2xreal part(arcsin(1/2*sqrt(a*xc)*b/(axabs(c)))))
~2%cosh(1/2*imag_part(arcsin(1l/2*sqrt(axc)*b/(a*abs(c))))) "3*sin(5/4*pi + 1
/2xreal_part(arcsin(1/2*sqrt(a*xc)*b/(a*abs(c))))) - ((a*c”™3)~(3/4)*b~2 - 4x
(axc™3)7(3/4)*a*xc + (a*xc”3)7(3/4)*sqrt(b™2 - 4*axc)*b)*f*xcosh(1l/2*ximag part
(arcsin(1/2*sqrt(axc)*b/(axabs(c))))) "3*sin(5/4*pi + 1/2*real_part(arcsin(l
/2*sqrt (a*xc)*b/(axabs(c))))) "3 - 9x((a*c™3)7(3/4)*b~2 - 4x(axc™3)~(3/4)*axc
+ (axc”3)7(3/4)*sqrt (b2 - 4xaxc)*b)*f*xcos(5/4*pi + 1/2*real part(arcsin(l
/2*sqrt (axc)*b/(a*abs(c))))) "2xcosh(1/2+imag part(arcsin(1/2*sqrt(a*xc)*b/(a
*abs(c))))) "2*sin(5/4*pi + 1/2*real part(arcsin(1/2*sqrt(a*c)*b/(axabs(c)))
))*sinh(1/2*imag_part(arcsin(1/2*sqrt(axc)*b/(a*abs(c))))) + 3x((axc~3)~(3/
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4)*b”2 - 4x(axc”3)7(3/4)*a*xc + (axc”™3)7(3/4)*sqrt(b~2 - 4xaxc)*b)*f*cosh(1/
2+imag_part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c))))) "2*sin(5/4*pi + 1/2*real_pa
rt(arcsin(1/2*sqrt(a*c)*b/(a*abs(c))))) "3*sinh(1/2*imag part(arcsin(1/2*sqr
t(axc)*b/(axabs(c))))) + 9x((axc™3)~(3/4)*b"2 - 4*(a*xc”3)"(3/4)*axc + (axc”
3)7(3/4)*sqrt(b~2 - 4*axc)*b)*f*xcos(5/4*pi + 1/2*real_part(arcsin(1l/2*sqrt(
axc)*b/(a*xabs(c))))) "2*cosh(1/2*imag_part(arcsin(1/2x*sqrt(axc)*b/(a*xabs(c))
)))*sin(5/4*pi + 1/2*real_part(arcsin(1/2*sqrt(a*c)*b/(a*xabs(c)))))*sinh(1/
2ximag_part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c))))) "2 - 3*((a*xc™3)7(3/4)*b"2 -
4x(axc”3) " (3/4)*xaxc + (axc™3)7(3/4)*sqrt(b”2 - 4*axc)*b)*f*xcosh(1l/2ximag p
art(arcsin(1/2x*sqrt(a*c)*b/(a*xabs(c)))))*sin(5/4*pi + 1/2*real_part(arcsin(
1/2xsqrt (a*xc)*b/ (a*xabs(c))))) "3*sinh(1/2*imag part(arcsin(1/2*sqrt (axc)*b/(
a*abs(c))))) "2 - 3*%((axc™3)7(3/4)*b"2 - 4x(axc”3)7~(3/4)*a*xc + (axc~3)7(3/4)
xsqrt (b™2 - 4xaxc)*b)*fxcos(5/4*pi + 1/2*xreal part(arcsin(1/2*sqrt(a*c)*b/(
a*abs(c))))) "2*xsin(5/4*pi + 1/2*real_part(arcsin(1/2x*sqrt(axc)*b/(a*xabs(c))
)))*sinh(1/2*imag part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))) "3 + ((a*c™3)7(3
/4)*¥b"2 - 4x(axc”3)"(3/4)*axc + (axc”3)7(3/4)*sqrt(b~2 - 4xa*c)*b)*f*xsin(5/
4xpi + 1/2%real part(arcsin(1/2*sqrt(axc)*b/(a*abs(c))))) 3*sinh(1/2*imag p
art (arcsin(1/2*sqrt (a*xc)*b/(a*xabs(c))))) "3 + 2x(sqrt(a*xc)*b™2*c™2 + 4xsqrt(
axc)*axc”™3 + sqrt(b~2 - 4*axc)*sqrt(axc)*b*xc”2)*cos(5/4*pi + 1/2*real part(
arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c)))))*cosh(1l/2*imag part(arcsin(1/2*sqrt(a*c
)*b/ (axabs(c))))) "2xexsin(5/4*pi + 1/2*real_part(arcsin(1/2*sqrt(a*xc)*b/ (ax
abs(c))))) - 4x(sqrt(a*xc)*b™2+c”2 + 4xsqrt(axc)*axc™3 - sqrt(b™2 - 4*a*c)*s
qrt(a*xc)*b*xc”2)*cos(5/4*pi + 1/2*real_part(arcsin(1/2x*sqrt(axc)*b/(a*abs(c)
))))*cosh(1/2*ximag part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c)))))*exsin(5/4*pi +
1/2*real_part(arcsin(1/2*sqrt(axc)*b/(a*abs(c)))))*sinh(1/2*imag_part(arcs
in(1/2*sqrt(a*xc)*b/(axabs(c))))) - 2x(sqrt(akxc)*b~2xc”2 - 4*sqrt(akxc)*a*xc”3
+ sqrt(b™2 - 4xaxc)*sqrt(a*c)*bxc”2)*cos(5/4*pi + 1/2%real_part(arcsin(1/2
*xsqrt (a*xc)*b/ (a*xabs(c)))))*exsin(5/4*pi + 1/2xreal part(arcsin(1/2*sqrt(a*xc
)*b/(axabs(c)))))*sinh(1/2*imag part(arcsin(1/2*sqrt (a*xc)*b/(axabs(c))))) "2
+ ((axc™3) " (1/4)*b"2%c™2 - 4x(axc™3)~(1/4)*axc™3 + (axc”3)~(1/4)*sqrt(b~2
- 4xaxc)*bxc”2)*d*cosh(1/2*imag part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c)))))*s
in(5/4*pi + 1/2%real_part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))) - ((axc™3)7(
1/4)*b™2xc™2 - 4*(axc™3)7(1/4)*a*xc™3 + (a*xc™3)7(1/4)*sqrt(b™2 - 4xa*xc)*xb*c”
2)*d*sin(5/4*pi + 1/2*real_part(arcsin(1/2*sqrt(axc)*b/(a*abs(c)))))*sinh(1
/2*imag _part(arcsin(1/2xsqrt(axc)*b/(a*abs(c))))))*arctan(-((a/c)~(1/4)*cos
(6/4xpi + 1/2%arcsin(1/2*sqrt(axc)*b/(axabs(c)))) - x)/((a/c)~(1/4)*sin(5/4
*pi + 1/2%arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))))/(axb™2*%c™3 - 4*a”2xc”4) + 1
/2% (3x((a*xc™3) " (3/4)*b~2 - 4*x(axc”3)7(3/4)*a*xc + (axc”™3)7(3/4)*sqrt(b”2 - 4
xaxc)*b) *fxcos(1/4*pi + 1/2*xreal part(arcsin(1/2*sqrt(a*c)*b/(axabs(c)))))”
2xcosh(1/2ximag part(arcsin(1/2*sqrt (a*c)*b/(a*xabs(c))))) " 3*sin(1/4*pi + 1/
2xreal part(arcsin(1l/2*sqrt(axc)*b/(a*abs(c))))) - ((a*c™3)7(3/4)*b~2 - 4x%(
a*c”~3) 7 (3/4)*axc + (a*xc”3)7(3/4)*sqrt(b~2 - 4*axc)*b)*f*cosh(1l/2ximag_part(
arcsin(1/2*xsqrt(axc)*b/(a*xabs(c))))) "3*sin(1/4*pi + 1/2%real_part(arcsin(1/
2*xsqrt (axc)*b/ (a*abs(c))))) "3 - 9*((a*xc™3)7(3/4)*b~2 - 4x(axc™3)~(3/4)*ax*c
+ (axc™3)7(3/4)*sqrt(b™2 - 4*axc)*b)*f*xcos(1/4*pi + 1/2*real part(arcsin(1l/
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2*sqrt (axc) *b/ (a*abs(c))))) "2*cosh(1/2*imag part(arcsin(1/2xsqrt(a*xc)*b/ (ax*
abs(c))))) " 2*sin(1/4*pi + 1/2*real part(arcsin(1/2*sqrt(a*xc)*b/(a*abs(c))))
)*sinh(1/2*imag_part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c))))) + 3*x((axc~3)~(3/4
)*¥b"2 - 4x(axc”3)7(3/4)*axc + (axc”3)7(3/4)*sqrt(b”™2 - 4*axc)*b)*f*xcosh(1/2
ximag part(arcsin(1/2*sqrt(a*xc)*b/(axabs(c))))) " 2xsin(1/4*pi + 1/2*real par
t(arcsin(1/2*sqrt(a*c)*b/(a*abs(c))))) “3xsinh(1/2*imag_part(arcsin(1/2*sqrt
(axc)*b/(axabs(c))))) + 9x((a*xc™3)7(3/4)*b"2 - 4x(axc™3)7(3/4)*axc + (a*xc™3
)~ (3/4)*sqrt (b2 - 4*axc)*b)*f*xcos(1/4*pi + 1/2*real_part(arcsin(1l/2x*sqrt(a
xc)*b/ (a*abs(c))))) "2*cosh(1/2*imag part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c)))
))*sin(1/4*pi + 1/2xreal part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c)))))*sinh(1/2
ximag part(arcsin(1/2*sqrt (a*xc)*b/(a*xabs(c))))) "2 - 3x((a*c™3)7(3/4)*b"2 -
4x(axc”3)7(3/4)*a*xc + (axc”3)7(3/4)*sqrt(b™2 - 4*axc)*b)*f*xcosh(1/2ximag pa
rt(arcsin(1/2*sqrt(a*c)*b/(a*abs(c)))))*sin(1/4*pi + 1/2%real_ part(arcsin(1
/2*sqrt (axc)*b/(axabs(c))))) "3*sinh(1/2*imag part(arcsin(1/2*sqrt(a*xc)*b/(a
*abs(c))))) "2 - 3x((a*xc™3)"(3/4)*b~2 - 4*(axc”3)"(3/4)*axc + (axc™3)~(3/4)x
sqrt(b~2 - 4xaxc)*b)*f*xcos(1/4*pi + 1/2%real part(arcsin(1/2*sqrt(a*xc)*b/(a
*xabs(c))))) "2*sin(1/4*pi + 1/2*real part(arcsin(1/2*sqrt(a*xc)*b/(a*abs(c)))
))*sinh(1/2*imag_part(arcsin(1/2*sqrt(axc)*b/(a*abs(c)))))~3 + ((axc~3)~(3/
4)*b~2 - 4x(a*xc”3)7(3/4)*a*xc + (a*xc”3)7(3/4)*sqrt(b~2 - 4xaxc)*b)*fxsin(1/4
xpi + 1/2%real part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))) "3*sinh(1/2*imag pa
rt(arcsin(1/2xsqrt(axc)*b/(a*abs(c))))) "3 + 2x(sqrt(axc)*b~2+c™2 - 4*sqrt(a
xc)*axc™3 - sqrt(b”2 - 4xaxc)*sqrt(axc)*bxc”2)*cos(1/4*pi + 1/2*real part(a
rcsin(1/2*sqrt (a*c)*b/ (axabs(c)))))*cosh(1/2*ximag_part(arcsin(1/2*sqrt (a*c)
xb/ (a*abs(c))))) "2*xexsin(1/4*pi + 1/2*real part(arcsin(1/2*sqrt(a*c)*b/(a*xa
bs(c))))) + 4x(sqrt(axc)*b™2xc”2 - 4*sqrt(a*xc)*axc”™3 - sqrt(b~2 - 4xa*c)*sq
rt(axc)*b*c~2)*cos(1/4*pi + 1/2*real part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c))
)))*cosh(1/2*imag part (arcsin(1/2*sqrt(a*xc)*b/(a*abs(c)))))*e*xsin(1/4*pi +
1/2xreal part(arcsin(1/2*sqrt(a*xc)*b/(a*abs(c)))))*sinh(1/2*imag part(arcsi
n(1/2*xsqrt(axc)*b/(a*xabs(c))))) + 2x(sqrt(a*xc)*b~2*c”2 + 4xsqrt(akxc)*a*xc”3
+ sqrt(b”™2 - 4xaxc)*sqrt(axc)*b*xc”2)*cos(1/4*pi + 1/2xreal part(arcsin(1/2x
sqrt (axc)*b/(a*abs(c)))))*exsin(1/4*pi + 1/2*real part(arcsin(1/2x*sqrt(axc)
*xb/ (a*abs(c)))))*sinh(1/2*imag_part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))) "2
+ ((a*xc”3) " (1/4)*b~2%c”™2 - 4*x(a*xc”™3)~(1/4)*a*xc™3 + (axc™3)7(1/4)*sqrt(b~2 -
4xaxc)*bxc”2)*d*xcosh(1/2*imag part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c)))))*si
n(1/4xpi + 1/2xreal part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))) - ((axc”3)~(1
/4)*¥b"2xc”2 - 4x(a*xc”3)7(1/4)*a*xc”3 + (a*xc™3)7(1/4)*sqrt(b~2 - 4*axc)*bxc™2
)*d*sin(1/4*pi + 1/2*real part(arcsin(1/2*sqrt(a*c)*b/(a*xabs(c)))))*sinh(1/
2*ximag_part(arcsin(1/2*sqrt(a*xc)*b/ (axabs(c))))))*arctan(-((a/c)~(1/4)*cos(
1/4%pi + 1/2%arcsin(1/2x*sqrt(a*xc)*b/(axabs(c)))) - x)/((a/c)~(1/4)*sin(1/4%
pi + 1/2xarcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))))/(a*b™2*c™3 - 4xa~2xc~4) - 1/
4% (((a*c™3)7(3/4)*#b™2 - 4x(axc™3)~(3/4)*axc + (axc™3)"(3/4)*sqrt(b™2 - 4x*ax
c)*b)*f*cos(5/4*pi + 1/2xreal part(arcsin(1/2*sqrt(a*c)*b/(a*xabs(c))))) 3*c
osh(1/2*imag_part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))) "3 - 3*((a*c™3)~(3/4)
*b~2 - 4*x(axc”3)7(3/4)*axc + (axc”3)7(3/4)*sqrt(b~2 - 4xaxc)x*b)*fxcos(5/4*p
i + 1/2%real_part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c)))))*cosh(1/2*imag _part(a
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rcsin(1/2*sqrt(axc)*b/(axabs(c))))) "3*sin(5/4*pi + 1/2*real part(arcsin(1/2
*sqrt (axc)*b/ (axabs(c))))) "2 - 3*%((axc™3)~(3/4)*b~2 - 4*(a*xc™3)~(3/4)*a*xc +

(a*xc™3)7(3/4)*sqrt(b™2 - 4xaxc)*b)*fxcos(5/4*pi + 1/2*real part(arcsin(1/2
xsqrt (axc)*b/ (a*abs(c))))) “3*cosh(1/2*imag part(arcsin(1/2*sqrt(a*c)*b/(a*xa
bs(c)))))"2xsinh(1/2*imag_part(arcsin(1/2*sqrt(axc)*b/(a*abs(c))))) + 9*((a
*xc"3)7(3/4)*b"2 - 4x(axc”3)7(3/4)*axc + (axc”3)7(3/4)*sqrt(b~2 - 4xaxc)*b)*
fxcos(5/4*pi + 1/2*real part(arcsin(1/2*sqrt(a*c)*b/(a*xabs(c)))))*cosh(1/2x
imag part(arcsin(1/2*sqrt(a*xc)*b/(a*abs(c))))) " 2*sin(5/4*pi + 1/2xreal part
(arcsin(1/2*sqrt (a*xc)*b/(a*xabs(c))))) " 2*xsinh(1/2*imag part(arcsin(1/2xsqrt(
a*xc)*b/(axabs(c))))) + 3*x((a*c™3)7(3/4)*b~2 - 4x(a*xc”™3)~(3/4)*a*xc + (a*xc”3)
~(3/4)*sqrt(b~2 - 4x*axc)x*b)*fxcos(5/4*pi + 1/2xreal_part(arcsin(1/2*sqrt (ax*
c)*b/(a*abs(c))))) "3*cosh(1/2ximag part(arcsin(1/2*sqrt(axc)*b/(a*xabs(c))))
)*sinh(1/2*imag_part(arcsin(1/2*sqrt(a*c)*b/(a*xabs(c))))) "2 - 9% ((a*c™3)7(3
/4)*b"2 - 4x(axc”3)~(3/4)*axc + (a*xc”3)7(3/4)*sqrt(b~2 - 4xaxc)x*b)*fxcos(5/
4xpi + 1/2*real part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c)))))*cosh(1/2*imag par
t(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c)))))*sin(5/4*pi + 1/2*real_part(arcsin(1l/
2*sqrt (axc) *b/ (a*abs(c))))) "2+sinh(1/2*imag_part(arcsin(1/2xsqrt(a*xc)*b/ (a*
abs(c)))))"2 - ((a*c™3)7(3/4)*b"2 - 4x(axc™3)~(3/4)*axc + (axc™3)~(3/4)*sqr
t(b~2 - 4*axc)*b)*f*xcos(5/4*pi + 1/2*real part(arcsin(1/2xsqrt(a*xc)*b/(a*ab
s(c)))))~3xsinh(1/2*imag part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))) "3 + 3x((
a*c”~3)7(3/4)*b"2 - 4x(a*xc”3)7(3/4)*axc + (a*xc”3)7(3/4)*sqrt(b~2 - 4*axc)*Db)
*xfxcos(5/4*pi + 1/2*real part(arcsin(1/2*sqrt(axc)*b/(axabs(c)))))*sin(5/4%
pi + 1/2xreal_part(arcsin(1/2*sqrt(a*c)*b/(a*xabs(c))))) 2*xsinh(1/2*imag par
t(arcsin(1/2*xsqrt(a*xc)*b/(a*xabs(c))))) "3 - (sqrt(a*xc)*b~2xc”2 + 4xsqrt(a*c)
xa*xc”3 + sqrt(b”2 - 4*axc)*sqrt(axc)*b*c”2)*cos(5/4*pi + 1/2*real part(arcs
in(1/2*sqrt(a*xc)*b/(a*xabs(c))))) "2*cosh(1/2*imag part(arcsin(1l/2*sqrt(a*c)*
b/ (a*xabs(c))))) 2xe - (sqrt(a*xc)*b™2*c™2 - 4xsqrt(axc)*a*c™3 - sqrt(b”™2 - 4
xaxc)*sqrt (a*xc) *bxc~2) *cosh(1/2*imag_part(arcsin(1/2*sqrt(axc)*b/(a*xabs(c))
))) "2xexsin(5/4*pi + 1/2*real_part(arcsin(1/2x*sqrt(axc)*b/(a*abs(c))))) "2 -
2% (sqrt (a*xc)*b~2%c”2 - 4xsqrt(axc)*a*xc™3 - sqrt(b™2 - 4*axc)*sqrt(axc)*bx*c
~2)*cos(5/4*pi + 1/2*xreal_part(arcsin(1/2*sqrt(a*c)*b/(a*xabs(c))))) "2xcosh(
1/2*%imag_part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c)))))*exsinh(1/2*ximag part(arc
sin(1/2*sqrt(a*xc)*b/(a*abs(c))))) + 2+ (sqrt(axc)*b™2*c”2 - 4*sqrt(axc)*a*xc”
3 - sqrt(b~2 - 4xaxc)*sqrt(akxc)*b*xc”2)*cosh(1/2*imag part(arcsin(1/2*sqrt(a
xc)*b/ (a*abs(c)))))*exsin(5/4*pi + 1/2*real part(arcsin(1/2x*sqrt(axc)*b/ (ax*
abs(c)))))"2+sinh(1/2*imag_part(arcsin(l/2*sqrt(axc)*b/(a*abs(c))))) + (sqr
t(a*xc)*b™2%c™2 - 4xsqrt(axc)*a*xc™3 + sqrt(b™2 - 4*axc)*sqrt(axc)*b*c™2)*cos
(5/4%pi + 1/2xreal part(arcsin(1/2*sqrt(axc)*b/(axabs(c))))) 2*e*sinh(1/2*i
mag_part(arcsin(1/2*xsqrt(a*xc)*b/(a*xabs(c))))) "2 + (sqrt(a*xc)*b™2xc”2 + 4*sq
rt(axc)*a*c™3 - sqrt(b”2 - 4*axc)*sqrt(axc)*b*xc™2)*e*sin(5/4*pi + 1/2%real_
part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))) "2*sinh(1/2*imag part(arcsin(l/2xs
qrt (axc)*b/(axabs(c))))) "2 + ((axc™3)~(1/4)*b"2xc”2 - 4x(a*xc™3)~(1/4)*a*xc”3
+ (axc™3) " (1/4)*sqrt(b™2 - 4*axc)*b*c~2)*d*cos(5/4*pi + 1/2%real part(arcs
in(1/2*sqrt (a*xc)*b/(a*xabs(c)))))*cosh(1/2*ximag_part(arcsin(1/2*sqrt (a*xc)*b/
(axabs(c))))) - ((axc™3)7(1/4)*b"2xc™2 - 4*x(a*xc”3)~(1/4)*axc”3 + (a*xc”3)" (1
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/4)*sqrt(b~2 - 4xaxc)*b*xc~2)*d*cos(5/4*pi + 1/2*real part(arcsin(1/2*sqrt(a
xc)*b/ (a*abs(c)))))*sinh(1/2*imag_part(arcsin(1/2*sqrt(axc)*b/(a*abs(c)))))
)*log(-2*x*(a/c)~(1/4)*cos(5/4*pi + 1/2*arcsin(1/2*sqrt(a*c)*b/(a*abs(c))))
+ x72 + sqrt(a/c))/(axb™2xc™3 - 4*a”~2xc”4) - 1/4x(((a*xc”3)7(3/4)*b~2 - 4x*(
a*c”~3) 7 (3/4)*axc + (a*xc”3)7(3/4)*sqrt(b~2 - 4*axc)*b)*f*xcos(1/4*pi + 1/2%re
al_part(arcsin(1/2*sqrt(a*c)*b/(a*xabs(c))))) "3*cosh(1/2*imag_part(arcsin(1/
2*sqrt (axc)*b/(a*abs(c))))) "3 - 3*x((a*xc™3)7(3/4)*b"2 - 4*(axc™3)7(3/4)*a*c

+ (axc™3)7(3/4)*sqrt(b™2 - 4*axc)*b)*f*xcos(1/4*pi + 1/2*real_part(arcsin(1l/
2*xsqrt (a*xc)*b/(a*xabs(c)))))*cosh(1/2ximag part(arcsin(1/2*sqrt (a*xc)*b/(a*xab
s(c))))) "3*sin(1/4*pi + 1/2xreal_part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c)))))"
2 - 3x((a*xc”3)7(3/4)*b~2 - 4x(axc”3)7(3/4)*a*xc + (axc”™3)7(3/4)*sqrt(b”2 - 4
xaxc)*b)*fxcos(1/4*pi + 1/2*real part(arcsin(1/2*sqrt(axc)*b/(axabs(c)))))"
3xcosh(1/2*imag part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))) "2*sinh(1/2*imag p
art (arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))) + 9*%((a*xc™3)7(3/4)*b~2 - 4*(a*xc”~3)
~(3/4)*a*xc + (a*xc”3)7(3/4)*sqrt(b~2 - 4xa*c)*b)*fxcos(1/4*pi + 1/2*real par
t(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c)))))*cosh(1/2*imag part(arcsin(1/2*sqrt(a
*xc)*b/(axabs(c))))) "2+sin(1/4*pi + 1/2*real part(arcsin(1/2*sqrt(a*c)*b/(a*
abs(c))))) 2*sinh(1/2*imag_part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c))))) + 3*((
axc~3)7(3/4)*b"2 - 4x(axc”3)"(3/4)*axc + (axc™3)"(3/4)*sqrt(b~2 - 4*axc)*b)
xf*xcos(1/4*pi + 1/2xreal part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))) "3*cosh(l
/2*imag part(arcsin(1/2xsqrt(a*c)*b/(a*abs(c)))))*sinh(1/2*imag_part(arcsin
(1/2*xsqrt (a*xc)*b/(a*xabs(c))))) "2 - 9% ((a*xc™3)7(3/4)*b"2 - 4x(a*xc™3)7(3/4)*a
xc + (axc™3)7(3/4)*sqrt(b”2 - 4*axc)*b)*f*xcos(1/4*pi + 1/2*real_part(arcsin
(1/2*sqrt (a*xc)*b/(axabs(c)))))*cosh(1/2ximag part(arcsin(1/2*sqrt (a*c)*b/(a
xabs(c)))))*sin(1/4*pi + 1/2*real_part(arcsin(1/2xsqrt(a*c)*b/(a*xabs(c)))))
~2xsinh(1/2*imag_part(arcsin(1/2*sqrt(axc)*b/(a*abs(c))))) "2 - ((axc™3)~(3/
4)*b~2 - 4x(a*xc”3)7(3/4)*a*xc + (a*xc”3)7(3/4)*sqrt(b™2 - 4xaxc)*b)*fxcos(1/4
*pi + 1/2*real part(arcsin(1/2*sqrt(a*xc)*b/(a*abs(c))))) 3*sinh(1/2*imag pa
rt(arcsin(1/2*sqrt(a*c)*b/(a*abs(c))))) "3 + 3*x((a*xc™3)7(3/4)*b"2 - 4*(a*xc”3
)~ (3/4)*axc + (axc™3)7(3/4)*sqrt(b™2 - 4*axc)*b)*f*xcos(1/4*pi + 1/2*real pa
rt(arcsin(1/2*sqrt(a*c)*b/(a*abs(c)))))*sin(1/4xpi + 1/2%real part(arcsin(1
/2*sqrt (a*c)*b/(axabs(c))))) "2*xsinh(1/2*imag part(arcsin(1/2*sqrt(a*xc)*b/(a
xabs(c))))) "3 - (sqrt(a*xc)*b™2xc”™2 - 4*xsqrt(a*c)*a*c™3 - sqrt(b™2 - 4*axc)*
sqrt (axc) *bxc~2)*cos(1/4*pi + 1/2xreal part(arcsin(1/2*sqrt (a*xc)*b/(a*xabs(c
))))) "2*cosh(1/2*imag part(arcsin(1/2*sqrt (a*c)*b/(axabs(c))))) 2xe - (sqrt
(axc)*b72xc™2 - 4xsqrt(a*xc)*axc”™3 - sqrt(b~2 - 4xa*xc)*sqrt(a*xc)*bxc”2)*cosh
(1/2*%imag_part(arcsin(1l/2*sqrt(a*c)*b/(a*abs(c))))) "2xe*xsin(1/4*pi + 1/2%re
al_part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))) "2 - 2*x(sqrt(a*xc)*b™2xc™2 - 4xs
grt(axc)*a*xc™3 - sqrt(b~2 - 4*axc)*sqrt(axc)*b*xc”2)*cos(1/4*pi + 1/2*real p
art (arcsin(1/2*sqrt (a*xc)*b/(a*abs(c))))) "2*cosh(1/2*imag _part(arcsin(1/2*sq
rt(axc)*b/(a*abs(c)))))*e*xsinh(1/2*ximag part(arcsin(1/2*sqrt (a*xc)*b/(axabs(
c))))) - 2x(sqrt(a*xc)*b™2xc”2 + 4xsqrt(a*xc)*axc™3 - sqrt(b”2 - 4*axc)*sqrt(
axc)*b*c~2)*cosh(1/2ximag_part(arcsin(1/2*sqrt(axc)*b/(axabs(c)))))*e*sin(1
/4*pi + 1/2*real_part(arcsin(1/2*sqrt(axc)*b/(a*abs(c))))) 2*sinh(1/2*imag_
part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))) - (sqrt(axc)*b”™2xc”2 - 4*sqrt(ax*c
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)*a*xc”3 + sqrt (b2 - 4*axc)*sqrt(axc)*b*xc”2)*cos(1/4*pi + 1/2%real part(arc
sin(1/2*xsqrt(a*xc)*b/(a*xabs(c))))) "2*exsinh(1/2*imag part (arcsin(1/2*sqrt (ax*
c)*b/(a*abs(c))))) "2 - (sqrt(a*xc)*b™2*c”2 + 4xsqrt(axc)*a*xc”3 + sqrt(b™2 -

4xa*c)*sqrt (a*xc)*bxc”2) *exsin(1/4*pi + 1/2*real part(arcsin(1/2*sqrt(axc)*b
/(axabs(c))))) " 2+sinh(1/2*imag_part(arcsin(1/2xsqrt(a*c)*b/(a*abs(c))))) "2

+ ((a*c™3)7(1/4)*%b72%c™2 - 4*x(axc™3)~(1/4)*axc™3 + (axc”3)7(1/4)*sqrt(b”2 -
4xaxc)*bxc”2)xd*cos(1/4xpi + 1/2xreal part(arcsin(1/2x*sqrt(a*xc)*b/(a*xabs(c
)))))*cosh(1/2*imag_part(arcsin(1/2x*sqrt(axc)*b/(a*abs(c))))) - ((a*xc™3)7(1
/4)*b"2xc”2 - 4x(a*xc”3)7(1/4)*a*xc”3 + (axc™3)"(1/4)*sqrt(b™2 - 4*a*xc)*b*c™2
)*d*cos(1/4*pi + 1/2*real part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c)))))*sinh(1/
2ximag_part(arcsin(1/2*sqrt (a*c)*b/(a*abs(c))))))*log(-2xx*(a/c)~(1/4)*cos(
1/4xpi + 1/2*arcsin(1/2*sqrt(a*c)*b/(a*xabs(c)))) + x72 + sqrt(a/c))/(axb~2x
c™3 - 4xa”2xc"4)
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d+ex+fx2+gx3
322 [Lermry
a+bx=+cx
Optimal. Leaf size=245
2cd-bf ) | Vevex ( 2cd—bf) al Vevex )
+ f|ta —_— - ta —_— -1 { b+2cx
(\/bz—_élac f)tan [ b_m) . f Nr VPdacrs) (2ce — bg) tanh 1( ’—;2—4%) +glog(a+bx2+
VB2 — 4
V2N - Vi? — dac V2o V2 —dac + b 2eVb? - dac ‘

[Out] ((f + (2%c*d - b*f)/Sqrt[b~2 - 4*axc])*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/Sqrt[b -
Sqrt [b~2 - 4*a*xc]]])/(Sqrt[2]*Sqrt[c]*Sqrt[b - Sqrt[b~2 - 4*xaxc]]) + ((f -
(2%cxd - bxf)/Sqrt[b~2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/Sqrt[b + Sqrt[b

"2 - 4xaxc]]])/(Sqrt[2]*Sqrt[cl*Sqrtb + Sqrt[b~2 - 4xaxc]]) - ((2xc*e - bx
g)*ArcTanh[(b + 2%c*x~2)/Sqrt[b~2 - 4*xaxc]])/(2xc*Sqrt[b~2 - 4xaxc]) + (gL
ogla + b*x™2 + c*x"4])/(4*c)

Rubi [A] time = 0.159176, antiderivative size = 245, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 8, integrand size = 30, e -

integrand size
0.267, Rules used = {1673, 1166, 205, 1247, 634, 618, 206, 628}

2cd-bf ) 1 V2+Jex ( 2cd-bf ) 1 V2+Jex )
+ tan —_— - tan —_— -1 b+2
(\/b2—4ac f [ b_m) . Vi?—dac iaacsh) (2ce - bg) tanh (—%) . glog (a+bx? 4
VB2 — 4
V2+/erJb — Vb2 — 4ac V2o VB2 —dac + b 2cVb? — dac .

Antiderivative was successfully verified.

[In] Int[(d + e*xx + f*xx72 + g*x~3)/(a + b*x"2 + c*x74),x]

[Out] ((f + (2xcxd - bxf)/Sqrt[b~2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[cl*x)/Sqrt[b -
Sqrt[b~2 - 4%axc]]])/(Sqrt[2]*Sqrt[c]*Sqrt[b - Sqrt[b~2 - 4*axc]]) + ((f -
(2%c*d - bxf)/Sqrt[b™2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/Sqrt[b + Sqrt[b

~2 - 4xaxc]]])/(Sqrt[2]*Sqrt[cl*Sqrt[b + Sqrt[b~2 - 4xaxc]]) - ((2xc*e - bx
g)*ArcTanh[(b + 2%c*x~2)/Sqrt[b~2 - 4xa*xcl])/(2xc*Sqrt[b~2 - 4*axc]) + (gL
ogla + b*x™2 + c*x"4])/(4*c)

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2xk]*x~(2*k), {k, 0, g/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
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1)/2}]*(a + b*x"2 + c*x"4)"p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&& 'PolyQ[Pq, x72]

Rule 1166

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4xa*xc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- gq/2 + c*xx72), x], x] + Dist[e/2 - (2%cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ ¢c*x72), xJ, x]] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlc*xd™2 - a*e”™2, 0] && PosQ[b~2 - 4*axc]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 1247

Int[(x_)*((d_) + (e_.)*(x_)"2)7(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + e*xx)"g*(a + bxx + c*x72)7p, x],
x, x°2], x] /; FreeQ[{a, b, c, d, e, p, qt, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2xc), Int[1/(a + bxx + c*x"2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2xc*d - bxe, 0] && NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4xaxc]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4*a*c - x72, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 628

Int[((d_) + (e_.)x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
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e}, x] &% EqQ[2*cxd - bxe, 0]

Rubi steps

fd+ex+fx2+gx3dx:f d+ fx? p +f x(e+gx2) ;

a+ bx2 +cxt a4+ bx? + cx* a4+ bx? + cx*

1 e+gx 1 2cd - bf 1 1

= 5 Subst ([ —ZHE ) + 2 - Il dx + -

27" a+bxro "2 f VP2 - 4ac b Y2 Zaac + ox? ¥
2 2

2cd-bf ) | vevex ( 2cd-bf ) | vVevex
+ —=|tan | —— - —=|tan " | — b+2ca
(f b2-4ac ( b—Vb2—4aC] 4 b2-4ac \ b+Vb2-4ac + gSUbSt (f a+bx+c

 Viveh VP i Vivels + VP —dmc e

2cd-bf ) 1l Ve ( 2cd-bf ) 1l Ve
+—=|t — - t —
(f aac) ( b—\/b2—4ac] / aac) b+Vi2—tac)  §10g (ﬂ +bx? +c
+ +

NN R e Vaven + V7 — e 4

2cd-bf ) 1 V2+/ex ( _ 2cd-bf ) 1 V2+/ex
(f - Vb2-4ac tan ( b—\/bz——4ac) Vb2—4ac tan b4 Vb2—dac (2ce - bg) tanh_l
+ —_

Vayeyb - Vi~ dac Vaveyls + V7 —dac 2eVb 4

Mathematica [A] time = 0.31004, size = 280, normalized size = 1.14

_ V2+Jex _ V24Jex
Zﬁ\/g(f(\/bz—4ac—b)+20d) tan 1(m] X Zﬁ\/E(f(VbZ—ALaHb)—ch) tan 1[m] ) ( ( — b) ol .
¢ (Vb2 - 4ac - ce) og( -
b—Vb%—4ac \ Vb2-dac+b
4cVb? - 4dac

Antiderivative was successfully verified.

[In] Integratel[(d + exx + fxx72 + g*x~3)/(a + b*x"2 + c*x74),x]

[Out] ((2*Sqrt[2]*Sqrt[c]l*(2*xcxd + (-b + Sqrt[b~2 - 4xaxc])*f)*ArcTan[(Sqrt[2]+*Sq
rt[cl*x)/Sqrt[b - Sqrt[b~2 - 4xa*xc]]])/Sqrtlb - Sqrt[b~2 - 4xa*xc]] + (2*xSqr
t[2]*Sqrt [c]*(-2*%cxd + (b + Sqrt[b~2 - 4xaxc])*f)*ArcTan[(Sqrt[2]*Sqrt[c]*x
)/Sqrt[b + Sqrt[b~2 - 4*axc]]])/Sqrt[b + Sqrt[b~2 - 4*axc]] + (2%c*xe + (-b

+ Sqrt[b~2 - 4xaxc])*g)*Logl[-b + Sqrt[b~2 - 4*axc] - 2xc*x"2] + (-2*cxe + (

b + Sqrt[b~2 - 4*axc])*g)*Logl[b + Sqrt[b~2 - 4*axc] + 2%cxx~2])/(4*c*xSqrt[b
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~2 - 4xaxc])

Maple [B] time = 0.019, size = 866, normalized size = 3.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*x~3+f*xx"2+exx+d)/(c*x~4+b*x"2+a) ,x)

[Out] 1/(4*a*xc-b~2)*1n(-2%c*xx~2+(-4*axc+b™2) " (1/2)-b)*g*a-1/4/(4*a*c-b~2)/c*1n(-2
xC*kx"2+(—4*xa*xct+b”2) " (1/2) -b) *gxb~2+1/4* (-4*a*xc+b~2) " (1/2) / (4*a*xc-b~2) /c*1n(
—2%c*x "2+ (-4*axc+b”2) 7 (1/2)-b) *b*xg-1/2* (-4*a*xc+b~2) " (1/2) / (4*a*xc-b~2) *e*1n(
—2%c*x" 2+ (—4*xaxc+b”2) " (1/2)-b)-2*c/ (d*a*xc-b"2)*27(1/2) / (((-4*a*xc+b~2) ~(1/2)
-b)*c)~(1/2)*arctanh(cxx*x2~(1/2)/ (((-4xa*xc+b~2) " (1/2)-b)*c)~(1/2) ) *f*xa+1/2/
(dxa*xc-b~2)*x27(1/2)/ (((-4xaxc+b™2) " (1/2)-b)*c) ~(1/2) *arctanh (c*x*x2~(1/2) / ((
(=4*a*xc+b~2) " (1/2)-b)*c)~(1/2) ) xE*b~2-1/2* (—4d*a*xc+b~2) " (1/2) / (d*a*xc-b~2) *2~
(1/2)/(((~4*xaxc+b™2)~(1/2)-b) *c) ~(1/2)*arctanh (c*x*2~ (1/2) / (((-4*a*xc+b~2) ~(
1/2)-b)*c)~(1/2) ) ¥b*xf+c*k (—4d*xaxc+b™2) ~(1/2) / (d*xaxc-b"2) %27 (1/2) / (((-4*axc+b~
2)"(1/2)-b)*c) "~ (1/2)*arctanh(cxx*x2~(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2)) *
d+1/ (4*axc-b~2) *1n(2*c*x™2+(-4*a*xc+b~2) ~(1/2)+b) *gxa-1/4/ (4*a*xc-b~2) /cx1n(2
xC*kx "2+ (—4*xa*xct+b”2) ~(1/2)+b) *gxb~2-1/4* (-4*a*xc+b~2) " (1/2) / (4*a*c-b~2) /c*1n(
2kcxx" 2+ (—4*axc+b”2) T (1/2) +b) *b*xg+1/2% (—4*axc+b™2) " (1/2) / (4xa*c-b~2) *e*x1n(2
*C*kx "2+ (—4d*axc+b”2) T (1/2)+b)+2*c/ (d*xa*xc-b~2) *27(1/2) / ((b+ (-4*a*xc+b~2) " (1/2)
Y*c) " (1/2)*arctan(cxx*27(1/2) / ((b+(-4*xaxc+b™2) "~ (1/2) )*c) ~(1/2))*xfxa-1/2/ (4x
axc-b~2)*27(1/2) / ((b+(-4*xa*xc+b~2)~(1/2))*c) " (1/2) *xarctan(c*xx*2~(1/2) / ((b+(-
dxaxc+b~2) " (1/2))*c)~(1/2) ) *f*xb~2-1/2*% (-4d*xaxc+b~2) " (1/2) / (d*a*c-b~2)*27(1/2
)/ ((b+(-4*xa*xc+b™2) " (1/2))*c) ~(1/2) *xarctan(c*xx*x2~(1/2) / ((b+(-4*axc+b~2) " (1/2
))*c) " (1/2)) ¥b*xf+ck (—4d*xaxc+b™2) ~(1/2) / (d*a*xc-b"2) %27 (1/2) / ((b+(-4*a*xc+b~2) "~
(1/2))*c)~(1/2) *arctan(cxx*x27(1/2) / ((b+(-4*axc+b™2) ~(1/2))*c) ~(1/2)) *d

Maxima [F] time = 0., size = 0, normalized size = 0.

fgx3+fx2+ex+d
X

ext+bx?+a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx~3+f*x"2+e*x+d)/(c*xx~4+b*x"2+a),x, algorithm="maxima")
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[Out] integrate((g*x~3 + f*x72 + e*x + d)/(c*x"4 + b*x"2 + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx~3+f*x"2+e*xx+d)/(c*xx~4+b*x~2+a),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx*x3+f*x**2+e*xx+d)/ (ckx**4+b*x**2+a) ,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*x~3+f*x~2+e*x+d)/(c*x"4+b*x"2+a) ,x, algorithm="giac")

[Out] Exception raised: NotImplementedError
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d+ex+fx2+gx3+hx4ci

323 |

Optimal. Leaf size=290

_ V2+/ex (—c(2ah+b f)+b2h+2c2d ) 1 V2+/ex ( ~2ach+b?h-bef+2c%d )

tan ™" -bh+c t - —bh+c

an[bd%m] Vb?—dac / o VP2t Vi2-4ac f (2ce - bg) tan
+ -

V262 b - V2~ dac VeV~ dac + b 20V

[Out] (h*x)/c + ((c*f - b*h + (2xc™2*d + b~2xh - cx(b*f + 2%axh))/Sqrt[b~2 - 4*ax
c])*ArcTan[(Sqrt [2]*Sqrt [c]*x)/Sqrt[b - Sqrt[b~2 - 4*axc]]])/(Sqrt[2]*c~(3/
2)*%Sqrt[b - Sqrt[b~2 - 4*axc]]) + ((cxf - bxh - (2%xc”2*%d - bkxc*xf + b~2*h -
2*xaxc*h)/Sqrt [b~2 - 4*axc])*ArcTan[(Sqrt[2]*Sqrtlc]l*x)/Sqrt[b + Sqrt[b~2 -
4xaxc]]])/(Sqrt[2]1*c~(3/2)*Sqrt[b + Sqrt[b~2 - 4*axc]]) - ((2*cxe - bx*g)*Ar
cTanh[(b + 2*%c*xx~2)/Sqrt[b~2 - 4*axc]])/(2*xcxSqrt[b~2 - 4*a*xc]) + (gxLogla

+ b*x"2 + c*x74])/(4xc)

a+bx2+cxt

Rubi [A] time = 0.725255, antiderivative size = 290, normalized size of antiderivative =
1., number of steps used = 11, number of rules used = 9, integrand size = 35, number of rules _

integrand size
0.257, Rules used = {1673, 1676, 1166, 205, 1247, 634, 618, 206, 628}

_ V2+Jex (—C(Zah+b f)+b2h+2c%d ) 1 V2+Jex ( —2ach+b2h-bcf +2c%d )
tan™! —— - bh + t - —bh+
" [ b—Vb2—4uc] b2-4ac f o VP2 —4ac+b Vb2—4ac cf (2ce — bg) tan

+
V2¢324/b - Vb? - dac V26324 Vb2 — 4ac + b 20VP

Antiderivative was successfully verified.

[In] Int[(d + e*x + f*x72 + g*x~3 + h*x"4)/(a + b*x"2 + c*x~4),x]

[Out] (h*x)/c + ((c*f - bxh + (2%c”2*d + b~ 2%h - cx(b*f + 2%axh))/Sqrt[b~2 - 4x*ax
c])*ArcTan[(Sqrt [2]*Sqrt[c]*x)/Sqrt[b - Sqrt[b~2 - 4xa*xc]]])/(Sqrt[2]*c~(3/
2)*Sqrt[b - Sqrt[b~2 - 4*axc]]) + ((cxf - bxh - (2%c”2*%d - bkxcxf + b~™2*h -
2xaxc*h)/Sqrt[b~2 - 4*axc])*ArcTan[(Sqrt[2]*Sqrtlcl*x)/Sqrt[b + Sqrt[b~2 -
4xaxc]]1])/(Sqrt[2]*c~(3/2)*Sqrt[b + Sqrt[b~2 - 4xaxc]]) - ((2%c*e - bxg)*Ar
cTanh[(b + 2%c*x72)/Sqrt[b™2 - 4*axc]])/(2*c*Sqrt[b~2 - 4*axc]) + (gxLogla

+ b*x™2 + c*xx74])/ (4xc)

Rule 1673

Int[(Pq )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*¥k]*x~(2xk), {k, 0, q/2}]*(a + b
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*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2*k), {k, 0, (q -
1)/2}])*(a + b*x"2 + c*x"4)7p, x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x]
&% 'PolyQ[Pq, x~2]

Rule 1676

Int[(Pq_)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :> Int[ExpandInte
grand[Pq/(a + b*x~2 + c*x74), x], x] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x~
2] &% Expon[Pq, x72] > 1

Rule 1166

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- q/2 + c*xx72), x], x] + Dist[e/2 - (2*cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ c*xx72), xJ, x]1] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlc*xd"2 - a*e”™2, 0] && PosQ[b~2 - 4xaxc]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 1247

Int [(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + e*x)"g*(a + b*x + c*x72)7p, x],
x, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, xJ]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Distl[e/(2*c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b"2 - 4xaxc, 0]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

fd+ex+fx2+gx3+hx4dx_f x(€+gxz) p +fd+fx2+hx4dx
a+ bx2 + cxt T J a+bx?+oxt a+ bx2 + cx*

_ a2
= ! Subst (f _ersr dx, x, x2) + f L + cd — ah + (cf - bh)x dx
2 a+ bx + cx? c c(a+bx2+cx4)

1

e [ cd—ah+(cf b2 5 X ¢ Subst (f e xz) (2ce — bg) Subst (f

b2 +odt a+bx+cx? + a+bxA
T oc c 4c 4c
1 2 (c f — bl
me  glog (a b+ cx4) (2ce — bg) Subst (f 7 gz 4%, X, b + 2cx )
c 4c 2c
2¢2d+b2h—c(bf +2ah) ) 1 V2+Jex ( 2c2d—bc f+b2h—2ach)
-bh+ —————|t T -bh - —m———
hx (Cf * Vb2-4ac an ( bV —dac Cf Vbh2—4ac
— +

¢ V2c324/b — Vb2 - 4ac V2c32+[b + Vb

Mathematica [A] time = 0.558978, size = 383, normalized size = 1.32

2«/§tan1[‘i—ii](c(f\/bz—_zzm—zah—bf)wh(b—«/bz—_m)+2c2d) 2\/§tan1[\/%](—c(fM+2ah+bf)+bh(\/bz——4ac+b)+2c2d)
b—Vb%—4ac b=—4ac+b

v
— + —_—
Vb2—4ac\|b—Vb2—4ac Vb2-4ac\/ Vb2 —4ac+b

4¢3/2
Antiderivative was successfully verified.

[In] Integrate[(d + e*xx + f*x72 + gxx~3 + h*x"4)/(a + b*x"2 + c*x74),x]

[Out] (4*xSqrtlcl*h*x + (2*%Sqrt[2]*(2%c™2xd + b*(b - Sqrt[b~2 - 4xaxc])*h + c*x(-(b
xf) + Sqrt[b~2 - 4*axc]xf - 2xaxh))*ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt[b - Sqr
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t[b~2 - 4xaxc]]])/(Sqrt[b~2 - 4*xaxc]*Sqrt[b - Sqrt[b~2 - 4*xaxc]]) - (2xSqrt
[2] % (2%c”™2%d + b*(b + Sqrt[b~2 - 4xaxc])*h - c*(b*f + Sqrt[b~2 - 4xakxc]*f +
2xaxh))*xArcTan[(Sqrt [2] *Sqrt [c]*x)/Sqrt[b + Sqrt[b~2 - 4xa*xc]]])/(Sqrt[b~2
- 4xaxc]*Sqrt[b + Sqrt[b~2 - 4xaxcl]) + (Sqrtlcl*(2*cxe + (b + Sqrt[b~2 -
4xaxc])*g)*Log[-b + Sqrt[b~2 - 4*xaxc] - 2*c*x"2])/Sqrt[b~2 - 4*axc] + (Sqr
tlcl*(-2%c*xe + (b + Sqrt[b™2 - 4*axc])*g)*Loglb + Sqrt[b”™2 - 4xaxc] + 2*c*x
~2]1)/Sqrt[b~2 - 4xaxc])/(4xc~(3/2))

Maple [B] time = 0.03, size = 1132, normalized size = 3.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((h*x~4+gxx~3+f*x"2+e*x+d)/(cxx~4+b*x~2+a) ,x)

[Out] h*x/c-1/4*(-4*a*xc+b~2)/(4*axc-b~2)/cx1n(-2%c*xx~2+(-4*axc+b~2) 7 (1/2)-b)*g+1/
4x (—4xa*xc+b~2) " (1/2) / (d*axc-b"2) /c*x1n(-2*c*xx ™2+ (-4*a*xc+b”2) " (1/2)-b) *b*xg-1/
2% (=4*a*xc+b”2) " (1/2) / (d*xaxc-b"2) ¥e*xIn (-2*c*x™ 2+ (-4*axc+b~2) ~(1/2)-b)-1/2* (-
dxaxc+b”2) / (dxaxc-b"2) /c*x27(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) " (1/2) *arctanh(c
*x*27(1/2) / (((=4*axc+b~2) ~(1/2)-b) *c) ~(1/2) ) *bxh+1/2% (-4d*axc+b~2) / (4*a*xc-b~
2)*x27(1/2) / (((-4*xa*c+b~2) " (1/2)-b)*c) ~(1/2)*arctanh (cxx*2~(1/2) / (((-4*a*xc+b
“2)7(1/2)-b)*c) " (1/2) ) xf-(-4*a*xc+b~2) " (1/2) / (dxaxc-b~2)*2~(1/2) / (((-4*a*xc+b
“2)7(1/2)-b)*c) " (1/2) *arctanh (cxx*2~(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c)~(1/2))
*axh+1/2%(-4*xaxc+b”™2) " (1/2)/(d*a*xc-b"2) /c*27(1/2) / (((-4*axc+b~2) ~(1/2)-b) *c
)" (1/2)*arctanh (cxx*27(1/2) / (((-4*a*xc+b~2) " (1/2)-b) *c) ~(1/2) ) *b~2xh-1/2* (-4
xaxc+b~2) " (1/2) / (4xa*xc-b"2)*27(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) *arctan
h(c*x*27(1/2) / (((=4*a*xc+b™2) ~(1/2)-b) *c) ~(1/2) ) *b*f+c* (-4*a*xc+b~2)~(1/2) /(4
xaxc-b"2) %27 (1/2) / (((-4d*xaxc+b™2) "~ (1/2)-b) *c) ~(1/2)*arctanh(c*x*2~(1/2)/ (((-
dxaxc+b~2) " (1/2)-b)*c) " (1/2)) *d-1/4* (-d*axc+b~2) / (d*a*c-b"2) /cx1n(2*xcxx~2+(
—4xaxc+b”2) 7 (1/2)+b) xg-1/4%* (-4xa*xc+b~2) ~(1/2) / (d*axc-b"2) /c*x1n(2*cxx~2+ (-4
axc+b™2) 7 (1/2)+b) *b*xg+1/2% (-4*a*xc+b™2) " (1/2)/ (d*a*xc-b~2) *e*1n(2xc*x”~2+(-4*a
*c+b~2) " (1/2)+b) +1/2*% (m4*axc+b~2) / (d*xa*xc-b"2) /c*27(1/2) / ((b+(-4*a*xc+b~2) ~ (1
/2))*c)~(1/2)*arctan(cxx*x2~(1/2) / ((b+(-4*axc+b~2) " (1/2) ) *c) ~(1/2) ) *bxh-1/2%
(=4*xaxc+b™2)/ (d*xaxc-b"2)*2~(1/2) / ((b+(-4*a*xc+b~2) " (1/2))*c) ~(1/2)*arctan(c*
x*27(1/2) / ((b+(-4*a*xc+b™2) " (1/2) ) *c) " (1/2) ) xf-(-4*a*xc+b~2) " (1/2) / (4d*a*xc-b~2
)¥27(1/2) / ((b+(=4*a*xc+b~2) ~(1/2) )*c) ~(1/2) *arctan(cxx*x2~(1/2) / ((b+(-4*a*xc+b
~2)7(1/2))*c) " (1/2) ) *axh+1/2% (-4*a*xc+b™2) " (1/2) / (dxaxc-b~2) /c*27(1/2) / ((b+(
-4xaxc+b”2) " (1/2))*c) " (1/2) *arctan(cxx*x2~(1/2) / ((b+(-4*axc+b™2) ~(1/2) ) *c) " (
1/2))*b~2xh-1/2% (—4*a*c+b~2) " (1/2) / (dxaxc-b"2)*2~(1/2) / ((b+(-4*a*xc+b~2) " (1/
2))*c)~(1/2)*arctan(cxx*2~(1/2) / ((b+(=4*axc+b”™2) "~ (1/2) )*c) "~ (1/2) ) *b*f+cx (-4
*axc+b~2) ~(1/2) / (4*xaxc-b"2) %27 (1/2) / ((b+(-4*a*xc+b~2) ~(1/2))*c) " (1/2)*arctan



154

(c*xx27(1/2) / ((b+(-4*a*xc+b™2) " (1/2))*c) " (1/2) ) *d

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x~4+g*x~3+f*x"2+e*x+d)/(c*xx"4+b*x"2+a) ,x, algorithm="maxima")
g g g

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x~4+g*x~3+f*x"2+e*xx+d)/(c*x"4+b*x"2+a) ,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((hxx*x4+gkx**3+f*x**2+exx+d) / (Ckx**4+b*x**2+a) ,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x~4+g*x~3+f*x"2+e*x+d)/(c*x"4+b*x"2+a) ,x, algorithm="giac")

[Out] Exception raised: NotImplementedError
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d+ex+ fx?+gxd+hxt+in®
324 | ——dx
a+bxs+cx
Optimal. Leaf size=321

_ V2+/ex (—c(2ah+bf)+b2h+2c2d ) 1 V2+/ex ( ~2ach+b?h-bef+2c%d )
tan™! —bh + t - —bh + 1 { be2c
N [ bm] Vb dac o) VP daceb VbP-dac O] o (_2

—+ —_

\/§c3/2\/b — Vb2 - 4ac V20324/ Vb2 — 4ac + b

[Out] (h*x)/c + (i*x72)/(2xc) + ((c*f - b*h + (2%xc™2xd + b~2xh - cx(b*f + 2%axh))
/Sqrt[b™2 - 4x*axc])*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/Sqrt[b - Sqrt[b~2 - 4x*axc]l]]
)/ (Sqrt[2]*c~(3/2)*Sqrt[b - Sqrt[b~2 - 4xaxc]]) + ((cxf - bxh - (2%c™2xd -
bxc*f + b72xh - 2%axcxh)/Sqrt[b~2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt
[b + Sqrt[b~2 - 4xax*xc]]])/(Sqrt[2]1*c~(3/2)*Sqrt[b + Sqrt[b~2 - 4*axc]]) - (
(2xc™2%e - bxcxg + b72x1i - 2*axcxi)*ArcTanh[(b + 2*c*x~2)/Sqrt[b~2 - 4x*ax*c]
1)/ (2%c™2*Sqrt [b”™2 - 4*axc]) + ((cxg - bxi)*Logla + b*xx"2 + c*x~4])/(4*c™2)

b2

Rubi [A] time = 0.533943, antiderivative size = 321, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 10, integrand size = 40, number of rules

= 0.25, Rules used = {1673, 1676, 1166, 205, 1663, 1657, 634, 618, 206, 628}

_ V2+Jex ] (—C(Zah+b f)+b2h+2c%d 1 [ V2+Jex ) —2ach+b2h-bcf +2c%d
tan™! - bh + cf) tan (— —bh + cf) -1 ( b+2c
[ b-Vb2—4ac Vb2 ~4ac N Vb2-4ac+b Vb?~dac tanh (\/?_4

+
V2c324/b — Vb2 — 4ac V2c32+/ Vb2 — 4ac + b

Antiderivative was successfully verified.

integrand size

[In] Int[(d + e*x + f*x72 + g*x~3 + h*x"4 + i*x"5)/(a + b*x"2 + c*x74),x]

[Out] (h*x)/c + (i*x72)/(2%c) + ((c*f - bxh + (2%c™2*%d + b™2%h - c*(bxf + 2*axh))
/Sqrt[b~2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt[b - Sqrt[b~2 - 4x*axc]]]
)/ (Sqrt [2]*c~(3/2)*Sqrt[b - Sqrt[b~2 - 4*axc]]) + ((c*f - bxh - (2%c™2*d -
bxc*f + b72xh - 2%axcxh)/Sqrt[b~2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt
[b + Sqrt[b™2 - 4*xa*xc]]])/(Sqrt[2]1*c~(3/2)*Sqrt[b + Sqrt[b~2 - 4*xaxc]]) - (
(2%c”2xe - b¥ckg + b72%i - 2%axc*i)*ArcTanh[(b + 2%c*xx"2)/Sqrt[b~2 - 4*axc]
1)/ (2%c™2*Sqrt [b~"2 - 4*axc]) + ((cxg - bxi)*Logla + b*xx"2 + c*x~4])/(4*c~2)

Rule 1673

Int[(Pq )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*¥k]*x~(2xk), {k, 0, q/2}]*(a + b
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*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2*k), {k, 0, (q -
1)/2}])*(a + b*x"2 + c*x"4)7p, x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x]
&% 'PolyQ[Pq, x~2]

Rule 1676

Int[(Pq_)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :> Int[ExpandInte
grand[Pq/(a + b*x~2 + c*x74), x], x] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x~
2] &% Expon[Pq, x72] > 1

Rule 1166

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- q/2 + c*xx72), x], x] + Dist[e/2 - (2*cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ c*xx72), xJ, x]1] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlc*xd"2 - a*e”™2, 0] && PosQ[b~2 - 4xaxc]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 1663

Int[(Pg )*(x_ )" (m_.)*((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :
> Dist[1/2, Subst[Int[x"((m - 1)/2)*SubstFor[x~2, Pq, x]*(a + b*x + c*x~2)~
p, xJ, x, x72], x] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x~2] && IntegerQ[
(m - 1)/2]

Rule 1657

Int[(Pg )*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[Expand
Integrand[Pg*(a + bxx + c*x72)7p, x], x] /; FreeQ[{a, b, c}, x] && PolyQ[Pq
, x] && IGtQ[p, -2]

Rule 634

Int[((d_.) + (e_)*(x_))/((a) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*xc*xd - bxe)/(2%c), Int[1/(a + b*x + c*x"2), x], x] + Distl[e/(2%c), In
t[(b + 2%c*x)/(a + b¥x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618
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Int[((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x72, x], x], x, b + 2xcxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 628

Int[((d) + (e_)*(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

d+ex+ fx? +gx® + hat + 24x° x(e+gx2 + 24x4) d+ fx? + hxt
f dx:f d +f—
a+ bx? + cxt a+ bx2 + cxt a+ bx2 + cxt

1 242 h d — ah — bh)x?
= — Subst fwdx,x,x2 +f p ez +(ef > dx
2 a+ bx + cx? c c(a+bx2+cx4)

X

cd—ah+(cf-bh)x?

:}E+18ubst f 24 Ma-cet@b-cgn dx, x, x* +—fm
c 2 c c(u+bx+cx2) c

2c%d—bef +b2h-2ach

24a—ce+(24b-cg)x 2 (C -bh-=—"" "

b e Subst ([ FTEE ) (of Vi=iac
- +

c c 2c 2c
2 27,
(cf Cphg X d+b h2 c(bf+2ah)) tan! V2+ex ] (cf _pp X
_ hx . 12x2 s Vbe-dac bV —dac N

‘ ‘ V2c324/b — Vb2 - 4ac

_ 2c2d+b2h—c(bf+2ah)) | Ve ( X
(cf bh + =—— == tan (—b_m cf —bh
+

+
¢ ¢ \/§c3/2\/b — Vb2 — 4ac

2c2d+b%h—c(b f+2ah)) 1 V2+/ex ( 2
C —bh+—tan —_ C —bh——
( / Vb?~4ac [ b—Vb2-4ac /
+

¢ ¢ \/§c3/2\/b — Vb2 - 4ac
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Mathematica [A] time = 0.797854, size = 441, normalized size = 1.37

2v2yctan™! ﬂ](c( FVB2—4ac-2ah-b f)+bh(b—\/M)+zc2d) 2V2ye tan-l[ﬂ](—c( FVB2—dac+2ah+b f)+bh(m+b)+zc2d)

b-Vb2—4ac _ v Vb2—4ac+b
Vb2-4ac\ b-Vb%—4ac Vb2-4ac| Vb2—4ac+b

Antiderivative was successfully verified.

[In] Integrate[(d + exx + f*xx"2 + g*x~3 + h*x"4 + i*x"5)/(a + b*x"2 + c*x~4),x]

[Out] (4xcxh*x + 2xcxi*xx~2 + (2*%Sqrt[2]*Sqrtlc]*(2xc™2+d + bx(b - Sqrt[b~2 - 4*ax
c])*h + cx(=(bxf) + Sqrt[b~2 - 4*axc]*f - 2*axh))=*ArcTan[(Sqrt[2]*Sqrt[c]*x
)/Sqrt[b - Sqrt[b~2 - 4xaxc]]])/(Sqrt[b~2 - 4*a*xc]*Sqrt[b - Sqrt[b~2 - 4xax
c]]) - (2xSqrt[2]*Sqrt[c]*(2%c™2xd + bx(b + Sqrt[b~2 - 4*axc])*h - cx(bxf +
Sqrt[b~2 - 4*axc]xf + 2xaxh))x*ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt[b + Sqrt[b~2
- 4xaxc]]1])/(Sqrt[b~2 - 4xaxc]*Sqrt[b + Sqrt[b~2 - 4*axc]l]) + ((2*c"2xe +
bx(b - Sqrt[b~2 - 4*axc])*i + cx(-(b*g) + Sqrt[b~2 - 4*axc]*g - 2%xaxi))*Log
[-b + Sqrt[b~2 - 4*axc] - 2xc*x72])/Sqrt[b~2 - 4*axc] - ((2%c™2xe + bx(b +
Sqrt[b~2 - 4*axc])*i - cx(bxg + Sqrt[b~2 - 4xaxc]*g + 2*axi))*Log[b + Sqrtl[
b~2 - 4xaxc] + 2%cxx"2])/Sqrt[b~2 - 4xaxc])/(4*c”2)

Maple [B] time = 0.029, size = 1435, normalized size = 4.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((i*x"5+h*x"4+g*x~3+f*x"2+e*x+d) / (c*x 4+b*x"2+a) ,X)

[Out] 1/2*i*x"2/c+h*x/c+1/2% (—4*a*xc+b~2)/(d*axc-b"2)/cx27(1/2)/((b+(-4*a*c+b™2) ~(
1/2))*c)~(1/2)*arctan(c*x*27 (1/2) / ((b+(-4*axc+b~2)~(1/2) ) *c) ~(1/2) ) *b*xh+1/2
*(—4dxaxc+b”2) " (1/2)/ (d*xaxc-b~2) /c*x27(1/2) / ((b+(-4*axc+b™2) ~(1/2) )*xc) ~(1/2) *
arctan(c*x*2”(1/2)/ ((b+(-4xa*xc+b~2) ~(1/2))*c) ~(1/2) ) *b~2xh-1/2* (-4*a*c+b~2)
/ (dxaxc-b"2) /cx27(1/2) / (((-4*a*xc+b~2)~(1/2)-b) *c) ~(1/2) *arctanh (cxx*2~(1/2)
/ (((=4*a*xc+b™2) " (1/2)-b)*c)~(1/2)) ¥*b*xh+1/2* (-4*axc+b~2) ~(1/2) / (4*a*xc-b"2) /c
*27(1/2) / (((-4*axc+b~2) " (1/2)-b)*c) ~(1/2) *arctanh (cxx*2~(1/2) / (((-4*a*xc+b~2
)~ (1/2)-b)*c) ~(1/2) ) *b~2xh-1/2% (-4*axc+b~2) ~(1/2) / (d*axc-b~2)*2~(1/2) / (((-4
*axc+b~2) ~(1/2)-b)*c)~(1/2)*arctanh (cxx*2~(1/2) / (((-4*a*xc+b™2) " (1/2)-b)*c)”
(1/2) ) *bxf+c* (-4d*xaxc+b™2) " (1/2) / (dxa*xc-b~2) %2~ (1/2) / (((-4*xaxc+b~2)~(1/2)-b)
*c) " (1/2)*arctanh (c*x*27 (1/2) / (((-4*a*xc+b™2) "~ (1/2)-b)*c) " (1/2) ) *d-1/2*(-4*a
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*c+b”2) " (1/2) / (d*xaxc-b~2)*2~(1/2) / ((b+(-4*a*xc+b~2) " (1/2) )*xc)~(1/2) *arctan(c
*x%27(1/2) / ((b+(=4*a*xc+b™2) " (1/2) ) *c) ~(1/2) ) *bxf+cx (—4d*a*xc+b™2) " (1/2) / (dxax
c-b"2)*27(1/2) / ((b+(-4*axc+b~2) "~ (1/2))*c) " (1/2) *arctan (cxx*x2~(1/2) / ((b+(-4x*
axc+b”2) " (1/2))*c) " (1/2) )*d-1/4* (—4*a*xc+b™2) / (d*axc-b"2) /cx1n(-2*c*xx ™2+ (-4
axc+b”2) " (1/2)-b)*g-1/4x(-4*xa*xc+b~2) / (4d*a*xc-b~2) /cx1n(2%c*xx ™2+ (-4*a*xc+b™2)"
(1/2)+b) *g+1/4% (—4*axc+b™2) / (d*a*xc-b~2) /c™2x1n (2*c*xx ™2+ (-4*a*xc+b™2) " (1/2)+b
)¥b*xi-1/2%(=4dxa*xc+b™2) " (1/2)/(d*xaxc-b~2) /c*1n(2*c*x~ 2+ (~4d*axc+b™2) " (1/2)+b)
*a*xi+1/4* (=4*xaxc+b™2) " (1/2)/(d*a*xc-b"2) /c”2*1n(2*xcxx~2+ (-4*a*xc+b~2) ~(1/2)+b
)*b72%i+1/4% (—4*a*xc+b”2) / (d*xaxc-b"2) /c”2%1n (-2*c*x™ 2+ (~4*a*xc+b”2) ~(1/2)-b) *
bxi+1/2*% (—4xa*xc+b~2) " (1/2) / (d*axc-b"2) /cx1n(-2*c*x" 2+ (-4d*a*xc+b™2) " (1/2)-b) *
a*i-1/4*(-4xa*xc+b™2) " (1/2)/(d*xaxc-b~2)/c”2*1n(-2*c*xx"2+(-4*a*c+b~2) " (1/2)-b
)*¥bT2%i+1/2% (—4*a*xc+b”2) / (dxaxc-b~2)*27(1/2) / (((~4*a*xc+b~2)~(1/2)-b)*c)~(1/
2)*arctanh (c*xx*2~(1/2) / (((-4*a*xc+b™2) ~(1/2)-b) *c) " (1/2) ) *xf-1/2* (-4*a*xc+b~2)
/ (dxaxc-b"2)*%27(1/2) / ((b+(-4*axc+b™2) ~(1/2))*c) " (1/2) *arctan(cxx*2~(1/2) / ((
b+ (—4d*xaxc+b~2) " (1/2)) *c) " (1/2) ) *f+1/4*x (-d*axc+b~2)~(1/2) / (d*a*c-b~2) /cx1n(-
2k cxx "2+ (—4*axc+b”~2) " (1/2) -b) *b*g-1/4* (—4d*axc+b~2) " (1/2) / (4xa*xc-b~2) /c*1n(2
*xC*kx "2+ (—4*xa*xct+b”2) T (1/2) +b) ¥b*xg-1/2x (-4*a*xc+b~2) ~(1/2) / (4*a*c-b~2) *ex1n (-2
xcxx "2+ (—4xaxc+b”™2) " (1/2)-b)+1/2% (-4xaxc+b~2) ~(1/2) / (d*axc-b~2) xex1n (2*c*x~
2+ (=4*a*xc+b”2) " (1/2)+b) = (—4*a*xc+b~2) ~(1/2) / (4d*axc-b~"2)*2~(1/2) / (((-4*a*c+b”
2)"(1/2)-b)*c) "~ (1/2)*arctanh(cxx*2~(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2)) *
axh-(-4*a*xc+b™2) " (1/2)/ (d*xa*xc-b"2) %27 (1/2) / ((b+(-4*axc+b~2)~(1/2) ) *c) ~(1/2)
xarctan (c*x*2~(1/2) / ((b+(-4*xaxc+b™2)~(1/2))*c)~(1/2)) *a*h

Maxima [F] time = 0., size = 0, normalized size = 0.

) (cg—bi)x3+(cf—bh)x2+cd—ah+(ce—ai)x
ix? + 2hx _ — f cx+bx2+a dx

2c c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((i*x~5+h*x~4+g*x~3+f*x"2+e*x+d)/(c*x~4+b*x"2+a) ,x, algorithm="max
ima")

[Out] 1/2*(i*x"2 + 2xh*x)/c - integrate(-((c*xg - bxi)*x~3 + (c*f - b*h)*x"2 + cxd
- axh + (cxe - a*xi)*x)/(c*x"4 + b*x"2 + a), x)/c

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((i*x~5+h*x~4+g*x~3+f*x"2+exx+d)/(c*x"4+b*x"2+a),x, algorithm="fri

cas"

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((ixx**b+h*x*x4+gkx**3+f*xx*2+e*xx+d) / (cxx**4+bxx**2+a) ,Xx)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((i*x b+h*x~4+gkx~3+f*x"2+e*x+d)/(c*x"4+b*x"2+a) ,x, algorithm="gia
cll

[Out] Exception raised: NotImplementedError
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f d+ex+ fx?+gx3 +haxt 0 +kxO+1x” +ma® dx

3.25

Optimal. Leaf size=545

a+bx2+cxt

B > Jox c2(2a2m+3abk+b2h)-b2c(4am+bk)-c3 ah+b f)+brm+2c*d
tan™!
b—Vb2—4ac b>—4ac

V2672b — Vb2 — 4ac

[Out] ((c™2*%h + b™2*m - cx(bxk + a*m))*x)/c”3 + ((c*j - bx1)*x72)/(2*%c”2) + ((c*xk
- bxm)*x73)/(3*%c”2) + (1*x74)/(4xc) + (m*x~5)/(5*c) + ((c™3*f - c™2x(b*h +
axk) - b73xm + bkxckx(b*k + 2%a*m) + (2xc”4*d - c”3*(bxf + 2%axh) + b74xm -
b~2*cx (bxk + 4xa*m) + c”2x(b"2xh + 3*axbxk + 2*a”2+#m))/Sqrt[b~2 - 4xaxc])*A
rcTan[(Sqrt [2]1*Sqrt [c]*x)/Sqrt[b - Sqrt[b~2 - 4*axc]l]])/(Sqrt[2]*c~(7/2)*Sq
rt[b - Sqrt[b~2 - 4xa*xc]]) + ((c73*f - c™2x(b*h + axk) - b~3*m + bxc*x(bxk +
2%axm) - (2%c74xd - c”3x(b*f + 2%axh) + b74xm - b7 2xcx(bxk + 4*a*m) + c™2x%
(b™2%h + 3%axbxk + 2*%a~2*m))/Sqrt[b~2 - 4*axc])*ArcTan[(Sqrt[2]*Sqrt[c]*x)/
Sqrt[b + Sqrt[b~2 - 4xaxc]]])/(Sqrt[2]*c~(7/2)*Sqrt[b + Sqrt[b~2 - 4*axc]l])
- ((2xc™3%e - c™2x(bxg + 2*a*xj) - b~3*1 + bkckx(b*j + 3xaxl))*ArcTanh[(b +
2%c*x~2) /Sqrt [b72 - 4xaxc]])/(2%c”3*Sqrt[b~2 - 4*axc]) + ((c™2*g + b~2*1 -
ck(b*xj + axl))*Logla + b*x"2 + c*xx"4])/(4%c”3)

— c?(ak + bh) + bc(Qam + bk) + b3(-m) + C3f) tan

+ —

Rubi [A] time = 4.21328, antiderivative size = 545, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 10, integrand size = 55, number of rules

= 0.182, Rules used = {1673, 1676, 1166, 205, 1663, 1657, 634, 618, 206, 628}

integrand size

ton-! V2vex (cz(2112m+3abk+b2h)—bzc(4am+bk)—c3(2ah+bf)+b4m+2c4d
an
Vb2-4ac
b—Vb2-4ac

\/§c7/2\/b — Vb2 - 4ac

Antiderivative was successfully verified.

— c?(ak + bh) + be(Qam + bk) + b>(—=m) + 3 f) tan

+ —

[In] Int[(d + exx + f*x72 + g*x™3 + h*x"4 + j*x"5 + k*x™6 + 1*x77 + m*x"8)/(a +
b*x~"2 + c*x74),x]

[Out] ((c”™2*xh + b~2*m - c*x(bxk + a*m))*x)/c”3 + ((c*j - bx1)*x"2)/(2*%c"2) + ((cxk
- b*m)*x73)/(3*c”2) + (1*x~4)/(4*c) + (m*x~5)/(5*c) + ((c™3*f - c”2x(b*xh +
axk) - b73xm + bxck(bxk + 2%a*m) + (2*xc”4*d - c"3*(b*f + 2%axh) + b"4xm -
b~ 2*cx (bxk + 4xa*m) + c”2x(b"2xh + 3*axbxk + 2%a”~2+#m))/Sqrt[b~2 - 4xaxc])*A
rcTan[(Sqrt [2]*Sqrt [c]*x)/Sqrt[b - Sqrt[b~2 - 4xaxc]]])/(Sqrt[2]*c~(7/2)*Sq
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rt[b - Sqrt[b™2 - 4*axc]]) + ((c73*%f - c™2x(b*h + axk) - b~ 3*m + b*cx(b*xk +

2xaxm) - (2xc”4*d - c"3x(b*f + 2%axh) + b74xm - b~ 2kcx(bxk + 4*a*xm) + c”2%
(b™2%h + 3%axbxk + 2*%a~2*m))/Sqrt[b~2 - 4*axc])*ArcTan[(Sqrt[2]*Sqrt[c]*x)/
Sqrt[b + Sqrt[b~2 - 4xaxc]]])/(Sqrt[2]*c~(7/2)*Sqrt[b + Sqrt[b~2 - 4*axc]])
- ((2xc™3%e - c™2x(bxg + 2*a*xj) - b~3*1 + bkckx(b*j + 3*axl))*ArcTanh[(b +
2xc*xx"2)/Sqrt[b72 - 4*axc]])/(2*%c™3*Sqrt[b~2 - 4*axc]) + ((c™2%g + b™2%1 -
ck(b*xj + axl))*Logla + b*x72 + c*xx"4])/(4%c”3)

Rule 1673

Int[(Pg )*x((a_) + (b_.)*(x )72 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2xk]*x~(2*k), {k, 0, g/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]x(a + b*x"2 + c*xx"4)"p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&% 'PolyQ[Pq, x72]

Rule 1676

Int[(Pq )/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :> Int[ExpandInte
grand[Pq/(a + b*x"2 + c*xx74), x], x] /; FreeQ[{a, b, c}, x] & PolyQ[Pq, x~
2] && Expon[Pq, x72] > 1

Rule 1166

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[b~2 - 4xa*xc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2*%c*d - bxe)/(2xq), Int[1/(b/2 + q/2
+ cxx72), x], x]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && Ne
Qlcxd™2 - axe™2, 0] && PosQ[b~2 - 4xaxc]

Rule 205

Int[((a_) + (b_.)*x(x_)"2)"(-1), x_Symbol]l :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 1663

Int[(Pq ) *(x_ )" (m_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol]

> Dist[1/2, Subst[Int[x~((m - 1)/2)*SubstFor[x~2, Pq, x]*(a + b*x + c*xx"2)~
p, x], x, x72], x] /; FreeQl[{a, b, c, p}, x] && PolyQ[Pq, x"2] && IntegerQ[
(m - 1)/2]

Rule 1657
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Int[(Pq )*((a_) + (b_)*(x_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[Expand
Integrand[Pg*(a + b*x + c*x72)7p, x], x] /; FreeQ[{a, b, c}, x] && PolyQ[Pq
, x] && IGtQlp, -2]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2*xc), Int[1/(a + b*x + c*xx"2), x], x] + Distl[e/(2*%c), In
t[(b + 2xc*x)/(a + b¥x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 628

Int[((d) + (e_.)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x72, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
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fd+ex+fx2+gx3+hx4+jx5+kx6+lx7+mx8d fx(e+gx2+jx4+lx6) +fd+fx2+hx4+kx6+m;
x = x
a+ bx? + cxt a+ bx? + cx* a+ bx2 + cx*

=1Subst fe+gx+jx2+lx3dx’x,x2 +f c2h+b2m—’
2 a+ bx +cx? c

c2h + b*m — c(bk + am)) x - 3 5
_ ( ( )) N (ck — bm)x N mx N 1 Sub
3 3c2 5¢ 2
(% + Vm — c(Ok +am))x  (cj ~bD)®  (ck—bm)x® |
+ + + -
3 2¢2 3c2

(% + VPm —c(Ok +am))x (] ~bD)®  (ck—bm)x® |
+ + + -
c3 2¢? 3c?

(c2h + b2m — c(bk + am)) X (¢j-blx®  (ck—bm)x® |
+ + + -
c3 2¢? 3c?

(czh + b?m — c(bk + am)) X (¢j-blx®  (ck—bm)x® |
+ + + -
c3 2¢2 3¢2

Mathematica [A] time = 1.61428, size = 816, normalized size = 1.5

(2dc4 + (—b f + Vb2 — dacf - Zuh) S+ (Zma"

md It (ck—bm® (- blx?  (mb?+ h—c(bk + am)) x
—+—+ + +
5¢  4c 3¢2 2¢2 3

Antiderivative was successfully verified.

[In] Integrate[(d + e*xx + f*x72 + gxx™3 + h*x™4 + j*x75 + k¥x76 + 1*x"7 + m*x"8)
/(a + b*x"2 + c*x74),x]

[Out] ((c”2*xh + b~2*m - c*(bxk + a*m))*x)/c”3 + ((c*j - bx1)*x"2)/(2*%c"2) + ((cxk
- b¥m)*x73)/(3*%c”2) + (1*x74)/(4*c) + (m*x75)/(5xc) + ((2%c™4*d + c~3*(-(b
xf) + Sqrt[b”™2 - 4*axc]*f - 2%axh) + b"3x(b - Sqrt[b™2 - 4*axc])*m + c”2*x(b
“2%h - b*Sqrt[b~2 - 4*axc]xh + 3*axbxk - a*xSqrt[b~2 - 4xakxc]*xk + 2%xa”2*m) +
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b*xcx (- (b~2%k) + b*Sqrt[b~2 - 4*axc]*k - 4*axbxm + 2%a*xSqrt[b~2 - 4*axc]*m)
)*xArcTan[(Sqrt [2]*Sqrt [c]*x)/Sqrt[b - Sqrt[b~2 - 4xaxc]]1])/(Sqrt[2]*c”~(7/2)
*xSqrt [b72 - 4xa*xc]*Sqrt[b - Sqrt[b~2 - 4*axc]]) - ((2xc™4*d - c"3*(b*xf + Sq
rt[b72 - 4xaxc]*f + 2xaxh) + b~ 3*%(b + Sqrt[b~2 - 4xa*c])*m + c"2x(b"2%h + b
*Sqrt [b™2 - 4*axc]*h + 3xaxb*k + axSqrt[b~2 - 4*axc]*k + 2%a~2*m) - bkxcx (b~
2xk + bxSqrt[b™2 - 4xaxc]*k + 4*axb*m + 2%axSqrt[b~2 - 4xaxc]*m))*ArcTan[(S
qrt [2]1*Sqrt [c]l*x) /Sqrt[b + Sqrt[b~2 - 4xa*xc]]])/(Sqrt[2]*c~(7/2)*Sqrt[b~2 -
4xaxc]*Sqrt[b + Sqrt[b~™2 - 4xaxc]]) + ((2xc”3*%e + c™2%(-(b*g) + Sqrt[b~2 -
4xaxc]*g — 2%axj) + b72*(-b + Sqrt[b~2 - 4*axc])*1l + cx(b~2%j - b*Sqrt[b~2
- 4xaxc]*j + 3*a*xbxl - axSqrt[b~2 - 4xaxc]*1))*Logl[-b + Sqrt[b~2 - 4xaxc]
- 2xcxx72] )/ (4*c”3*%Sqrt [b72 - 4xa*xc]) + ((-2xc”3*e + c™2x(bxg + Sqrt[b~2 -
4xaxc]*g + 2*xaxj) + b"2*(b + Sqrt[b”2 - 4xaxc])*1 - c*(b"2%j + bxSqrt[b~2 -
4xa*xc]*j + 3kaxb*l + axSqrt[b~2 - 4*axc]x*1))*Logl[b + Sqrt[b~2 - 4*axc] + 2
xc*xx72] )/ (4%c™3*Sqrt [b™2 - 4*axc])

Maple [B] time = 0.046, size = 3835, normalized size = 7.

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((m*kx~8+1*x~7+k*x~6+]*x 5+h*x~4+g*x~3+f*x"2+e*x+d) / (c*¥x"4+b*x"2+a) ,x)

[Out] 1/4*1*x"4/c+1/5*m*x~5/c+1/2/(dxaxc-b~2)*27(1/2)/(((-4*a*xc+b~2) " (1/2)-b)*c)”
(1/2)*arctanh(c*x*x2~(1/2) / (((-4*xa*xc+b~2)~(1/2)-b) *c) ~(1/2) ) *f*xb~2-1/2/ (4*ax
c-b"2)*%27(1/2) / ((b+(-4*a*xc+b”2) ~(1/2) )*c) ~(1/2) *arctan(c*x*2~(1/2) / ((b+(-4*
axc+b~2) " (1/2))*c) " (1/2) )*f*xb~2+1/cx (=4*a*xc+b~2) " (1/2) / (dxa*xc-b~2)*2"(1/2)/
((b+(-4xaxc+b™2) " (1/2))*c)~(1/2)*arctan(cxx*x2"(1/2)/ ((b+(-4*xaxc+b~2)~(1/2))
*c) " (1/2))*a”2*xm-1/2/c"2x (=4*a*xc+b~2) " (1/2) / (d*xaxc-b~2)*2~(1/2) / ((b+ (-4*ax*c
+b”"2) " (1/2))*c) " (1/2) *xarctan(c*xx*2~ (1/2) / ((b+(-4*xa*xc+b™2) ~(1/2) )*c) " (1/2))*
b~ 3*%k+1/2/c” 3% (—4*a*xc+b™2) " (1/2) / (d*xaxc-b~2)*2~(1/2) / ((b+(-4*a*xc+b~2) " (1/2)
Y*c) " (1/2)*arctan(cxx*2~(1/2) / ((b+(=4*axc+b™2) ~(1/2) ) *c) ~(1/2)) *b~4*m+1/c*(
—-4xaxc+b”2) " (1/2)/ (d*xaxc-b"2) %27 (1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) " (1/2) *arct
anh (cxx*27(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) " (1/2))*a~2*m-1/2/c”2*x (-4*a*xc+b~2
)~ (1/2)/ (dxaxc-b~2)*27(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) *arctanh (cxx*2~
(1/2) / (((=4*axc+b~2) " (1/2)-b)*c) ~(1/2) ) *b~3*k-3/c~2/ (d*axc-b~2)*2~(1/2) / ((b
+(=4xa*xc+b~2) " (1/2))*c) " (1/2)*arctan(c*x*2~(1/2) / ((b+(-4*a*xc+b~2) " (1/2) ) *c)
~(1/2))*b"3*m*a+5/2/c/ (dxaxc-b"2) *2~(1/2) / ((b+(-4*a*xc+b™2) ~(1/2) ) *c) ~(1/2) *
arctan(cxx*x2~(1/2)/ ((b+(-4*axc+b~2) " (1/2) ) *c) ~(1/2) ) *xaxk*xb~2+4/c/ (d*a*xc-b"2
Y*x27(1/2) / ((b+ (=4*a*xc+b™2) " (1/2) )*c) ~(1/2) *arctan (cxx*2~ (1/2) / ((b+(-4*a*xc+b
~2)7(1/2))*c) " (1/2) ) *a~2xbxm+3/c”2/ (d*axc-b"2)*27(1/2) / (((-4*a*xc+b~2) ~(1/2)
-b)*c) " (1/2) *arctanh (c*x*x2~(1/2) / (((-4d*xa*c+b~2) " (1/2)-b)*c) ~(1/2) ) *b~3*m*a-
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5/2/c/(dxaxc-b"2)*x27(1/2)/(((-4*xa*xc+b~2) " (1/2)-b)*c) ~(1/2)*arctanh (c*xx*x2~ (1
/2)/ (((—4*a*xc+b™2) " (1/2)-b)*c)~(1/2))*xaxk*b~2-4/c/(4xaxc-b~2)*27(1/2) / (((-4
xaxc+b™2) " (1/2)-b)*c) " (1/2) *arctanh (cxx*x2"(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c)~
(1/2))*a~2%b*m+1/2/c” 3% (—4d*xaxc+b~2) ~(1/2) / (d*a*xc-b~2)*27(1/2) / (((-4*a*c+b~2
)~ (1/2)-b)*c) " (1/2)*arctanh (c*xx*x2~(1/2)/ (((-4*xa*xc+b~2)~(1/2)-b)*c)~(1/2))*b
“4*xm+3/2/cx (—4*axc+b”2) " (1/2) / (dxa*xc-b"2) %27 (1/2) / (((-4*a*xc+b~2) ~(1/2)-b) *c
)~ (1/2)*arctanh (cxx*x27(1/2) / (((—4*a*xc+b™2) ~(1/2) -b) *c) ~(1/2) ) *a*bxk-2/c~2* (
-4xaxc+b”2) " (1/2)/ (d*xaxc-b~2)*2~(1/2) / ((b+(-4xa*xc+b~2) " (1/2))*c) ~(1/2) *arct
an(c*x*27(1/2) / ((b+(-4*axc+b~2) ~(1/2) ) *c) ~(1/2) ) *axb~2xm+3/2/c* (-4*a*c+b~2)
~(1/2)/ (dxaxc-b"2)*2"(1/2) / ((b+(-4*a*xc+b™2) "~ (1/2))*c) ~(1/2) *arctan (cxx*x2~ (1
/2)/ ((b+(=4*xa*xc+b™2)~(1/2))*c) " (1/2) ) *axb*k-2/c”2*x (-4*a*xc+b~2) " (1/2) / (dxax*c
-b"2)*x27(1/2) / (((-4*xa*xc+b~2) " (1/2)-b)*c) " (1/2)*arctanh (cxx*x2~(1/2) / (((-4x*ax
c+b”2) " (1/2)-b)*c) " (1/2)) *axb~2*xm+h*x/c+1/2*% (-4*a*xc+b~2) ~(1/2) / (d*xa*xc-b~2)/
c*x27(1/2) / ((b+(-4*xaxc+b™2) ~(1/2))*c) ~(1/2) *arctan(cxx*2"(1/2) / ((b+(-4*a*xc+b
~2)7(1/2))*c) " (1/2) ) *b~2xh+1/2* (—4*a*xc+b~2) " (1/2) / (d*xaxc-b"2) /c*x2~(1/2) / (((
-4xaxc+b”2) " (1/2)-b)*c) " (1/2)*xarctanh(c*x*2~(1/2) / (((-4*xaxc+b~2)~(1/2)-b) *c
)7~ (1/2)) *b~2%h-2xc/ (4d*axc-b~2)*27(1/2) / (((-4*axc+b”2) " (1/2)-b)*c) ~(1/2) *arc
tanh (c*xx*27(1/2) / (((=4*a*xc+b~2) ~(1/2)-b) *c) ~(1/2) ) *f*a-1/2*% (-4*a*xc+b~2) " (1/
2)/ (4dxaxc-b"2)*27(1/2) / (((-4*a*xc+b™2) "~ (1/2)-b) *c) " (1/2) *arctanh (c*xx*2~(1/2)
/ (((=4*a*c+b™2) " (1/2)-b)*c) ~(1/2) ) ¥b*f+c* (—4d*axc+b™2) " (1/2) / (d*xaxc-b"2) *27(
1/2) / (((=4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) *arctanh(c*xx*2~(1/2) / (((-4*a*xc+b~2) " (1
/2)-b)*c) " (1/2) ) *d+2*xc/ (dxaxc-b"2) %27 (1/2) / ((b+(-4d*xaxc+b~2)~(1/2))*c) ~(1/2)
*arctan(c*x*27 (1/2) / ((b+(-4xa*xc+b~2) ~(1/2) ) *c) ~(1/2) ) xf*a-1/2* (-4*a*xc+b~2) "
(1/2)/ (4xaxc-b~2) %2~ (1/2) / ((b+(—4*xa*xc+b”2) " (1/2) ) *c) ~(1/2) *arctan(c*x*2~ (1/
2)/ ((b+(=4*axc+b™2) " (1/2) )*c)~(1/2) ) ¥b*xf+cx (—4d*xaxc+b~2) ~(1/2) / (d*a*xc-b"2) *2
~(1/2)/ ((b+(-4*axc+b™2) " (1/2))*c) "~ (1/2)*arctan(cxx*x2~(1/2) / ((b+(-4*a*xc+b~2)
~(1/2))*c)~(1/2) ) *d+1/3/c*x"3%k+1/2/c*xx"2%j+1/2/cx (-4*a*xc+b™2) ~(1/2) / (4*ax*c
—b72) *1n(-2%c*xx~2+(—4*axc+b™2) " (1/2) -b) *a*xj+1/4/c~3*% (—4*xaxc+b™2) " (1/2) / (4*a
*Cc=b72) *1In(-2*c*x™ 2+ (—4*axc+b~2) ~(1/2)-b) *b"3*1-1/4/c"2x (—4*a*xc+b~2) ~(1/2)/
(4*axc-b~2) *1n(-2*kc*xx~2+(~4*axc+b™2) “(1/2) -b) *b~2xj-1/2/c* (-4*a*xc+b~2) " (1/2
)/ (4xa*xc-b"2) *1n (2*c*x”~2+(-4*a*xc+b™2) " (1/2)+b)*axj-1/4/c~3x(-4*a*xc+b~2)~ (1/
2)/ (4dxa*xc-b~2) *1n(2*c*x~ 2+ (—4d*axc+b™2) ~(1/2) +b) *b~3*1+1/4/c" 2% (-4d*a*c+b~2) "~
(1/2) / (dxa*xc-b"2) ¥1n(2*c*x™ 2+ (-4*a*xc+b™2) ~(1/2) +b) ¥*b~2%j+5/4/c~2/ (4*a*c-b"2
)*1n (2%c*x ™2+ (—4*axc+b™2) " (1/2)+b) *b~2*1*a+5/4/c”2/ (d*axc-b~2) *1n (-2*c*x ™2+
(=4*a*xc+b~2) " (1/2)-b) *b~2*x1*a-1/c/ (d*a*xc-b~2) *1n (-2*c*x~ 2+ (-4*axc+b~2) ~(1/2
)=b) *bxj*a-1/c/ (d*axc-b"2) *1n (2*c*x "2+ (-4*a*xc+b”2) " (1/2)+b) xb*xj*a+2/ (4d*axc-
b~2)*27(1/2)/ (((-4*xa*c+b~2) " (1/2)-b)*c) ~(1/2) *arctanh (c*xx*2~(1/2) / (((-4*a*xc
+b72) " (1/2)-b)*c) " (1/2)) *a~2xk-2/ (4d*a*xc-b"2) *27 (1/2) / ((b+(-4*axc+b~2) ~(1/2)
Yxc)~(1/2)*arctan(cxx*27 (1/2) / ((b+(=4*a*xc+b~2) ~(1/2) ) *c) ~(1/2) ) xa~2xk+1/4x*(
—4xaxc+b”2) 7 (1/2)/ (dxa*xc-b~2) /ckx1ln(-2%c*xx™2+(~4*a*xc+b™2) ~(1/2) -b) *b*xg-1/4%(
—4xaxc+b”2) " (1/2)/ (dxa*xc-b~2) /cx1ln(2*c*x~2+(-4*a*xc+b™2) ~(1/2) +b) *bxg+1/ (4*a
*xC=b72) *1n (-2xc*x~2+(-4xa*xc+b~2) " (1/2) -b) *gxa+1/ (d*a*xc-b~2) *1n (2*cxx "2+ (-4
axctb™2) 7 (1/2)+b) *xgxa-1/2% (-4*a*xc+b™2) " (1/2)/ (d*a*xc-b~2) *e*1n(-2%kcxx~2+ (-4
a*xc+b”2) " (1/2)-b)+1/2x (-4xaxc+b~2) ~(1/2) / (4d*axc-b~2) xex1n (2*c*x "2+ (-4*a*c+b
“2)7(1/2)+b) -2/ (dxaxc-b"2)*27(1/2) / ((b+(-4*axc+b~2) ~(1/2) ) *c) " (1/2) *arctan(
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cxx*27(1/2) / ((b+(-4*a*xc+b~2) ~(1/2))*c) ~(1/2) ) *bxh*a+2/ (d*xaxc-b~2) *2~(1/2) /(
((=4*a*xc+b~2) " (1/2)-b)*c) " (1/2) *arctanh (c*x*2~(1/2) / (((-4*a*xc+b~2) " (1/2)-b)
*c)~(1/2))*bxh*a-1/2/c/ (d*xa*xc-b"2) %27 (1/2) / (((-d*a*xc+b~2) ~(1/2)-b) *c) ~(1/2)
xarctanh (cxx*27(1/2) / (((=4*a*xc+b~2) " (1/2)-b)*c) " (1/2)) *b"3xh-3/4/c" 2% (—4*ax
c+b"2) " (1/2) / (d*a*xc-b~2) *1n (-2*xc*xx~2+ (—4*a*xc+b~2) " (1/2) -b) *a*xb*x1+3/4/c~2* (-
dxaxc+b”™2) " (1/2)/ (d*axc-b~2) *1n(2*xcxx "2+ (-4*a*xc+b~2) ~(1/2)+b) *axb*1-1/2/c~2
/ (dxaxc-b~2)*27(1/2) / ((b+(-4*xa*xc+b™2)~(1/2))*c) " (1/2) *arctan(cxx*2~(1/2)/ ((
b+ (=4*xaxc+b~2) " (1/2))*c) ~(1/2) ) *b~4xk+1/2/c~2/ (d*a*xc-b~2) %27 (1/2) / (((-4*ax*c
+b"2) " (1/2)-b)*c) ~(1/2)*arctanh (cxx*x2~(1/2) / (((-4*xa*xc+b~2) " (1/2)-b)*c)~(1/2
))*b~4xk+1/2/c”3/ (d*xaxc-b"2)*27(1/2) / ((b+(-4*a*xc+b™2) " (1/2) )*c)~(1/2) *arcta
n(c*xx*27(1/2) / ((b+(=4*xa*xc+b™2)~(1/2))*c)~(1/2) ) *b~5*m+1/2/c/ (d*a*xc-b~2) *2~ (
1/2) / ((b+(-4*xa*xc+b™2) " (1/2))*c)~(1/2) *arctan(cxx*2~(1/2) / ((b+(-4*axc+b~2) ~(
1/2))*c)~(1/2))*b~3%h-1/2/c"3/ (d*axc-b"2)*2~(1/2) / (((-4*a*c+b~2) " (1/2)-b) *c
)~ (1/2)*arctanh(cxx*x2~(1/2) / (((-4*xa*xc+b~2) " (1/2)-b) *c) ~(1/2) ) *b~5*xm— (—4*axc
+b7"2) " (1/2) / (dxaxc-b"2)*2"(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) " (1/2)*arctanh (cx*
x*27(1/2) / (((-4*a*xc+b~2) " (1/2)-b) *c) ~(1/2) ) *axh- (-4*a*xc+b™2) ~(1/2) / (d*xa*xc-b
~2)%x27(1/2) / ((b+(—4*a*xc+b~2) " (1/2))*c) " (1/2) *arctan(cxx*2~(1/2) / ((b+(-4*axc
+b72) " (1/2))*c) " (1/2) ) *a*xh-1/3/c”2*x"3*xb*m-1/2/c”2%x"2%b*1-1/c” 2*a*m*x+1/c”
kb7 2*xmkx—1/c”2xbxk*xx+1/4/c”2/ (4*a*c-b~2) *1n (-2*c*xx~ 2+ (-4*a*c+b~2) " (1/2) -b)
*b~3%j+1/4/c”2/ (dxaxc-b~2) *1n (2*cxx~2+(-4*axc+b™2) " (1/2)+b) *b~3*j-1/4/c~3/(
dxaxc—b"2) *1n (2%c*x" 2+ (-4*a*xc+b”2) " (1/2)+b) *b~4x1-1/4/c~3/ (d*a*c-b~2) *1n (-2
*Ckx "2+ (—4d*xaxc+b”2) " (1/2)-b) *b~4x1-1/c/ (d*axc-b~2) *1n (-2*c*x" 2+ (-4*a*xc+b~2)
~(1/2)-b)*a~2x1-1/c/ (d*axc-b~2) *1n(2*xcxx~2+(-4*a*xc+b~2) ~(1/2)+b)*a~2x1-1/4/
(4*axc-b~2) /cx1n(2*c*xx~2+(-4*axc+b™2) " (1/2) +b) xg*xb~2-1/4/ (4*xa*c-b~2) /c*1n(-
2kcxx "2+ (—4*axc+b”2) " (1/2) -b) *g*b~2

Maxima [F] time = 0., size = 0, normalized size = 0.

12c?mx® +15c2x* + 20 (czk - bcm)x3 +30 (c2j - bcl)x2 + 60 (czh — bck + (b2 - ac)m)x - d-acvabokr (s b {1

60 c3 -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((m*x~8+1%x~7+k*x”~6+]j*x~5+h*x~4+gxx~3+f*x"2+e*x+d) / (c*xx~4+b*x"2+a)
,X, algorithm="maxima"

[Out] 1/60%(12%c™2*m*xx"5 + 15%c™2%1*x~4 + 20%(c™2%k - bkxcxm)*x~3 + 30%(c™2xj - bx
c*1)*x"2 + 60*%(c”2%h - b*cxk + (b72 - axc)*m)*x)/c”3 - integrate(-(c”3*d -
axc”2*h + axbxcxk + (c73*%g - bxc”2xj + (b"2xc - axc”2)*1L)*x"3 + (c73*f - bx

c”2¥h + (b™2*%c - a*c”2)*k - (b73 - 2xaxb*xc)*m)*x~2 - (a*xb”2 - a™2xc)*m + (c

T3%e - akxcT2xj + axbkcxl)*x)/(c*x"4 + b*xx"2 + a), x)/c”3
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Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((m*x~8+1*x~7+k*x~6+j*x~b+h*x"4+g*x~3+f*x~2+e*x+d) / (c*xx~4+b*x~2+a)
,X, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((m*x**8+Llxx**7+k*x**6+j*xx*kb+h*x**k4+gkxk*3+f*x**2+e*xx+d) / (ckx*k*4+
bxx**2+a) ,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((m*x~8+1*x~7+k*x~6+j*x " 5+h*x~4+g*x~3+f*x~2+e*x+d) / (c*xx"4+b*x"2+a)
,X, algorithm="giac")

[Out] Exception raised: NotImplementedError
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326  [—I% iy

(4—5x2+x4)
Optimal. Leaf size=94

dx (17 - 5x2) 19 xy 1
+ —dtanh™ (—) — —dtanh}(x) +
72 (x4 - 5x2 +4) 432 54 )

e (5 — 2x2) 1 .
18 (x4 —5x2 + 4) + 2—7e10g (1 - xz) - ﬁel‘)g (4 _ xz)

[Out] (d*x*x(17 - 5xx72))/(72x(4 - 5*x"2 + x74)) + (ex(5 - 2%x72))/(18%(4 - 5*x"2
+ x74)) + (19%dxArcTanh[x/2])/432 - (d*ArcTanh([x])/54 + (exLogl[l - x~2])/27
- (exLogl4 - x72])/27

Rubi [A] time = 0.0518091, antiderivative size = 94, normalized size of antiderivative

1., number of steps used = 12, number of rules used = 9, integrand size = 18, number of rules _

0.5, Rules used = {1673, 12, 1092, 1166, 207, 1107, 614, 616, 31}

integrand size

1 9 e (5 - 2x2) 1 1
— 5—4d tanh ~(x) + n (x4 Ty 4) + 2—7€log (1 - xZ) - Eelog (4 - x2)

dx (17 - 522) 19 (X
v (3)
72 (x4 - 5x2 + 4) 432 2

Antiderivative was successfully verified.

[In] Int[(d + e*xx)/(4 - 5%x~2 + x74)"2,x]

[Out] (d*x*x(17 - 5xx72))/(72%x(4 - 5*x"2 + x74)) + (ex(5 - 2%x72))/(18%(4 - 5*x"2
+ x74)) + (19xd*ArcTanh([x/2])/432 - (d*ArcTanh[x])/54 + (exLogl[l - x72])/27
- (exLogl[4 - x72])/27

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2xk]*x~(2xk), {k, 0, q/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]*(a + b*x"2 + c*x"4)"p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&& 'PolyQ[Pq, x72]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]
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Rule 1092

Int[((a_) + (b_.)*(x_ )72 + (c_.)*(x_)"4)"(p_), x_Symbol] :> -Simp[(x*(b"2 -
2xaxc + b*xcxx"2)*(a + b*x"2 + c*xx"4) " (p + 1))/ (2*%ax(p + 1)*(b"2 - 4xaxc)),
x] + Dist[1/(2xa*x(p + 1)*x(b~2 - 4xa*xc)), Int[(b~2 - 2xa*xc + 2x(p + 1)*(b"2
- 4xaxc) + bkck(4xp + 7)*x"2)*(a + b*xx"2 + c*¥x”4)"(p + 1), x], x] /; FreeQ
[{a, b, c}, x] && NeQ[b~2 - 4*a*xc, 0] && LtQ[p, -1] && IntegerQ[2xp]

Rule 1166

Int[((d) + (e_)*(x )"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4*axc, 2]}, Dist[e/2 + (2xc*d - bx*e)/(2%q), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2*%cxd - bxe)/(2xq), Int[1/(b/2 + q/2
+ cxx72), x], x]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && Ne

Qlcxd™2 - a*xe™2, 0] && PosQ[b~2 - 4xaxc]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt([b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 0] |l GtQ[b, 01)

Rule 1107

Int[(x_)*((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4)~(p_.), x_Symbol] :> Dist[1/2,
Subst[Int[(a + b*x + c*x~2)7p, x], x, x72], x] /; FreeQ[{a, b, ¢, p}, x]

Rule 614

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2xc*x
)¥(a + b*xx + c*x”2)7(p + 1))/ ((p + 1)*(b”™2 - 4*axc)), x] - Dist[(2*xcx(2xp +
3))/((p + 1)*(b™2 - 4xaxc)), Int[(a + b*x + cxx"2)"(p + 1), x], x] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xa*c, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
eger(Q [4*p]

Rule 616

Int[((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Dist[c/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distl[c/q,
Int[1/Simp[b/2 + q/2 + cxx, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[b~2 - 4xaxc] &% PerfectSquareQ[b~2 - 4*axc]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
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x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps

[ S R S S
(4—5x2+x4)2 (4—5x2+x4)2 (4—5x2+x4)2
—df dx + f;d
4 5x2+x4 e (4—5x2+x4)2 i

~ dx(17—5x) 1 1 452 ) 2
—72(4—5x2+x4)_ﬁ mdx+568ubst(fmdx,x,x]

dx (17 - 5x2) e (5 - 2x2) 1 ]
= + + —_
ol

1 1 1
d -—1df dx - ~eSul
X~ 2619 | e~ gesu

72(4-5x2 +x4)  18(4—5x2 + x4) ~1+22
dx (17 - 522) e(5-2x2) 19 (X B
= + + ——dtanh (—) - —d tanh ~(x) — —e Subst (f—
72(4-522+x%) 18(4-5x2+x%) 432 2) 54 -
_ 52 942
= i (17 > ) + ’ <5 - ) + 1—9dtanh_1 (J—ZC) - 51—401 tanh ™' (x) + 2l7elog (1 - xz) -

72(4-5x2 +x4) 18 (4 —5x2 + x4) 432

Mathematica [A] time = 0.0548821, size = 90, normalized size = 0.96

1 (12(dx (17 - 5x2) + € (20 - 8x2))
864 x4 —5x2+4

+ 8(d + 4e) log(1 — x) — (19d + 32¢) log(2 — x) — 8(d — 4e) log(x + 1) + (194 — 32

Antiderivative was successfully verified.

[In] Integratel[(d + exx)/(4 - 5*x"2 + x74)72,x]

[Out] ((12%(ex(20 - 8%x~2) + d*xx*x(17 - 5%xx"2)))/(4 - b*x"2 + x74) + 8*%x(d + 4x*e)x*L
ogll - x] - (19%d + 32xe)*Log[2 - x] - 8%(d - 4*xe)*Logl[l + x] + (19%d - 32%
e)*Log[2 + x])/864

Maple [A] time = 0.017, size = 122, normalized size = 1.3

d N e +19ln(2+x)d In2+x)e ln(1+x)d+ln(1+x)e d N e 19 Ir
288 +144x 144+ 72«x 864 27 108 27 36 +36x 36+36x
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)/(x"4-5%xx"2+4)"2,x)

[Out] -1/144/(2+x)*d+1/72/(2+x)*e+19/864*1n (2+x) *d-1/27*1n(2+x) *e-1/108*1n(1+x)*d
+1/27%1n(1+x)*e-1/36/ (1+x) *d+1/36/ (1+x) *e-19/864*1n(x-2) *d-1/27*1n(x-2) *xe-1

/144 / (x-2)*d-1/72/ (x-2) *xe-1/36/ (x-1)*d-1/36/(x-1) *e+1/108*1n(x-1) *d+1/27*1n

(x-1) *e

Maxima [A] time = 0.93689, size = 112, normalized size = 1.19

5 dx3

1 1 1 1
— (19d-32¢)log(x +2)— — (d—4e)log(x +1) + ﬁ(d+4e)log(x—l)—m(l9d+32e)log(x—2)——’

864 108

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(x"4-5*x"2+4)"2,x, algorithm="maxima")

[Out] 1/864*(19*%d - 32*e)*log(x + 2) - 1/108*(d - 4*e)*log(x + 1) + 1/108x(d + 4x
e)xlog(x - 1) - 1/864*(19%d + 32xe)*log(x - 2) - 1/72%(5xd*x"3 + 8xe*xx"2 -
17*d*x - 20%e)/(x74 - 5*x72 + 4)

Fricas [B] time = 2.49327, size = 446, normalized size = 4.74

60 dx> + 96 ex2 - 204 dx — ((19d - 32e)x* = 5(19d - 32)x2 + 76d — 128¢) log (x +2) + 8 ((d - 4e)x* = 5(d - 4)x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(x"4-5*x"2+4)"2,x, algorithm="fricas")

[Out] -1/864*(60*d*x~3 + 96%e*x”2 - 204*d*x - ((19%d - 32%e)*x"4 - 5x(19%d - 32xe
)*¥x72 + 76%d - 128%e)*log(x + 2) + 8x((d - 4*xe)*x™4 - bkx(d - 4*e)*x"2 + 4xd

- 16*e)*log(x + 1) - 8x((d + 4*e)*x™4 - bx(d + 4*e)*x"2 + 4xd + 16%e)*log(

x — 1) + ((19%d + 32%e)*x"4 - 5x(19%d + 32%e)*x"2 + 76%d + 128%e)*log(x - 2

) - 240%e)/(x"4 - 5*x72 + 4)
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Sympy [B] time = 2.65074, size = 604, normalized size = 6.43

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(x**4-5xx**2+4)**2 x)

[Out] -(d - 4xe)*log(x + (-6006260*d**4*e + 2341251*d**4*(d - 4*e) - 18247680*d*x*
2%e*x*3 + 24099840*xd**2xexx2x (d - 4*e) + 7387904*xd**2xex(d - 4*e)**x2 - 66528
O*xd**2*x(d — 4*xe)**x3 + 587202560*e**5 — 12582912*exx4x(d - 4*e) - 36700160*e
*%3%(d - 4*e)**2 + 786432xex*x2x(d - 4*e)**3)/(1675971xd**5 — 66150400*d**3*
ex*2 + 318767104*d*e*x*4))/108 + (d + 4*e)*log(x + (-6006260xd**4*e - 234125
1xd**x4*x(d + 4*xe) - 18247680*d**2*xex*x3 — 24099840*d**2xe*x*2*x(d + 4*xe) + 7387
904*d**2%e*x (d + 4*xe)**x2 + 665280*d**2*(d + 4*e)**3 + 587202560*e**5 + 12582
912%e*x*4* (d + 4*xe) - 36700160%e*x*3*(d + 4*e)**2 — 786432xe*x*2%(d + 4*e)**3)
/(1675971xd*x*x5 — 66150400*d**3*xex*x2 + 318767104*d*exx4)) /108 + (19%d - 32xe
)*¥log(x + (-6006260*d**4xe — 2341251xd**4x(19*d - 32%e)/8 - 18247680*d**2xe
**%3 — 3012480*d**2xe**2*% (19*%d — 32%e) + 115436*d**2xe*(19*%d - 32*xe)**2 + 10
395xd**2*% (19%d - 32xe)*%*3/8 + 587202560*e*x*5 + 1572864*e**4*(19*d - 32*e) -
573440*%e*x*3*% (19%d — 32xe)**2 — 1536*e**2*x(19*%d — 32*e)**3)/(1675971*d**5 -
66150400*%d**3*e**2 + 318767104xd*e*x*4)) /864 - (19%d + 32xe)*log(x + (-6006
260xd*x*4*xe + 2341251*d*x*x4x (19%d + 32%e)/8 - 18247680*d**2xe*x*3 + 3012480*d*
*2ke*x*x2% (19%d + 32*%e) + 115436%d**2*e*(19*%d + 32*e)**2 — 10395%d**2* (19%d +
32%e) **3/8 + 587202560xex*5 - 1572864*e*x*4*(19*d + 32xe) - 573440%e**3*(19
*d + 32%e)**2 + 1536*%ex*x2x(19xd + 32%e)**3)/(1675971*xd**5 — 66150400*d**3*e
*%2 + 318767104*xd*e*x*4)) /864 — (5+d*x**3 - 17*d*x + 8*xexx*x*x2 — 20%e)/(72*x*
*4 - 360*x**2 + 288)

Giac [A] time = 1.10026, size = 126, normalized size = 1.34

1 1 1 1 54
_ _ (- _ 1) — — —7)) - =
Y (19d - 32e) log (|x + 2|) 103 (d-4e)log(x+1]) + 108 d+4e)log(x-1)) s6d (19d + 32¢) log (|x — 2|)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(x"4-5*x"2+4)"2,x, algorithm="giac")

[Out] 1/864*(19*%d - 32*e)*log(abs(x + 2)) - 1/108+(d - 4xe)*log(abs(x + 1)) + 1/1
08%(d + 4xe)*log(abs(x - 1)) - 1/864*(19%d + 32xe)*log(abs(x - 2)) - 1/72x(
Bkd*x~3 + 8%x"2%e - 17*d*x - 20%e)/(x74 - 5*x"2 + 4)
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d+ex+fx?

3.27

5 dx
(4—5x2+x4)

Optimal. Leaf size=115

x (x2(~(5d + 8f)) +17d +20f) 1

e (5 - 2x2) 1
72 (x4 - 522 + 4) T3

18 (x4 - 5x2 + 4) +o7tloe

(194 + 52f) tanh ™ (;) - 51—4(11 +7f) tanh ™ (x) +

[Out] (ex(5 - 2*x72))/(18%(4 - 5*x™2 + x74)) + (x*x(17x*d + 20*xf - (5xd + 8*f)*x"2)
Y/ (72%x(4 - B5xx™2 + x74)) + ((19%d + 52xf)*ArcTanh[x/2])/432 - ((d + 7*f)*Ar
cTanh[x])/54 + (exLogl[l - x721)/27 - (exLogl[4 - x72])/27

Rubi [A] time = 0.140115, antiderivative size = 115, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 9, integrand size = 23, Rumber of rules _

0.391, Rules used = {1673, 1178, 1166, 207, 12, 1107, 614, 616, 31}

integrand size

x (x2(~(5d + 8f)) +17d + 20 )
72 (x4 - 52 + 4)

e (5 - 2x2) 1
+ —elog
18 (x4 522 +4) 27

1 1(X 1 1
+ 435(194 + 52f) tanh (E) =@+ 7 tanh (@) +

Antiderivative was successfully verified.

[In] Int[(d + exx + f*x72)/(4 - 5*%x"2 + x74)"2,x]

[Out] (ex(5 - 2*x72))/(18%(4 - 5%x"2 + x74)) + (xx(17*d + 20%f - (5kd + 8*f)*x"2)
)/ (72%(4 - 5%x72 + x74)) + ((19%d + 52*f)*ArcTanh[x/2])/432 - ((d + 7xf)*Ar
cTanh([x])/54 + (exLogl[l - x72])/27 - (exLogld - x721)/27

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, gq/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]*(a + b*x"2 + c*x"4)"p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&& 'PolyQ[Pq, x72]

Rule 1178

Int[((d_) + (e_)*(x_)"2)*x((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symb
0ol] :> Simp[(x*(axb*xe - d*(b~"2 - 2%axc) - cx(bxd - 2%a*xe)*x"2)*(a + b*xx"2 +
cxx"4) " (p + 1))/ (2xax(p + 1)*x(b"2 - 4*axc)), x] + Dist[1/(2xax(p + 1)*(b"2
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- 4xaxc)), Int[Simp[(2*p + 3)*d*b~2 - axbxe - 2xaxckdx(4*p + 5) + (4xp + 7
)x(d*b - 2*axe)*c*x"2, x]*(a + b*x"2 + c*x”4)"(p + 1), x], x] /; FreeQ[{a,
b, ¢, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe + axe”2, 0] &&
LtQ[p, -1] && IntegerQ[2+p]

Rule 1166

Int[((d) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- g/2 + c*x72), x], x] + Dist[e/2 - (2*cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ c*xx”2), xJ, x]1] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlc*xd™2 - a*e”2, 0] && PosQ[b~2 - 4xaxc]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (LtQ[a
, 01 Il GtQ[b, 01)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 1107

Int[(x_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Dist[1/2,
Subst[Int[(a + b*x + c*x~2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, p}, x]

Rule 614

Int[((a_.) + (b_D)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2xc*x
Y¥(a + b*xx + cxx”2)"(p + 1))/ ((p + 1)*(b"2 - 4xaxc)), x] - Dist[(2xcx(2xp +
3))/((p + 1)*(b™2 - 4xaxc)), Int[(a + b*x + c*xx"2)"(p + 1), x], x] /; Free
Q{a, b, c}, x] && NeQ[b~2 - 4*axc, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
egerQ [4*p]

Rule 616

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Distlc/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distlc/q,
Int[1/Simp[b/2 + q/2 + c*x, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4x*axc, 0] && PosQ[b~2 - 4*axc] && PerfectSquareQ[b~2 - 4x*axc]
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Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps

f(d+ex+fx22dx:f( ex )de+f( d+ fx? dx

4—5x2+x4) 4 —5x2 + x4 4—5x2+x4)

dx

x(17d +20f - (5d + 8f)x2) 1 [ —d+20f + (5d + 8)22 X
- = dx + ef—
72(4-5x2 + 24) 72 4-5x2 +x (4-502+ x4)2
_ x(174+20f - (5d +8f)%) 1 1 | 1 1
SR +§eSubst[f—(4_5x+x2)2 dx, x, x ]—5—4(—d—7f)fI
e(5-2x2) x(17d +20f - (5d + 8f)x?) 1
= + +—
18 (4 - 522 + x4) 72 (4 - 522 + x4) 432
e(5-222) x(17d +20f — (5d + 8f)x2) 1
= + + —
18 (4 - 522 + x4) 72 (4 - 522 + x4) 432
_e(5-22) x (17d + 20f — (5d + 8f)x?)
_18(4—5x2+x4)+ 72 (4 - 52 + x4)

(19 + 52f) tanh ™ (’zf) - 51—4@1 L 7f)

(19d + 52f) tanh ™ (;f) - 51—4(d +7f)

1 1(X 1
+ 235194+ 52) tanh (5) -5 @+7f

Mathematica [A] time = 0.0808132, size = 112, normalized size = 0.97

1 (12(-5dx> +17dx + e (20 - 8x2) - 8 x> + 20fx)
864 x* —5x2 +4

+ 8log(l — x)(d +4e + 7f) —log(2 — x)(19d + 32e + 52f) — 81

Antiderivative was successfully verified.

[In] Integrate[(d + exx + fxx72)/(4 - B*x"2 + x74)72,x]

[Out] ((12%(17*xd*x + 20%f*x - Bkd*x~3 - 8*f*xx~3 + e*x(20 - 8%x72)))/(4 - 5*x"2 + x
~4) + 8x(d + 4xe + Txf)*Logl[l - x] - (19%d + 32*%e + 52xf)*Log[2 - x] - 8*(d
- 4xe + T*xf)*Logl[l + x] + (19%d - 32xe + 52xf)*Log[2 + x])/864
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Maple [A] time = 0.018, size = 182, normalized size = 1.6

d N e f +19ln(2+x)d 1n(2+x)e+13ln(2+x)f ln(1+x)d+ln(1+x)e
288 +144x 144+72x 72+ 36«x 864 27 216 108 27

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x"2+exx+d)/(x"4-5%xx"2+4)"2,%)

[Out] -1/144/(2+x)*d+1/72/(2+x)*e-1/36/(2+x) *f+19/864*1n (2+x) *d-1/27*1n (2+x) *e+13
/216%1n(2+x)*f-1/108*1n(1+x) *d+1/27*1n (1+x) *e-7/108*1n(1+x) *f-1/36/ (1+x) *d+
1/36/(1+x)*e-1/36/(1+x) *f-19/864*1n (x-2) *d-1/27*1n(x-2) *e-13/216*1n (x-2) *f-
1/144/ (x-2)*d-1/72/ (x-2)*e-1/36/ (x-2) *f-1/36/(x-1)*d-1/36/ (x-1) *e-1/36/ (x-1
)*xf+1/108*1n(x-1) *d+1/27*1n(x-1) *e+7/108*1n (x-1) *f

Maxima [A] time = 0.942326, size = 143, normalized size = 1.24

1 1 1 1
@(19d—323+52f)10g(x+2)—ﬁ(d—4e+7f)log(x+1)+ﬁ(d+4e+7f)log(x—1)—@(19d+326-|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x~2+exx+d)/(x"4-5%xx"2+4)72,x, algorithm="maxima"

[Out] 1/864*(19%d - 32%e + B2*f)*log(x + 2) - 1/108*%(d - 4*e + 7*xf)xlog(x + 1) +
1/108x(d + 4xe + 7xf)xlog(x - 1) - 1/864*(19+d + 32xe + 52xf)xlog(x - 2) -
1/72%((6xd + 8*f)*x73 + 8xe*xx”"2 - (17*d + 20%f)*x - 20%e)/(x74 - 5*x"2 + 4)

Fricas [B] time = 3.0018, size = 585, normalized size = 5.09

12(5d + 8 f)x® +96ex? =12 (17d +20 f)x - (194 - 32 + 52 f)x* - 5(19d - 32¢ + 52 f )2 + 76 d — 128 ¢ + 208 f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x~2+exx+d)/(x"4-5*x"2+4)"2,x, algorithm="fricas")

[Out] -1/864*%(12x(5xd + 8*f)*x~3 + 96*e*xx™2 — 12x(17xd + 20*f)*x - ((19%d - 32*e
+ B2xf)*xx"4 - Bk (19%d - 32%e + B2xf)*x72 + 76*d - 128xe + 208*f)*log(x + 2)
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+ 8% ((d - 4*e + 7T*f)*x"4 - Bx(d - 4%e + 7*f)*x"2 + 4*xd - 16%e + 28xf)*log(
x + 1) - 8%x((d + 4xe + T*f)*x"4 - Bx(d + 4*e + T*xf)*x"2 + 4*d + 16%e + 28xf
)*¥log(x - 1) + ((19%d + 32%e + 52xf)*x"4 - b5*(19%d + 32xe + 52xf)*x"2 + 76%
d + 128xe + 208*f)*log(x - 2) - 240%e)/(x"4 - 5*x"2 + 4)

Sympy [B] time = 38.346, size = 2689, normalized size = 23.38

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((fxx**2+e*xx+d)/ (Xx**4-5xx**2+4) %2, %)

[Out] -(d - 4xe + 7*f)*log(x + (-6006260*d**5*e + 2341251*xd**5x(d - 4xe + 7*f) -
246016240xd*x*x4*xexf + 31626180xd*x*x4*xfx(d - 4*xe + 7*xf) - 18247680*d**3kxex*x3 +
24099840*d*x*x3xex*2% (d — 4%e + 7xf) - 2758371200*d**3*e*xf**x2 + 7387904*d**3
xex(d - 4*e + T*L)**2 + 1711229764d**3xf**2*%(d - 4*e + 7*xf) - 665280*d**3*(
d - 4*xe + T*xf)**x3 + 298598400*d**2*xe*x*3*f + 369487872xd**2*xe*x*x2+xf*(d - 4*e
+ 7*xf) - 13192256000*d**2*xe*xf**x3 + 90885120*d**2xexf*x(d — 4*e + T*f)**2 + 4
41486720xd*x*x2xf**x3% (d - 4*e + 7*f) — 5536512xd**x2*xf+(d - 4*e + 7*f)**3 + 58
7202560*%d*ex*x5 — 12582912*d*ex*x4*x(d - 4*e + 7xf) + 1353646080*d*e*x*x3xfx*x2 -
36700160*dxex*3x(d — 4xe + T+f)**2 + 1448755200*d*ex*x2xf**2x(d - 4*e + T7*f
) + T786432+d*e*x*2*(d - 4*e + 7*xf)*x3 - 28282393600*d*e*xf**x4d + 362729472xd*e
*f+x2%(d - 4*e + T*xf)**x2 + 399575808*d*f**4*(d - 4*e + 7*xf) — 10368000*d*f*
*2%(d - 4*e + T*f)**3 + 2751463424*e*x*x5+xf + 251658240*exx4xfx(d — 4*e + T7x*f
) — 530841600*%e*x*3*xf*x3 — 171966464*xe*x*3*xf*(d — 4*e + Txf)**x2 + 1935212544%
ex*x2*xf**x3*%(d - 4*xe + 7xf) - 15728640*e*x*2*xf*x(d — 4*xe + 7xf)*x3 - 2188688998
dxexfxx5 + 483737600%e*xf**3*%(d — 4*xe + 7Txf)*%x2 — 212474880*f**5x(d — 4xe +
T*f) + 4534272xf*x3x(d - 4%e + T*f)**3)/(1675971xd**6 + 28507545*d**5xf — 6
6150400*d*x*4*xe*x*x2 + 168075324*xd*x*x4xf*x2 — 1091117056*d*x*3xe*xx2*xf + 38409552
O*xdx*3xf**x3 + 318767104*xd*x*2xe**x4 — 6528860160+ d*x*2xe*xx2*xf*x*2 + 162082944 *d
*x2xf*xx4 + 3103784960xd*ex*x4xf — 17414619136*d*e*x*x2xf**x3 - 305130240*d*f**5
+ 6106906624*exx4xf*x*x2 — 17414225920%exx2xf*x*x4 + 67931136*%f*%6))/108 + (d
+ 4xe + T*f)*log(x + (-6006260*d**5*xe — 2341251xd*x5*(d + 4xe + 7*f) - 2460
16240xd*xx4*xexf — 31626180xd*x*x4*xfx(d + 4*xe + 7*xf) — 18247680*d**3xex*x3 — 240
99840xd**3xex*2*x (d + 4*xe + 7*f) - 2758371200xd**3kxexf**x2 + 7387904*d*x*3*ex* (
d + 4xe + Txf)**x2 — 171122976*xd**3*xf**x2x(d + 4*e + 7xf) + 665280*d**3*x(d +
dxe + Txf)*xx3 + 298598400*d**2*xex*3xf — 369487872+xd**2*ke*x*2*xf*x(d + 4*xe + T*
f) - 13192256000*d*x*2*xe*xf**3 + 90885120*d**2xexfx(d + 4*e + T7T*f)**2 - 44148
B6720%d**2*xf**3%(d + 4*e + 7xf) + 5536512*xdA**2*xf*x(d + 4*xe + T+f)**3 + 587202
560xd*xe*x*5 + 12582912*d*xex*4*x(d + 4*xe + 7*f) + 1353646080*d*e*x*x3xf**x2 — 367
00160*d*exx3*(d + 4*e + T+f)**x2 — 1448755200*d*ex*x2*xf**2x(d + 4xe + 7*xf) -
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786432*xdxex*2x (d + 4xe + T+f)**3 - 28282393600*d*xexf**4 + 36272947 2*d*exf*x*
2% (d + 4xe + T*f)**2 — 399575808*d*f**4*(d + 4*e + 7*xf) + 10368000*d*f**2x (
d + 4xe + T*xf)**x3 + 2751463424*e*x*5*xf — 251658240*exx4xf+(d + 4*e + T*f) -
530841600*%ex*3*xf*x*x3 — 171966464*xe*x*3xfx(d + 4xe + 7xf)**x2 — 1935212544%e**2
*f4x3%(d + 4*e + 7*xf) + 15728640%e**2*xf*(d + 4*e + 7*xf)**x3 — 21886889984 *e*
fxx5 + 483737600*e*xf**3*x(d + 4xe + 7T*xf)**2 + 212474880*F*x5%(d + 4*e + T7*f)
- 4534272*xf**3x(d + 4xe + T+f)*%x3)/(1675971*xd**6 + 28507545*d**5xf - 66150
400*xd*x*4*e**x2 + 168075324*xd*x*4*xf**x2 — 1091117056*d**3*xex*2*xf + 384095520*d*
*3xf*x3 + 318767104*xd*x*x2xe**x4 — 6528860160*d*x*2kxe*xx2*xf*x*2 + 162082944 xd**2*
fxx4 + 3103784960*d*xe*x4*xf - 17414619136*d*ex*2xf*x3 — 305130240*%d*xf**x5 + 6
106906624xex*4+xf+*x2 — 17414225920*ex*2xfx*x4 + 67931136*%f**6)) /108 + (19*d -
32%e + B2*f)*log(x + (-6006260*d**5*xe - 2341251%d**5%(19%d - 32xe + 52%f)/
8 - 246016240*dx*x4xexf - 7906545*%d**4*f*(19%d - 32*e + 52xf)/2 - 18247680*d
*%3kex*x3 — 3012480xd**3kex*2*%(19%d - 32%e + b52xf) — 2758371200*d**3*exf*x*2
+ 115436*%d**3*xex (19*%d - 32%e + B2*kf)**2 — 21390372*d**3xf**2% (19*d - 32*%e +
52xf) + 10395%d**3*(19*d - 32*%e + 52%f)**3/8 + 298598400*d**2xex*3*xf - 461
85984 xdx*2xe**2xf* (19%d - 32*%e + 52*xf) - 13192256000*d**2*xe*xf**x3 + 1420080%*
A*x*k2kexf*x (19%d — 32xe + 52*f)**2 - 55185840*d**2xf*x3% (19%d - 32%e + 52x*f)
+ 21627*d**2xf* (19xd - 32%e + B52*f)**3/2 + 587202560*d*e**5 + 1572864*d*ex*x*
4% (19%d — 32%e + 52xf) + 1353646080*d*ex*x3xf**x2 — 573440*d*e*x*3*(19*xd — 32%
e + B2%f)**2 - 181094400*d*e**2*xf+*2% (19*%d - 32*%e + 52*xf) — 1536*d*e**2%(19
*d - 32%e + 52*f)*x3 - 28282393600*d*exf**4d + 5667648*d*exf**2*x(19%d - 32%e
+ B2*f)**k2 — 49946976xdxf**x4* (19%d - 32%e + 52*f) + 20250*d*f**2%(19*%d - 3
2%e + B2*f)**3 + 2751463424xe**x5+xf - 31457280*e*x*x4xf*(19*xd - 32%e + 52*f) -
530841600*%ex*3xf*x*x3 — 2686976*%ex*3xf*x(19*%d — 32%e + 52*xf)*x2 — 241901568*e
#4243 (19%d - 32*%e + 52xf) + 30720%e*x*2xf*x(19%d — 32%e + 52*f)**x3 - 2188
6889984 xexf*x5 + 7558400*e*xf**3* (19*d — 32%e + 52*f)**2 + 26559360*f**5% (19
*d — 32%e + 52xf) - 8856%f**3*%(19*%d - 32*%e + 52%f)**3)/(1675971*xd**6 + 2850
7545xdx*x5xf — 66150400*%d*x*4*e**x2 + 168075324*xd*x*4*xf**x2 — 1091117056*d**3*ex*
*2xf + 384095520*%d*x*3xf*x3 + 318767104*xd*x*x2xe*x*4 — 6528860160*d**2ke*x*kx2Q*f *x*
2 + 162082944 *dx*2xf*x4 + 3103784960*d*xex*x4*xf — 17414619136*d*e*x*2xf*x3 - 3
05130240*d*xfx*x5 + 6106906624xe*x*x4*xf*x*x2 — 17414225920*%ex*x2xf*x4 + 67931136*f
*%6)) /864 - (19%d + 32*%e + 52xf)*log(x + (-6006260*d**5xe + 2341251 d**5x (1
9%d + 32%e + 52*f)/8 - 246016240*d**4*e*xf + 7906545xd*x*x4xfx(19%d + 32%e + 5
2%f) /2 - 18247680*d**3xex*x3 + 3012480*d**3*xe*x*2*x(19*xd + 32xe + 52xf) - 2758
371200%dx*3*xexf*x*x2 + 115436xd*x*x3*xex(19*%d + 32%e + B52*f)**x2 + 21390372*xd**3%
f4%2%(19%d + 32%xe + 52%f) - 10395*d**3*(19*d + 32xe + 52*f)**3/8 + 29859840
Oxd*x*2%ex*x3%xf + 46185984*d**2xe*x*2*xf* (19*d + 32*%e + 52*xf) - 13192256000*d**
2%exf**x3 + 1420080*d**2xexf* (19%d + 32%e + B2*f)**2 + 55185840*d**2*f**3* (1
9%d + 32%e + 52*f) — 21627xd*x*x2+xf*(19*%d + 32*e + 52*xf)**x3/2 + 587202560*d*e
*%5 — 1572864*d*xexx4* (19*xd + 32%xe + 52xf) + 1353646080*d*xex*3xf*xx2 — 573440
*d*xe*x*3% (19*%d + 32*%e + 52xf)*x2 + 181094400*d*xe*x*2xf**x2% (19*%d + 32%e + 52x*f
) + 1536*d*e**2*(19*%d + 32%e + 52*xf)*x3 - 28282393600*d*exf**4d + 5667648xd*
exf*x*x2% (19*%d + 32*%e + B52xf)*x*x2 + 49946976*xdA*f**x4*x (19%d + 32xe + 52xf) - 202
50%d*f**2% (19*%d + 32*%e + 52xf)**3 + 2751463424*xex*x5xf + 31457280%e*x*4*f* (19
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*d + 32%e + 52%f) - 530841600*ex*x3*f**x3 — 2686976*ex*x3xf*(19+%d + 32%e + 52%
£)**2 + 241901568*ex*x2+xf+*x3% (19*%d + 32%e + 52*xf) - 30720%e*x*2*f*(19*d + 32x%
e + B2*f)**3 - 21886889984*exfx*x5 + 7558400*e*xf**3*(19*d + 32%e + 52*f)**2
- 26559360*f**5x(19*%d + 32*e + 52%f) + 8856*f**3*x(19*d + 32*xe + 52*f)*x3)/(
1675971xd*x*6 + 28507545*d**x5*xf — 66150400*d**x4*xex*x2 + 168075324*d**x4*xf*x*x2 -

1091117056*d**x3xex*x2xf + 384095520*d**x3*xf*x*x3 + 318767104*d**x2xe*x*x4 - 65288
60160*d**x2xex*x2xf*x*2 + 162082944xdx*2*xf*x*x4 + 3103784960*d*e*x4xf - 17414619
136xd*xex*2*xf**x3 — 305130240*%d*xf*x*5 + 6106906624*e*x*x4*xf**x2 — 17414225920*e**
2+%f*x*x4 + 67931136%f**6)) /864 — (8ke*xx**2 - 20*%e + x**3x(5xd + 8+f) + x*x(-17
*d — 20%f))/(72xx**4 - 360*x**2 + 288)

Giac [A] time = 1.08665, size = 155, normalized size = 1.35

1 1 1
—(19d+52f—326)1og(|x+2|)—ﬁ(d+7f—4e)log(|x+1|)+@(d+7f+4e)log(|x—1|)—

e (19d 4

864

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x~2+exx+d)/(x"4-5*x"2+4)"2,x, algorithm="giac")

[Out] 1/864%(19xd + 52+f - 32%e)*log(abs(x + 2)) - 1/108%(d + 7*f - 4xe)*log(abs(
x + 1)) + 1/108%x(d + 7xf + 4xe)xlog(abs(x - 1)) - 1/864*%(19%d + B52*f + 32xe
)*log(abs(x - 2)) - 1/72*%(5*d*x"3 + 8*f*x~3 + 8*x™2%e - 17*d*x - 20*f*x - 2
Oxe)/(x74 - 5*x"2 + 4)
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398 fd+ex+fx2+gx3 dx

2
(4—5x2+x4)
Optimal. Leaf size=138

x (x2(~(5d + 8f)) +17d + 20 )

x?(—(2e + 5¢)) + 5e + 8¢ N 1
72 (x4 - 522 + 4)

18 (x4 — 52 + 4) 5

1 1(X 1 -1
+235(194+ 52) tanh (2) @+ 7f) tanh” (@) +

[Out] (xx(17*d + 20*f - (5*%d + 8xf)*x72))/(72%x(4 - 5xx"2 + x74)) + (5xe + 8*xg - (
2%e + bxg)*x72)/(18%(4 - 5*x"2 + x74)) + ((19%d + 52%f)*ArcTanh([x/2])/432 -

((@ + 7*f)*ArcTanh[x])/54 + ((2xe + Bxg)*Logl[l - x72])/54 - ((2*e + Lxg)*L
ogld - x72])/54

Rubi [A] time = 0.153883, antiderivative size = 138, normalized size of antiderivative =
98 number of rules

1., number of steps used = 10, number of rules used = 8, integrand size =
0.286, Rules used = {1673, 1178, 1166, 207, 1247, 638, 616, 31}

integrand size

x (x*(=(5d + 8f)) +17d + 20f)
72 (x4 - 52 + 4)

x?(—(2e + 5¢)) + 5¢ + 8¢ N 1
18 (x4 — 522 + 4) 5

1 1(X 1 -1
+ 135194 + 52f) tanh (2) = @+7H)tanh () +

Antiderivative was successfully verified.

[In] Int[(d + e*xx + £*xx72 + g*x~3)/(4 - 5*x"2 + x74)72,x]

[Out] (x*x(17xd + 20%f - (56xd + 8xf)*x72))/(72%(4 - 5*x"2 + x74)) + (bxe + 8xg - (
2%e + Bxg)*xx"2)/(18%(4 - 5xx"2 + x74)) + ((19%d + 52xf)*ArcTanh[x/2])/432 -

((d + 7*xf)*ArcTanh([x])/54 + ((2%e + b*g)*Logl[l - x72])/54 - ((2%e + B5*g)*L
ogld - x~2])/54

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, gq/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]*(a + b*x"2 + c*x"4)"p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&& 'PolyQ[Pq, x72]

Rule 1178

Int[((d_) + (e_)*(x_)"2)*x((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symb
0ol] :> Simp[(x*(axbxe - d*(b~"2 - 2%axc) - cx(bxd - 2%a*xe)*x"2)*(a + b*xx"2 +
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cxx”4) " (p + 1))/ (2*ax(p + 1)*(b"2 - 4*axc)), x] + Dist[1/(2*ax(p + 1)*(b"2
- 4xaxc)), Int[Simp[(2*p + 3)*d*b~2 - axbke — 2xa*xckxd*(4*p + 5) + (4*p + 7
)x(d*b - 2*axe)*c*x"2, x]*(a + b*x"2 + c*x”4)"(p + 1), x], x] /; FreeQ[{a,

b, ¢, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*xd"2 - bxdxe + axe”2, 0] &&

LtQ[p, -1] && IntegerQ[2+*p]

Rule 1166

Int[((d_) + (e_)*x(x)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4xa*xc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- q/2 + c*xx”2), x], x] + Dist[e/2 - (2*cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ cxx”2), xJ, x]1] /; FreeQl[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*axc, 0] && Ne
Qlc*d"2 - a*e”™2, 0] && PosQ[b"2 - 4xaxc]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rtl-a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 0] |l GtQ[b, 0])

Rule 1247

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + exx)"g*(a + b*x + c*x72)7p, x],
x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x]

Rule 638

Int[((d_.) + (e_)*x(x_))*x((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simp[((b*d - 2*a*e + (2*c*d - b*e)*x)*(a + b*x + c*x"2)7(p + 1))/((p +
1)*(b~2 - 4xaxc)), x] - Dist[((2*p + 3)*(2*c*d - bxe))/((p + 1)*(b"2 - 4xa
xc)), Int[(a + b¥x + c*xx"2)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e}, x] &&
NeQ[2*c*d - bxe, 0] && NeQ[b~2 - 4xa*xc, 0] && LtQ[p, -1] && NeQ[p, -3/2]

Rule 616

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b~2
- 4xaxc, 2]}, Distl[c/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distl[c/q,
Int[1/Simp[b/2 + q/2 + cxx, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[b~2 - 4xaxc] &% PerfectSquareQ[b~2 - 4x*axc]

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI]
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Rubi steps

d+ 2 4 gx
f ex + fx +g2x i
(4—5x2+x4)

f d+ fx? de+f x(e+gx2)2dx
( (4—5x2+x4)

4—5x2+x4)

B x (17d +20f - (5d + 8f)x?) f—d+20f+(5d+8f)x2d Subst f e+gx

72 (4 - 522 + x4) 72 4-5x% +x* 2 (4-5x+3

_ x(17d +20f - (5d + 8f)x?) 5e+8g_(26+5g)x2_ 1 )f __(‘
D) T ™ 716

+
72 (4 - 522 + x4) 18 (4 — 5x2 + x4)
x (17d + 20f — (5d + 8f)x?) | Bot8g—(e+ Sg)x
72 (4 - 5% + x4) 18 (4 - 522 + x4)
_ x(174+20f - (5d + 8f)x?) | Bot8g—(e+ 5¢)x>
72 (4 —5x2 + x4) 18 (4 —5x2 + x4)

h
432(1%1 1 52f) tan (2

Mathematica [A] time = 0.054027, size = 134, normalized size = 0.97

1 (12 (—5dx3 +17dx +e (20 - 8x2) —8fx>+20fx —4¢ (5x2 - 8))
864 x*—5x2 +4

Antiderivative was successfully verified.

[In] Integratel[(d + exx + fxx72 + g*x~3)/(4 - 5*x"2 + x74)72,x]

[Out] ((12%(17*xd*x + 20%f*x - Bxd*x~3 - 8*%f*x"3 + e*x(20 - 8%x72) - 4*gx(-8 + b*x~
2)))/(4 - B*x72 + x74) + 8x(d + 4xe + Txf + 10xg)*Logl[l - x] - (19%d + 32x*e

+ 52xf + 80xg)*Logl[2 - x] - 8*%(d - 4xe + 7*xf - 10*g)*Log[l + x] + (19%d -

32xe + b2*xf - 80*g)*Log[2 + x])/864

Maple [A] time = 0.018, size = 242, normalized size = 1.8

19InQ2+x)d In(2+x)e In(d+x)d N In(1+x)e i 19 In(x-2)d ~ In(x-2)e N In(x-1)d N In(x-1)e

864 27108 27 864 27 108 27

Verification of antiderivative is not currently implemented for this CAS.

(19d 1 52f) tanh™ (;f) - 51—4(01

)

+ 8log(1 — x)(d + 4e + 7f +10g) — log(2 — x)(19¢

3
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[In] int((g*x"3+f*x"2+e*x+d)/(x"4-5*x"2+4)"2,x)

[Out] 19/864*1n(2+x)*d-1/27*1n(2+x)*e-1/108*1n(1+x)*d+1/27*1n(1+x)*e-19/864*1n(x-
2)*d-1/27*1n(x-2) *e+1/108*1n(x-1)*d+1/27*1n(x-1) *e+1/18/ (2+x) *g-1/36/ (1+x) *
d+1/36/ (1+x)*e-1/18/ (x-2) *g-1/144/ (x-2) *d-1/72/ (x-2) *e-1/36/ (x-1) *g-1/36/ (x
-1)*d-1/36/(x-1)*e-1/144/ (2+x) *d+1/72/ (2+x) ¥e+1/36/ (1+x) *g-1/36/ (1+x) xf-1/3

6/ (x-2)*£-1/36/(x-1)*£-1/36/(2+x) *£-5/54*%1n (2+x) *g+5/54*1n (1+x) *g-5/54*1n (x
-2)*g+5/54x1n(x-1) *g-13/216%1n(x-2) *f+7/108*1n(x-1) *£f+13/216*1n(2+x) *£-7/10

8*1n (1+x)*f

Maxima [A] time = 0.941108, size = 171, normalized size = 1.24

1 1 1
@(1901—326+52f—80g)log(x+2)—ﬁ(d—4e+7f—10g)log(x+l)+ﬁ(d+4e+7f+10g)log(x—]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*x~3+f*x~2+e*x+d)/(x"4-5*x"2+4)"2,x, algorithm="maxima")

[Out] 1/864*(19%d - 32%e + 52*f - 80*g)*log(x + 2) - 1/108*%(d - 4*e + 7*xf - 10%g)
xlog(x + 1) + 1/108x(d + 4xe + 7xf + 10xg)*log(x - 1) - 1/864*(19xd + 32xe

+ B52*f + 80*g)*log(x - 2) - 1/72x((5*d + 8xf)*x~3 + 4*(2*e + bxg)*x~2 - (17

xd + 20%f)*x - 20%e - 32%g)/(x74 - b*x"2 + 4)

Fricas [B] time = 4.61709, size = 725, normalized size = 5.25

12(5d +8f)x® +48(2e+58)x2 —12(17d +20 f)x — ((19d - 32¢ + 52 f = 80g)x* = 5(19d — 32¢ + 52 f — 80 g)a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx~3+f*x"2+e*x+d)/(x"4-5%x"2+4)"2,x, algorithm="fricas")

[Out] -1/864*(12%(5*d + 8xf)*x~3 + 48%(2xe + b*g)*x~2 - 12x(17xd + 20*f)*x - ((19
*d - 32%e + B2+f - 80%g)*x~4 - 5x(19%d - 32%e + B2*f - 80*g)*x~2 + 76%d - 1
28%e + 208xf - 320*g)*log(x + 2) + 8x((d - 4*e + 7xf - 10*g)*x~4 - bx(d - 4
xe + 7T+f - 10%xg)*x"2 + 4*xd - 16*e + 28*f - 40*g)*log(x + 1) - 8*((d + 4*e +
7xf + 10%g)*x~4 - b*x(d + 4xe + 7*f + 10%g)*x"2 + 4xd + 16%e + 28*%f + 40%g)
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xlog(x — 1) + ((19%d + 32%e + B2xf + 80xg)*x~4 - 5x(19%d + 32%e + B52xf + 80
xg)*x"2 + 76%d + 128%e + 208*f + 320*g)*log(x - 2) - 240*xe - 384x*g)/(x"4 -
5*xx72 + 4)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((gkx**3+fxx**2+e*xx+d)/ (x**4-5xx**2+4)**2,x)

[Out] Timed out

Giac [A] time = 1.086006, size = 184, normalized size = 1.33

864

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx~3+f*x"2+e*x+d)/(x"4-5*x"2+4)"2,x, algorithm="giac")

1 1 1
—(19d+52f—80g—32€)log(|x+2|)—m(d+7f—10g—4e)10g(|x+1|)+ﬁ(d+7f+10g+4e)log(|x—

[Out] 1/864*(19%d + 52*f - 80*g - 32xe)*log(abs(x + 2)) - 1/108x(d + 7xf - 10*g -

4xe)*log(abs(x + 1)) + 1/108x(d + 7xf + 10xg + 4*e)*log(abs(x - 1)) - 1/86
4% (19%d + 52*xf + 80%g + 32*e)*log(abs(x - 2)) - 1/72x(5xd*x"3 + 8*xf*x"3 + 2
Oxg*x~2 + 8%x"2%e - 17*d*x - 20%f*xx - 32xg - 20%e)/(x74 - b5*x"2 + 4)
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399 f d+ex+fx2+gx3+hx4 dx

2
(4-522+24)
Optimal. Leaf size=150

x (x2(=(5d + 8f + 20h)) +17d + 20f + 32h 1 1
({54 + 8F +20h) f+32%) + — tanh™" (f) (194 + 52f + 1121) — — tanh ™ ()(d + 7f +13h) +
72 (x4 - 52 + 4) 432 2 54

[Out] (Bxe + 8*g - (2%e + bxg)*x~2)/(18%(4 - 5*x"2 + x74)) + (xx(17xd + 20%xf + 32
*h - (bxd + 8*f + 20%h)*x72))/(72%(4 - 5*x"2 + x74)) + ((19%d + b52*f + 112x
h)*ArcTanh([x/2])/432 - ((d + 7*f + 13%h)*ArcTanh[x])/54 + ((2xe + 5xg)*Logl[

1 - x72])/54 - ((2xe + bxg)*Logl[4 - x72])/54

Rubi [A] time = 0.214297, antiderivative size = 150, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 8, integrand size = 33, e

0.242, Rules used = {1673, 1678, 1166, 207, 1247, 638, 616, 31}

integrand size

x (x%(~(5d + 8f +20h)) +17d +20f +32h) 1 (X 1 B ]
+ — tanh (—) 19d + 52f + 112h) — — tanh™ (x)(d + 7f + 13h) + -
72 (e —522 < 4) Y, 5)( f )~ 5 (x)@d+7f )

Antiderivative was successfully verified.

[In] Int[(d + e*x + f*x72 + g*x~3 + h*x"4)/(4 - 5%x"2 + x74)72,%]

[Out] (B%e + 8xg - (2xe + Bxg)*xx"2)/(18%(4 - b5*x72 + x74)) + (x*x(17xd + 20*%f + 32
*h - (b%d + 8+f + 20%h)*x72))/(72%(4 - 5*x”2 + x74)) + ((19%d + 52*f + 112%
h)*ArcTanh[x/2])/432 - ((d + 7*f + 13%h)*ArcTanh[x])/54 + ((2xe + 5xg)*Logl[

1 - x72])/54 - ((2xe + 5*xg)*Log[4 - x~2])/54

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, gq/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]*(a + b*x"2 + c*x"4)"p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&& 'PolyQ[Pq, x72]

Rule 1678

Int[(Pq )*((a_) + (b_)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{d =
Coeff [PolynomialRemainder[Pq, a + b*x"2 + c*xx"4, x], x, 0], e = Coeff[Poly
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nomialRemainder[Pq, a + b*x"2 + c*xx"4, x], x, 2]}, Simp[(x*(a + b*x"2 + c*x
“4)~(p + 1)*(axbxe - d*(b"2 - 2*axc) - cx(bxd - 2xa*xe)*x72))/(2xax(p + 1)*(
b~2 - 4xaxc)), x] + Dist[1/(2*ax(p + 1)*(b"2 - 4xaxc)), Int[(a + b*x"2 + cx*
x74)~(p + 1)*ExpandToSum[2*a*(p + 1)*(b~2 - 4*axc)*PolynomialQuotient[Pq, a
+ bxx72 + c*xx"4, x] + b72xd*(2xp + 3) - 2kaxcxd*x(4xp + 5) - axbkxe + cx(4xp
+ 7T)x(bxd - 2%a*xe)*x"2, x], x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x~
2] && Expon[Pq, x72] > 1 && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1]

Rule 1166

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4x*axc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2%q), Int[1/(b/2
- q/2 + c*xx72), x], x] + Dist[e/2 - (2%cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ ¢c*x72), x], x]1] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlcxd™2 - a*xe”2, 0] && PosQ[b™2 - 4xaxc]

Rule 207

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt([b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 0] |l GtQ[b, 01)

Rule 1247

Int[(x_)*((d_) + (e_.)*(x_)"2)7(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + exx)”g*(a + bxx + c*x"2)7p, x],
x, x°2]1, x] /; FreeQ[{a, b, c, 4, e, p, q}, x]

Rule 638

Int[((d_.) + (e_.)*(x_))*((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 > Simp[((bxd - 2*a*xe + (2xcxd - b*e)*x)*(a + b*x + c*xx"2)"(p + 1))/((p +
1)*(b~2 - 4*xa*xc)), x] - Dist[((2%p + 3)*(2%cxd - bxe))/((p + 1)*(b"2 - 4*a
*xc)), Int[(a + b*x + c*xx"2)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e}, x] &&
NeQ[2%c*d - bke, 0] && NeQ[b~2 - 4%axc, 0] && LtQ[p, -1] && NeQ[p, -3/2]

Rule 616

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b"2
- 4xaxc, 2]}, Distlc/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distlc/q,
Int[1/Simp[b/2 + q/2 + c*x, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[b~2 - 4xaxc] &% PerfectSquareQ[b~2 - 4*axc]

Rule 31
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Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rubi steps

J~d+ex+fx2+gx3glu4dx:.]- x(e+gxﬂ 2dx+‘f d+jx2+hx2dx
(4 —5x2 + x4) (4 —5x2 + x4) (4 —5x2 + x4)
_ x(17d +20f + 32 - (5d + 8f +200)x%) 1 f —d +20f + 32k + (5d + 8f + 20]
72 (4 - 5x2 + x4) 72 4 - 5x% +x*
-2 2 x(17d +20f + 32h — (5d + 8f + 20h)x?) 1
_ Se+8g—(2e+5g)x .\ ( f ( f ) )+—(—26—5g)S
18 (4 - 522 + x%) 72 (4 - 522 + x%) 18
Se + 8¢ — (2¢ +5¢)x2  x(17d +20f +32h — (5d + 8f + 20h)x?)
= +
18 (4 - 5x2 + x4) 72 (4 - 502 + x4)
Se + 8¢ — (2¢ +5¢)x2  x(17d +20f +32h — (5d + 8f + 20h)x?)
= +
18 (4 - 522 + x4) 72 (4 - 522 + x4)

1

1

Mathematica [A] time = 0.0770761, size = 159, normalized size = 1.06

1 ((12(x(d (537 17) + 4f (24° - 5) + 4k (56 - 8)) + de (24” - 5) + 4g (5° - 8)) + 8log(l - )+ de 4 7f 41
864 x*—5x2 +4

Antiderivative was successfully verified.

[In] Integratel[(d + e*xx + f*x72 + gxx™3 + h*x"4)/(4 - 5*x"2 + x74)72,x]

[Out] ((-12%(4xe*x (-5 + 2xx72) + 4xg*k(-8 + b5xx72) + x*k(4*fx (-5 + 2*x72) + d*(-17 +
5%x72) + 4xh*x(-8 + 5xx72))))/(4 - 5*x"2 + x74) + 8*%(d + 4*xe + T+xf + 10*g +
13*h)*Log[1 - x] - (19%d + 32%e + 52*xf + 80%g + 112xh)*Log[2 - x] - 8*(d -
4xe + 7+xf - 10%g + 13xh)*Logl[l + x] + (19%d - 32*%e + 52*xf - 80*g + 112xh)x*

Log[2 + x])/864

Maple [B] time = 0.019, size = 302, normalized size = 2.

19In(2+x)d _ In2+x)e ~ In(1+x)d N In(1+x)e 19 In(x-2)d ~ In(x-2)e N In(x-1)d N In(x-1)e B
864 27 108 27 864 27 108 27
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((h*x~4+gxx~3+f*x"2+e*xx+d)/(x"4-5%x"2+4)"2,%)

[Out] 19/864*1n(2+x)*d-1/27*1n(2+x)*e-1/108*1n(1+x)*d+1/27*1n(1+x)*e-19/864*1n(x—
2)*d-1/27*1n(x-2) *e+1/108*1n(x-1)*d+1/27*1n(x-1) *e-1/9/(x-2)*h-1/36/(x-1) *h
-1/36/(1+x)*h-1/9/(2+x) *h+1/18/ (2+x) *g-1/36/ (1+x) *d+1/36/ (1+x) *e-1/18/ (x-2)
xg-1/144/(x-2)*d-1/72/ (x-2) *e-1/36/ (x-1) *g-1/36/ (x-1)*d-1/36/ (x-1) xe-1/144/

(2+x) *d+1/72/ (2+x) *e+1/36/ (1+x) *g-1/36/ (1+x) *£-1/36/ (x-2) *£-1/36/ (x-1) *f-1/

36/ (2+x) *f-5/54*1n (2+x) *g+5/54*1n (1+x) *g-5/54%1n (x-2) *g+5/54*1n (x-1) *g+7/54
*1n(2+x)*h-13/108*1n (1+x) *h-7/54*1n(x-2) *h+13/108*1n (x-1) *h-13/216*1n(x-2) *
f+7/108*1n(x-1)*f+13/216%1n(2+x) *f-7/108*1n (1+x) *f

Maxima [A] time = 0.972301, size = 196, normalized size = 1.31

1 1 1
@(19d—323+52f—80g+112h)10g(x+2)—m(d—4e+7f—10g+13h)log(x+1)+m(d+4e+7f+1\

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x~4+g*xx~3+f*x"2+exx+d)/(x"4-5%x"2+4)"2,x, algorithm="maxima"

[Out] 1/864*(19%d - 32%e + B52*f - 80*g + 112*xh)*log(x + 2) - 1/108x(d - 4xe + T7xf
- 10xg + 13xh)*log(x + 1) + 1/108x(d + 4xe + 7+f + 10*g + 13xh)x*log(x - 1)

- 1/864x(19%d + 32*%e + 52*f + 80*g + 112xh)xlog(x - 2) - 1/72*%((5*d + 8x*f

+ 20*%h) *x73 + 4x(2%e + b*xg)*x"2 - (17xd + 20%f + 32xh)*x - 20%e - 32*g)/(x~

4 - 5xx"2 + 4)

Fricas [B] time = 13.6627, size = 865, normalized size = 5.77

12(5d +8f +20h)x> + 48 (2¢ +5g)x> =12 (17d +20 f +32h)x — ((19d - 32¢ + 52 f — 80 g + 112/ )x* - 5 (194 -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x~4+g*x~3+f*x"2+e*x+d)/(x"4-5%xx"2+4)"2,x, algorithm="fricas")

[Out] -1/864*(12%(5*d + 8*f + 20%h)*x~3 + 48%(2%e + bxg)*x~2 - 12%(17+d + 20*f +
32*¥h)*x - ((19%d - 32*%e + 52*xf - 80%g + 112xh)*x"4 - 5x(19*%d - 32%e + B2xf
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- 80%g + 112xh)*x"2 + 76%d - 128%e + 208*f - 320%g + 448xh)*log(x + 2) + 8%
((d - 4xe + 7xf - 10*%g + 13*%h)*x"4 - 5x(d - 4%e + 7*xf - 10%g + 13xh)*x"2 +

4xd - 16%e + 28%f - 40*xg + 52*xh)*log(x + 1) - 8+((d + 4*xe + 7xf + 10*g + 13
xh)*x~4 - Bx(d + 4*e + 7*xf + 10*%g + 13*h)*x"2 + 4xd + 16%e + 28*f + 40*g +

52xh)*log(x - 1) + ((19%d + 32%e + 52*xf + 80*g + 112*%h)*x"4 - 5% (19%d + 32%
e + B52xf + 80%g + 112%h)*x"2 + 76%d + 128%e + 208xf + 320*g + 448%h)*log(x

- 2) - 240%e - 384xg)/(x74 - 5*x"2 + 4)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((hxx**x4+gxx*x3+L*xx**2+e*xx+d) / (x**4-5kx*x*2+4) **2,X)

[Out] Timed out

Giac [A] time = 1.11335, size = 213, normalized size = 1.42

1 1 1
@(19d+52f—80g+112h—32€)10g(|x+2|)—ﬁ(d+7f—10g+13h—4e)log(|x+1|)+@(d+7f+10;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x~4+g*x~3+f*x"2+e*x+d)/(x"4-5%x"2+4)"2,x, algorithm="giac")

[Out] 1/864*(19%d + 52*f - 80*g + 112xh - 32*e)*log(abs(x + 2)) - 1/108*(d + 7*f
- 10*g + 13*%h - 4xe)*xlog(abs(x + 1)) + 1/108%(d + 7*f + 10*g + 13%h + 4x*e)*
log(abs(x - 1)) - 1/864%(19%d + 52xf + 80%g + 112xh + 32xe)*log(abs(x - 2))

- 1/72%(5*d*x~3 + 8*f*x~3 + 20%h*x”3 + 20%g*xx"2 + 8*x"2%e - 17*d*x - 20%fx*

x - 32%h*x - 32%g - 20%e)/(x74 - 5*x"2 + 4)
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5

d+ex+ fx2+ex3+hxt+ix
3.30 [ Le/rrsrr R gy
(4—5x2+x4)

Optimal. Leaf size=162

x (x2(—(5d + 8f + 20h)) + 17d + 20f + 32h 1 1 2
({54 +8F +20h) f+32%) + — tanh™" (f) (194 + 52f +112}) — — tanh ™ (x)(d + 7f + 13h) +
72 (x4 — 52 + 4) 432 2 54

[Out] (xx(17*d + 20*f + 32*%h - (5%d + 8+f + 20%h)*x72))/(72x(4 - 5*x"2 + x74)) +
(bxe + 8%g + 20%i - (2%e + bxg + 17*i)*x72)/(18*%(4 - b5*x"2 + x74)) + ((19%d

+ 52%f + 112%h)*ArcTanh[x/2])/432 - ((d + 7xf + 13xh)*ArcTanh([x])/54 + ((2

xe + bxg + 8xi)*Log[l - x72])/54 - ((2%e + b*xg + 8*xi)xLogl[4 - x72])/54

Rubi [A] time = 0.231837, antiderivative size = 162, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 11, number of rules used = 9, integrand size = 38, e

0.237, Rules used = {1673, 1678, 1166, 207, 1663, 1660, 12, 616, 31}

integrand size

x (x2(—=(5d + 8f + 20h)) +17d + 20f + 32h 2
({54 + 8 +20h) f +320) +— tann™! (’Zf) (194 + 52f + 112h) - 51—4tanh‘1(x)(d L 7F 130 + =

72 (x4 - 52 + 4) 432

Antiderivative was successfully verified.

[In] Int[(d + e*x + f*x™2 + g*x~3 + h*x"4 + i*x"5)/(4 - 5*x"2 + x74)72,x]

[Out] (xx(17*d + 20*f + 32*h - (5*d + 8+f + 20%h)*x72))/(72x(4 - 5*x"2 + x74)) +
(bxe + 8*g + 20%i - (2%e + bxg + 17*i)*x72)/(18*%(4 - b*x"2 + x74)) + ((19%d

+ 52*xf + 112xh)*ArcTanh[x/2])/432 - ((d + 7xf + 13*h)*ArcTanh([x])/54 + ((2

xe + bxg + 8*i)xLogl[l - x72])/54 - ((2xe + B5*g + 8*i)xLogl[4 - x72])/54

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, gq/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]*(a + b*x"2 + c*x"4)"p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&& 'PolyQ[Pq, x72]

Rule 1678

Int[(Pq )*((a_) + (b_)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{d =
Coeff [PolynomialRemainder[Pq, a + b*x"2 + c*xx"4, x], x, 0], e = Coeff[Poly
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nomialRemainder[Pq, a + b*x"2 + c*xx"4, x], x, 2]}, Simp[(x*(a + b*x"2 + c*x
“4)~(p + 1)*(axbxe - d*(b"2 - 2*axc) - cx(bxd - 2xa*xe)*x72))/(2xax(p + 1)*(
b~2 - 4xaxc)), x] + Dist[1/(2*ax(p + 1)*(b"2 - 4xaxc)), Int[(a + b*x"2 + cx
x74)~(p + 1)*ExpandToSum[2*a*(p + 1)*(b~2 - 4*axc)*PolynomialQuotient[Pq, a
+ bxx"2 + c*xx"4, x] + b72xd*(2xp + 3) - 2kaxcxd*x(4xp + 5) - axbkxe + cx(4xp
+ 7)x(bxd - 2%a*xe)*x~2, x], x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x~
2] && Expon[Pq, x72] > 1 && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1]

Rule 1166

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[b~2 - 4x*axc, 2]}, Dist[e/2 + (2xc*d - bx*e)/(2%q), Int[1/(b/2
- q/2 + c*xx72), x], x] + Dist[e/2 - (2%cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ ¢c*x72), x], x]1] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlcxd™2 - a*xe™2, 0] && PosQ[b™2 - 4xaxc]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt([b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 0] |l GtQ[b, 01)

Rule 1663

Int [(Pq_)*(x_) " (m_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol]

> Dist[1/2, Subst[Int[x~((m - 1)/2)*SubstFor[x~2, Pq, x]*(a + b*x + c*xx72)~
p, x1, x, x72], x] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x"2] && IntegerQ[
(m - 1)/2]

Rule 1660

Int[(Pq )*((a_.) + (b_.)*(x_ ) + (c_.)*(x_)"2)"(p_), x_Symbol] :> With[{Q =
PolynomialQuotient[Pq, a + b*x + c*x72, x], f = Coeff[PolynomialRemainder [P
q, a + bxx + cxx"2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + b*x +
c*x72, x], x, 11}, Simp[((b*f - 2%axg + (2xc*f - b*xg)*x)*(a + b*x + c*xx~2)~
(p+ 1)/ ((p + 1)*x(b"2 - 4xaxc)), x] + Dist[1/((p + 1)*(b"2 - 4*axc)), Int[
(a + b*x + cxx"2)"(p + 1)*ExpandToSum[(p + 1)*(b~2 - 4*axc)*Q - (2xp + 3)*(
2xcxf - bxg), x], x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x] && NeQ[b~2
- 4xaxc, 0] && LtQ[p, -1]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]



Rule 616
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Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b"2
- 4xaxc, 2]}, Distl[c/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Dist[c/q,
Int[1/Simp[b/2 + q/2 + c*x, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[b~2 - 4*axc] &% PerfectSquareQ[b~2 - 4x*axc]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps

d+ex+ fx? +gx® + hxt + 30x° X(€+gx2 +30x4) d+ fx? + hxt
[ e [ oo A0
(4 - 52 + x4)

(4 —5x2 + x4)2 (4 —5x2 + x4)2

X

72 (4 — 52 + x4)

_ 600 + 5¢ + 8g — (510 + 2¢ + 5g)x*

B x (17d +20f +32h — (5d + 8f + 20h)x?) 1 f_d+20f+32h+ (5d + 8
72

4 —5x2 4 x4

x (17d + 20f + 32h — (5d + 8f + 20h)x2

18 (4 — 5x2 + x4)

_ 600 + 5¢ + 8g — (510 + 2 + 5g)x*

72 (4 - 502 + x4)

x (17d +20f + 32k — (5 + 8f + 20h)x?

18 (4 —5x2 + x4)

_ 600 + 5¢ + 8¢ — (510 + 2¢ + 5g)x* .

72 (4 —5x2 + x4)

x (17d +20f + 32k — (5 + 8f + 20h)x?

18 (4 —5x2 + x4)

_ 600 + 5¢ + 8g — (510 + 2¢ + 5g)x* .

72 (4 —5x2 + x4)

x (17d + 20f + 32h — (5d + 8f +20h)x2

18 (4 — 5x2 + x4)

72 (4 - 542 + x4)

Mathematica [A] time = 0.0940909, size = 185, normalized size = 1.14

—5dx> +17dx — 8ex? + 20e — 8 fx> + 20 fx — 20gx? + 32¢ — 20hx> + 32hx — 68ix? +80i 1

72 (x4 —5x2 + 4)

Antiderivative was successfully verified.

+ ﬁlog(l -x)(d+4e+7f +

[In] Integrate[(d + exx + fxx"2 + g*x~3 + h*x"4 + i*x"5)/(4 - 5%x"2 + x74)72,%]
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[Out] (20%e + 32%g + 80*i + 17xd*x + 20%f*x + 32%h*x - 8ke*xx™2 - 20%g*x~2 - 68*ix
X72 - Bkd*x"3 - 8*f*x"3 - 20%h*x73)/(72*%(4 - 5*x72 + x74)) + ((d + 4*%e + T*
f + 10*%g + 13%h + 16%i)*Log[l - x])/108 + ((-19%d - 32*xe - 52*xf - 80*xg - 11
2xh - 128x%i)*Log[2 - x])/864 + ((-d + 4xe - 7+f + 10%xg - 13xh + 16%i)*Logl[1
+ x])/108 + ((19%d - 32xe + B52xf - 80*g + 112xh - 128%i)*Log[2 + x])/864

Maple [B] time = 0.019, size = 362, normalized size = 2.2

19In2+x)d In2+x)e ln(1+x)d+ln(1+x)e 19 In(x-2)d ln(x—2)e+ln(x—l)d+ln(x—1)e
864 27 108 27 864 27 108 27

Verification of antiderivative is not currently implemented for this CAS.

[In] int((i*x~5+h*x~4+g*x~3+f*x"2+e*xx+d)/(x"4-5xx"2+4)72,%)

[Out] 19/864*1n(2+x)*d-1/27*1n(2+x)*e-1/108*1n(1+x)*d+1/27*1n(1+x)*e-19/864*1n(x-
2)*xd-1/27*1n(x-2) *e+1/108*1n(x-1) *d+1/27*1n(x-1)*e-2/9/(x-2)*i-1/36/ (x-1) *i
+1/36/ (1+x)*i+2/9/(2+x)*i-1/9/(x-2) *h-1/36/(x-1)*h-1/36/ (1+x) *h-1/9/ (2+x) *h
+1/18/ (2+x) *g-1/36/ (1+x) *d+1/36/ (1+x) *e-1/18/ (x-2) xg-1/144/ (x-2) *d-1/72/ (x~
2)*e-1/36/(x-1)*g-1/36/(x-1)*d-1/36/(x-1) xe-1/144/ (2+x) *d+1/72/ (2+x) *e+1/36
/(1+x)*g-1/36/ (1+x) *£-1/36/ (x-2) *£-1/36/ (x-1) *£-1/36/ (2+x) *£-4/27*1n(x-2) *1i
+4/27+1n(x-1)*1-4/27*1n(2+x) *i+4/27*1n(1+x) *i-5/54*%1n(2+x) *g+5/54*1n (1+x) *g
-5/54*1n(x-2) *g+5/54*1n(x-1) *g+7/54*1n (2+x)*h-13/108*1n (1+x) *h-7/54*1n(x-2)
xh+13/108*1n(x-1)*h-13/216%1n(x-2) *f+7/108*1n(x-1) *f+13/216*1n (2+x)*f-7/108
*1n(1+x)*f

Maxima [A] time = 1.00125, size = 220, normalized size = 1.36

1 1 1
@(19d—32e+52f—80g+112h—128i)10g(x+2)—ﬁ(d—4e+7f—10g+13h—16i)log(x+1)+ﬁ(d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((i*x~5+h*x~4+g*x~3+f*x"2+e*x+d)/(x"4-5%x"2+4)72,x, algorithm="max
ima")

[Out] 1/864%(19xd - 32%e + 52*f - 80*g + 112%h - 128*i)*log(x + 2) - 1/108x(d - 4
xe + 7T*xf - 10%g + 13*%h - 16%i)*log(x + 1) + 1/108x(d + 4%e + 7*xf + 10*g + 1
3%h + 16xi)*log(x - 1) - 1/864*(19%d + 32%e + b52xf + 80%g + 112%h + 128%i)*
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log(x - 2) - 1/72x((5*d + 8*f + 20xh)*x"3 + 4% (2%e + bxg + 17xi)*x"2 - (17x
d + 20%f + 32xh)*x - 20%e - 32xg - 80*1i)/(x74 - 5%x72 + 4)

Fricas [B] time = 65.6791, size = 1007, normalized size = 6.22

12(5d +8f +20h)x> +48(2¢ +5g +17i)x2 ~12(17d + 20 f + 32h)x - ((19d - 32e + 52 f —80g + 11211 - 128 i)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((i*x~5+h*x~4+g*x~3+f*x"2+e*x+d)/(x"4-5*%x"2+4)"2,x, algorithm="fri
cas")

[Out] -1/864*(12%(5*d + 8*f + 20*h)*x~3 + 48%(2%e + bxg + 17xi)*xx"2 - 12%(17xd +
20*f + 32xh)*x - ((19*%d - 32%e + 52*f - 80%g + 112xh - 128*i)*x~4 - 5x(19%d

- 32%e + 52xf - 80*g + 112xh - 128%i)*x"2 + 76xd - 128%e + 208*f - 320*g +
448xh - 512%i)*log(x + 2) + 8*((d - 4%e + 7*xf - 10*g + 13xh - 16%i)*x"4 -

5kx(d - 4*e + 7xf - 10%g + 13*%h - 16*i)*x"2 + 4xd - 16%e + 28%f - 40*g + 52
h - 64*i)*log(x + 1) - 8x((d + 4*e + 7xf + 10*%g + 13*h + 16*i)*x"4 - 5x(d +

4xe + T7T+xf + 10%xg + 13xh + 16%1)*x"2 + 4*d + 16%e + 28+f + 40xg + 52xh + 64
*1)*log(x - 1) + ((19%d + 32%e + 52*f + 80*g + 112*h + 128%i)*x~4 - 5x(19xd

+ 32%xe + 52xf + 80%g + 112%h + 128%i)*x"2 + 76%d + 128%e + 208*f + 320%g +
448xh + 512*%i)*log(x - 2) - 240%e - 384x*g - 960%i)/(x74 - b*x"2 + 4)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((ikx*x5+hkx**4+g*x**3+f*x**2+exx+d) / (x**4-5xx**2+4) **2, %)

[Out] Timed out

Giac [A] time = 1.08324, size = 242, normalized size = 1.49

1 1 1
@( 9d+52f—80g+112h—128i—32€)10g(|x+2|)—m(d+7f—10g+13h—16i—4e)10g(|x+1|)+ ﬁ(d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((i*x~5+h*x~4+g*x~3+f*x"2+e*xx+d)/(x74-5%x"2+4)72,x, algorithm="gia
C"

[Out] 1/864*(19xd + 52+f - 80*g + 112xh - 128%i - 32xe)*log(abs(x + 2)) - 1/108%(
d + 7+xf - 10%g + 13%h - 16%i - 4xe)*log(abs(x + 1)) + 1/108x(d + 7*f + 10%*g

+ 13%h + 16%i + 4xe)*log(abs(x - 1)) - 1/864*(19*%d + 52*f + 80*g + 112xh +

128*i + 32*e)*log(abs(x - 2)) - 1/72*%(5*d*x~3 + 8*f*x~3 + 20%h*x~3 + 20%g*

K72 + 68xi*x72 + 8xx"2%e - 17*d*x - 20*fxx - 32xh*x - 32%g - 80%i - 20%e)/(

X"4 - b5xx”"2 + 4)
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331 [ ix

(1+x2+x4)2

Optimal. Leaf size=140

dtan™ (%) dtan™ (23;1) e (sz 4 1) 2eta
+ + +
3v3 33 6(x +22+1)

dx (1 - xz) 1 .
g@z:;;:;i—Zdbg@?_x+1)+1dbg@2+x+1)_

[Out] (dxx*x(1 - x72))/(6%x(1 + x72 + x74)) + (ex(1 + 2xx72))/(6%(1 + x72 + x74)) -
(d*ArcTan[(1 - 2%x)/Sqrt[3]1])/(3*Sqrt[3]) + (d*ArcTan[(1 + 2*x)/Sqrt([3]]1)/
(3*Sqrt [3]) + (2%exArcTan[(1 + 2*x72)/Sqrt[3]1])/(3*Sqrt[3]) - (d*Logl[l - x

+ x72])/4 + (d*Logll + x + x72])/4

Rubi [A] time = 0.09779, antiderivative size = 140, normalized size of antiderivative =

1., number of steps used = 17, number of rules used = 10, integrand size = 16, number of rules

= 0.625, Rules used = {1673, 12, 1092, 1169, 634, 618, 204, 628, 1107, 614}

integrand size

-1 {1-2x —1 [ 2x+1
dx (1 _ xz) 1 , 1 , dtan™! (f) dtan ( 7 ) e(2x2 4 1) 2eta
m—zdlog(x —x+1)+1dlog(x +x+1)— 3\/5 + 3\/5 +6(x4+x2+1)+

Antiderivative was successfully verified.

[In] Int[({d + exx)/(1 + x72 + x74)"2,x]

[Out] (d*x*x(1 - x72))/(6*%(1 + x72 + x74)) + (ex(1 + 2*%x72))/(6%x(1 + x72 + x74)) -
(d*ArcTan[(1 - 2*x)/Sqrt[3]1]1)/(3*Sqrt[3]) + (d*ArcTan[(1 + 2*x)/Sqrt[31])/
(3*Sqrt[3]) + (2*exArcTan[(1 + 2*x72)/Sqrt[3]]1)/(3*Sqrt[3]) - (d*Logl[l - x

+ x72])/4 + (dxLogl[l + x + x72])/4

Rule 1673

Int[(Pg )*x((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2xk]*x~(2xk), {k, 0, q/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]x(a + b*x"2 + c*xx~4)7p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&% 'PolyQ[Pq, x72]

Rule 12



199

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 1092

Int[((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> -Simp[(x*(b"2 -
2xa*xc + bkxcxx"2)x(a + b*x"2 + cxx"4) " (p + 1))/ (2*xax(p + 1)*(b~2 - 4xax*c)),
x] + Dist[1/(2xa*x(p + 1)*x(b~2 - 4xa*xc)), Int[(b~2 - 2%a*xc + 2x(p + 1)*(b"2
— 4xaxc) + bkcx(4xp + 7T)*x"2)*(a + b*x"2 + cxx"4)"(p + 1), x], x] /; FreeQ
[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1] && IntegerQ[2+*p]

Rule 1169

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rtl[a/c, 21}, With[{r = Rt[2xq - b/c, 2]}, Dist[1/(2%c*qg*r), Int
[(d*r - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*q*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]1]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe”2, 0] && NegQ[b~2 - 4x*axc]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*xd - bxe)/(2xc), Int[1/(a + b*x + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rule 628

Int[((d_) + (e_)*(x))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x72, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*cxd - bxe, 0]
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Rule 1107
Int[(x_)*((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Dist[1/2,
Subst[Int[(a + b*x + c*x"2)7p, x], x, x°2], x] /; FreeQ[{a, b, c, p}, x]

Rule 614

Int[((a_.) + (b_)*(x_) + (c_
3))/((p + 1)*(b~2 - 4x*axc)),
Ql{a, b, c},
eger(Q [4*p]

x] && NeQ[b~2 - 4xaxc,

Rubi steps

d+ex ex

D*(x_)72)"(p),
Y*¥(a + b*xx + cxx”2)"(p + 1))/((p + 1)*(b"2 - 4xaxc)),
Int[(a + b*x + c*xx"2)"(p + 1),

x_Symbol] :> Simp[((b + 2%c*x
x] - Dist[(2%cx(2xp +
x], x] /; Free

0] && LtQlp, -11 && NeQlp, -3/2] && Int

f > x:f dx+f de
(1+x2+x4) (1+x2+x4) (1+x2+x4)
—df dx+ef;2dx
1+xz+x4 (1+x2+x4)
dX(l—x) 1 522 1 1 ,
_m Ed mdx+§eSubst(fmdx,x,x]
_ dx(1-+) . e(l+2%) 1 5-6x L[ 5+6x dx+1esubst(f
6(1+x2+x4) 6(1+x2+x4) 127 1-x+x2 12°J 1+x+x2 3
dx(l—xz) e(1+2x 1 1 1 -1+ 2x
:6(1+x2+x4)+6(1+x2+x4 6 fl x + x2 +Edfmdx_1 1-x+x

dx(l—xz) e(1+2x2) 2etan_1(1J:/2§) 1d1 1 i 1d1 1 2
6(1+x2+x4) 6(1+x2+x4) 343 "1 Og( —x+x)+1 og( +x+x)
dx (1 B xz) e (1 + 2x2) dtan”! (%) dtan™! (%) 2etan™! (1:/2;2) 1
6(l+x2+x4) 6(1+x2+x4)_ 3\3 + 33 + 33 —Zdlog

Mathematica [C]

d (x _ x3) 1202 +e . (ﬁ—lli)dtan_l (% (\/5— i) x)

time = 0.494046, size = 146, normalized size = 1.04

V3

2x241

(\/3 + 11i) dtan”! (% (\/5 + i) x) 2etan™! (

)

6 (xt+2x2 +1) 6:/6 + 6iV3

3v3

6:/6 — 6i\3 .
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Warning: Unable to verify antiderivative.

[In] Integratel[(d + exx)/(1 + x72 + x74)72,x]

[Out] (e + 2%xe*x™2 + dx(x - x73))/(6*%(1 + x72 + x74)) - ((-11*I + Sqrt[3])*d*ArcT
an[((-I + Sqrt[3])*x)/2])/(6*Sqrt[6 + (6%xI)*Sqrt[3]1]) - ((11*I + Sqrt[3])*d
*ArcTan[((I + Sqrt[3])*x)/2]1)/(6*Sqrt[6 - (6*%I)*Sqrt[3]1]) - (2*exArcTan[Sqr
t[3]1/(1 + 2xx~2)]1)/(3*Sqrt[3])

Maple [A] time = 0.02, size = 146, normalized size = 1.

3 3

1 d e\ 2d e\ din(+x+1) g3 1+20)3) 243 (1 +2x)3
(( )x——+—)+ 1 9 arctan - 9 arctan| ———

_— +
4x2 +4x+4 3 3 3 3
Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)/(x"4+x72+1)72,%)

[Out] 1/4*%((-1/3*d-1/3*e)*x-2/3*%d+1/3%e)/(x"2+x+1)+1/4*d*1n(x"2+x+1)+1/9*d*arctan
(1/3%x(1+2%x)*37(1/2))*37(1/2)-2/9%3"(1/2) *arctan(1/3*x (1+2*xx)*3"(1/2) ) *xe-1/4
*((1/3*d-1/3%e)*x-2/3*%d-1/3*e) / (x"2-x+1)-1/4*d*1n(x"2-x+1)+1/9*37 (1/2) *arct
an(1/3%(2xx-1)*37(1/2) ) *d+2/9*3~ (1/2) *arctan(1/3* (2*xx-1)*37(1/2) ) e

Maxima [A] time = 1.43411, size = 130, normalized size = 0.93

1 1 1 1 1 1
6\/§(d—26)arctan(§ \/5(2x+1)) + 5 \/§(d+26)arctan(§ \/5(235—1)) + Zdlog(xz +x+1) - Zdlog(xZ_JH

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)/(x"4+x"2+1)72,x, algorithm="maxima")

[Out] 1/9*sqrt(3)*(d - 2*xe)*arctan(1/3*sqrt(3)*(2*x + 1)) + 1/9*sqrt(3)*(d + 2%*e)
xarctan(1/3*sqrt(3)*(2%x - 1)) + 1/4xd*log(x"2 + x + 1) - 1/4*d*log(x”2 - x
+ 1) - 1/6%(d*x"3 - 2%e*x"2 - d*x - e)/(x74 + x72 + 1)
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Fricas [A] time = 1.58244, size = 416, normalized size = 2.97

6 dx3 —123x2—4\/§((d—2e)x4 +(d-2e)x? +d—2e)arctan(§ \/5(2x+1)) —4\/5((d+2€)x4 +(d+2e)x*+d+.

36 (x4 + x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(x"4+x"2+1)72,x, algorithm="fricas")

[Out] -1/36%(6*d*x~3 - 12xe*xx"2 - 4xsqrt(3)*((d - 2*e)*x"4 + (d - 2xe)*x"2 + d -
2xe)*arctan(1/3*sqrt (3)*(2xx + 1)) - 4*sqrt(3)*((d + 2*e)*x"4 + (d + 2%e)*x

T2 + d + 2xe)*arctan(1/3*%sqrt(3)*(2%x - 1)) - 6*%d*xx - 9*(d*x"4 + d*x"2 + d)
xlog(x™2 + x + 1) + 9%(d*x"4 + d*x72 + d)*log(x™2 - x + 1) - 6%e)/ (x4 + x~

2 + 1)

Sympy [C] time = 2.77069, size = 952, normalized size = 6.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/ (x**4+x**2+1)*%*2 %)

[Out] (-d/4 - sqrt(3)*Ix(d + 2xe)/18)*log(x + (-10309*d**4*e + 1026*d**4x(-d/4 -
sqrt (3)*xIx(d + 2%e)/18) - T7200*d**2*xe*x*3 - 31536*d**2%e*xx2%(-d/4 - sqrt(3)*
Ix(d + 2%e)/18) + 108432*d**2xe*(-d/4 - sqrt(3)*Ix(d + 2*xe)/18)**2 + 163296
xd*xx2% (-d/4 - sqrt(3)*Ix(d + 2%xe)/18)**3 + 1792*%ex*5 + 11520*ex*4*(-d/4 - s
qrt (3)*Ix(d + 2%e)/18) + 48384xe**3*(-d/4 - sqrt(3)*Ix(d + 2xe)/18)**2 + 31
1040*%e**2x (-d/4 - sqrt(3)*I*x(d + 2xe)/18)**3)/(3348*d**5 - 11408*d**3*e**2
- 7936*xd*ex*4)) + (-d/4 + sqrt(3)*Ix(d + 2*e)/18)*log(x + (-10309*d**4xe +
1026*d*x*4* (-d/4 + sqrt(3)*I*x(d + 2%e)/18) - T7200*d**2*e*x*3 - 31536*d**2ke**
2x(-d/4 + sqrt(3)*Ix(d + 2xe)/18) + 108432*d**2*xex(-d/4 + sqrt(3)*I*x(d + 2%
e)/18)**2 + 163296*d**2x(-d/4 + sqrt(3)*I*(d + 2%e)/18)**3 + 1792xe**5 + 11
520k%ex*4* (-d/4 + sqrt(3)*Ix(d + 2*e)/18) + 48384*e*x3*(-d/4 + sqrt(3)*Ix(d
+ 2xe) /18) *x*2 + 311040%e*x2%(-d/4 + sqrt(3)*Ix(d + 2xe)/18)**3)/(3348*d**5
- 11408*%d**3*e*x*2 - 7936*xd*e*x*4)) + (d/4 - sqrt(3)*Ix(d - 2xe)/18)*log(x +
(-10309*dx**4xe + 1026*d**4x(d/4 - sqrt(3)*Ix(d - 2%e)/18) - 7200*d**2*xe**3
- 31536*%d**2%e*x*2x(d/4 - sqrt(3)*Ix(d - 2%e)/18) + 108432*xdx*2xe*x(d/4 - sqr
t(3)*Ix(d - 2%e)/18)*x2 + 163296*d**2x(d/4 - sqrt(3)*Ix(d - 2*e)/18)**3 + 1
792%e*xx5 + 11520%e*x*4x(d/4 - sqrt(3)*Ix(d - 2%e)/18) + 48384x*ex*3*(d/4 - sq
rt(3)*Ix(d - 2xe)/18)**2 + 311040*e*x*2%x(d/4 - sqrt(3)*I*x(d - 2%e)/18)*x3)/(



203

3348*d**5 - 11408*d**3*e*xx2 — 7936*d*e*x*4)) + (d/4 + sqrt(3)*Ix(d - 2xe)/18
)*log(x + (-10309*d**4xe + 1026*d*x*4*(d/4 + sqrt(3)*Ix(d - 2%e)/18) - 7200%
dx*2xe*xx3 - 31536xd**2*ex*2x(d/4 + sqrt(3)*Ix(d - 2%e)/18) + 108432*xd**2*ex
(d/4 + sqrt(3)*Ix(d - 2*xe)/18)**2 + 163296xd**2*(d/4 + sqrt(3)*I*x(d - 2xe)/
18)*#*3 + 1792%e*xx5 + 11520*ex*4*x(d/4 + sqrt(3)*Ix(d - 2%e)/18) + 48384xe**3
*x(d/4 + sqrt(3)*Ix(d - 2%e)/18)**2 + 311040*e**2%(d/4 + sqrt(3)*Ix(d - 2xe)
/18)*%3) / (3348%d**5 — 11408*d**3*ex*2 — 7936*dxe**4)) - (d*x**3 - d*x - 2%e
*xxk%2 — e)/(6*xx**4 + 6*kx**2 + 6)

Giac [A] time = 1.09115, size = 135, normalized size = 0.96

1 1 1 1 1 ) 1 ,
5V&d—2@am&m §V&2x+D +§V&d+2@amum.gva2x—D +Zdbg@ +x+1y—1dbg@ —X-
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(x"4+x"2+1)72,x, algorithm="giac")

[Out] 1/9*sqrt(3)*(d - 2xe)*arctan(1/3*sqrt(3)*(2*x + 1)) + 1/9*sqrt(3)*(d + 2%*e)
*xarctan(1/3*sqrt(3)*(2xx - 1)) + 1/4xd*log(x”2 + x + 1) - 1/4xd*log(x”2 - x
+ 1) - 1/6%(d*x"3 - 2%x"2%e - d*x - e)/(x74 + x72 + 1)
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d+ex+ fx?
LY gy
(1+x2+x4)

Optimal. Leaf size=165

3.32

(4d + ftan (2] @d+ f)
(2d—f)log(x2_x+1)+%(2d_f)1og(x2+x+1)_ f)tan (@)+ f

12+/3 1

x(Pd-2f)+d+f) 1
6(x4+x2+1) 8

[Out] (ex(1 + 2xx72))/(6%(1 + x72 + x74)) + (xx(d + £ - (d - 2x£)*x72))/(6%x(1 + x
T2 + x74)) - ((4xd + f)xArcTan[(1 - 2*x)/Sqrt[3]])/(12*Sqrt[3]) + ((4xd + £
Y*¥ArcTan[(1 + 2xx)/Sqrt[3]1])/(12*%Sqrt[3]) + (2*exArcTan[(1 + 2%x72)/Sqrt[3]
1)/(3x8qrt[3]) - ((2xd - f)*Logl[l - x + x72])/8 + ((2%d - f)*Logl[l + x + x~

2])/8

Rubi [A] time = 0.129192, antiderivative size = 165, normalized size of antiderivative =

1., number of steps used = 16, number of rules used = 10, integrand size = 21, number of rules

= 0.476, Rules used = {1673, 1178, 1169, 634, 618, 204, 628, 12, 1107, 614}

integrand size

dd+ ftan ' (22)  @d + )
(2d—f)log(x2—x+1)+%(2d—f)log(x2+x+1)— (\/3)+

123 1

x (x3(=(d - 2f)) +d + f) 1
6(x4+x2+1) 8

Antiderivative was successfully verified.

[In] Int[(d + exx + f*x"2)/(1 + x”2 + x74)72,x]

[Out] (ex(1 + 2%x72))/(6%(1 + x72 + x74)) + (xx(d + £ - (d - 2%£)*x72))/(6%x(1 + x
"2 + x74)) - ((4*d + f)*ArcTan[(1 - 2*x)/Sqrt[3]1]1)/(12xSqrt[3]) + ((4xd + f
)*ArcTan[(1 + 2#x)/Sqrt[3]1])/(12xSqrt[3]) + (2*exArcTan[(1 + 2*x~2)/Sqrt[3]
1)/(3*%Sqrt[3]) - ((2xd - f)*Logl[l - x + x72])/8 + ((2xd - f)*Logl[l + x + x~

21)/8

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, q/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]1*(a + b*x"2 + c*xx~4)7p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&& 'PolyQ[Pq, x72]



205

Rule 1178

Int[((d_) + (e_.)x(x_)"2)*x((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symb
0l] :> Simp[(x*(axbxe - d*(b~2 - 2%axc) - cx(bxd - 2%a*xe)*x"2)*(a + b*xx"2 +
cxx™4) " (p + 1))/ (2%ax(p + 1)*(b~2 - 4xa*xc)), x] + Dist[1/(2xa*x(p + 1)*(b"2
- 4xaxc)), Int[Simp[(2%p + 3)*d*b~2 - axbke - 2xaxc*d*(4*xp + 5) + (4*p + 7
Yx(d*b - 2*xakxe)*cxx"2, x]*x(a + b*x"2 + c*x”4)"(p + 1), x], x] /; FreeQ[{a,

b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*xd"™2 - bxdxe + a*xe”2, 0] &&

LtQ[p, -1] && IntegerQ[2xp]

Rule 1169

Int[((d_) + (e_)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rtla/c, 2]}, With[{r = Rt[2xq - b/c, 2]}, Dist[1/(2*c*qg*r), Int
[(d*r - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*q*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NegQ[b~2 - 4x*axc]

Rule 634

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2xc), Int[1/(a + bxx + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2*c*x)/(a + bxx + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[-b, 2]1), x] /; FreeQl[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 1107

Int[(x_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Dist[1/2,
Subst[Int[(a + b*x + c*x~2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, p}, x]

Rule 614

Int[((a_.) + (b_D)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2xc*x
Yx(a + b*xx + cxx”2) " (p + 1))/ ((p + 1)*(b"2 - 4xaxc)), x] - Dist[(2xcx(2xp +
3))/((p + 1)*(b™2 - 4xaxc)), Int[(a + b*x + c*xx"2)"(p + 1), x], x] /; Free
Q{a, b, c}, x] && NeQ[b~2 - 4*axc, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
egerQ [4*p]

d+ex+ fx? ex d+ fr2
——dx= | —————dx+ | ————d
f(1+x2+x4)2 ' f(1+x2+x4)2 ' f(1+x2+x4)2 '
Cx(d+f-@-2p) 5 f + (od +2f)22 i}

) 6(1+22+xt) 6f 1+22+ x4 dx+efmdx
_x(dxf-@-20) 5d-f-(6d-3f)x | 1 [5d-f+(6d-3f)x 1
6(1+x2+x4 12f 1—x+ 22 dx*‘ﬁf Tt x 122 dx+§eSuk
e(1+2x2) x(d+f—(d—2f)x 1

_6(1+x2+x4)+ 6(1+x2+x4) SUbSt(fl dxxx)+ —(2d - f)f1+

__e(1#+22)  x{d+f-@d-20) 1 2. :

_6(1+x2+x4)+ ATy —§(2d—f)log(1—x+x)+§(2d—f)log(1+x+x
(1+20) x(@es-@-2?) Gd+puan’(5F) e pun () 2

- + - + 4+ —

oeed] o] V3 s

Mathematica [C] time = 0.42446, size = 186, normalized size = 1.13

1 [6(x (< +d+2722 + f) + 202 +¢) ) ((\/5—11i)d—2(\/§—2i)f)tan_1(%(\/g—i)x) (V3 +11i)d -2

36 X +x2+1 %(l+i\/§)

R



207

Warning: Unable to verify antiderivative.

[In] Integrate[(d + exx + fxx72)/(1 + x"2 + x74)72,%]

[Out] ((6%(e + 2%e*xx"2 + x*(d + £ - d*x™2 + 2xf*x72)))/(1 + x72 + x74) - (((-11xI
+ Sqrt[3])*d - 2*%(-2*I + Sqrt[3])*f)*ArcTan[((-I + Sqrt[3])*x)/2]1)/Sqrt[(1

+ IxSqrt[3])/6] - (((11%I + Sqrt[3])*d - 2% (2*I + Sqrt[3])*f)*ArcTan[((I +
Sqrt[3]1)*x)/2])/Sqrt[(1 - IxSqrt[3])/6] - 8xSqrt[3]*exArcTan[Sqrt[3]/(1 +
2%x72)1)/36

Maple [A] time = 0.014, size = 214, normalized size = 1.3

3

4x2 +4x+4 3 3 3 3

1 ((_g_§+2f)x_2_d e f)+dln(x24+x+1) ln(x2+8x+1)f+d\/§arctan((1+2x)\/§*

Verification of antiderivative is not currently implemented for this CAS.

[In] int((fxx"2+exx+d)/(x"4+x"2+1)"2,x)

[Out] 1/4*%((-1/3*d-1/3*e+2/3*f)*x-2/3*%d+1/3*%e+1/3*f)/(x"2+x+1)+1/4*d*1n(x"2+x+1) -
1/8*1In(x"2+x+1)*f+1/9*d*arctan(1/3* (1+2*x)*37(1/2))*37(1/2)-2/9%3"(1/2) *arc
tan(1/3*x(1+2*x)*37(1/2) ) *e+1/36%37 (1/2) *arctan(1/3* (1+2*x) *3~(1/2) ) *xf-1/4x*(
(1/3*%d-1/3*e-2/3*f)*x-2/3*xd-1/3*%e+1/3*f) /(x"2-x+1)-1/4*d*1n(x"2-x+1)+1/8%1n
(x"2-x+1)*f+1/9%37 (1/2) *arctan(1/3* (2xx-1) *3~(1/2) ) *d+2/9*3~ (1/2) *arctan(1/

3k (2xx-1)*37(1/2) ) *e+1/36%37 (1/2) *arctan(1/3* (2*xx-1)*3~(1/2) ) *f

Maxima [A] time = 1.42986, size = 162, normalized size = 0.98

31—6\/5(4d—86+f)arctan(:1; \/5(2x+1)) +31—6\/§(4d+8e+f)arctan(§ \/5(2x—1)) + é (Zd—f)log(x2 +x-

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x~2+e*xx+d)/(x"4+x"2+1)72,x, algorithm="maxima")

[Out] 1/36%*sqrt(3)*(4*xd - 8xe + f)*arctan(1/3*sqrt(3)*(2xx + 1)) + 1/36*sqrt(3)*(
4xd + 8*e + f)*arctan(1l/3*sqrt(3)*(2xx - 1)) + 1/8x(2xd - f)*log(x"2 + x +
1) - 1/8%(2%d - f)*log(x”2 - x + 1) - 1/6%((d - 2%f)*x"3 - 2%exx"2 - (d + £
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Yxx - e)/(x74 + x72 + 1)

Fricas [A] time = 1.90264, size = 547, normalized size = 3.32

12(d-2f)x® —24ex? - 2V3((4d - 8e+ f)xt + (4d - 8e+ f)x® +4d - 8e + f) arctan(% \/5(2x+1)) -23((4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x"2+e*x+d)/(x"4+x72+1)"2,x, algorithm="fricas")

[Out] -1/72%x(12%(d - 2*f)*x"3 - 24%xe*xx”2 - 2*xsqrt(3)*((4xd - 8*e + f)*x"4 + (4*d
- 8%e + f)*x72 + 4*%d - 8xe + f)*arctan(1/3*sqrt(3)*(2*x + 1)) - 2*sqrt(3)*(

(4%d + 8xe + f)*xx"4 + (4xd + 8xe + f)*x"2 + 4xd + 8xe + f)*arctan(1l/3*sqrt(
3)k(2xx — 1)) - 12x(d + £)*x - 9*%((2%d - £)*x"4 + (2%d - £)*x72 + 2xd - f)*
log(x™2 + x + 1) + 9% ((2xd - f)*x"4 + (2xd - £)*x"2 + 2*%d - f)*log(x"2 - x

+ 1) - 12%e)/(x"4 + x72 + 1)

Sympy [C] time = 33.2861, size = 4107, normalized size = 24.89

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((fxx**2+exx+d)/ (x**4+x**2+1)**2, %)

[Out] (-d/4 + £/8 - sqrt(3)*I*x(4xd + 8xe + f)/72)*log(x + (-164944*d*x5xe + 16416
*xd*x*5x (-d/4 + £/8 - sqrt(3)*xIx(4xd + 8*e + f)/72) + 336520*d*x4*xexf + 20066
4xd*x*4xfx(-d/4 + £/8 - sqrt(3)*I*x(4xd + 8xe + £)/72) - 115200*d**3*e*x*3 - 5
04576*%dx*3*e*x*x2*% (-d/4 + £/8 - sqrt(3)*I*x(4*d + 8*e + f)/72) - 272380*d**3xe
xf*xx2 + 1734912*d**3xex(-d/4 + £/8 - sqrt(3)*Ix(4xd + 8xe + f)/72)**2 - 229
500xd**3*fx*2x (-d/4 + £/8 - sqrt(3)*I*(4*xd + 8xe + £)/72) + 2612736*d**3x (-
d/4 + £/8 - sqrt(3)*Ix(4*xd + 8*e + f)/72)*x3 + 51840*d**2xex*3xf + 881280*d
xk2xex*x2xfx (-d/4 + £/8 - sqrt(3)*I*x(4*xd + 8xe + £)/72) + 119420%d**2*e*xf**3
- 2477952*d*x*2xexf*x(-d/4 + £/8 - sqrt(3)*I*x(4*d + 8*xe + f)/72)*x2 + 50436%
dxx2xf*xx3% (-d/4 + £/8 - sqrt(3)*Ix(4xd + 8*e + £)/72) - 2519424xd**2*f*(-d/
4 + £/8 - sqrt(3)*I*x(4*xd + 8xe + £)/72)*x3 + 28672xd*e*x*5 + 184320*d*e**4x* (
-d/4 + £/8 - sqrt(3)*I*x(4*d + 8xe + f)/72) + 8640xdxex*3*xf*x2 + 774144*d*ex*
*x3%(-d/4 + £/8 - sqrt(3)*Ix(4xd + 8*e + f)/72)**2 - 409536*d*ex*2xf**2% (-d/
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4 + £/8 - sqrt(3)*I*x(4*xd + 8xe + £)/72) + 4976640*d*e*xx2*(-d/4 + £/8 - sqrt
(3)*xI*x(4*d + 8*e + £)/72)*x3 - 31040*d*exf**x4 + 1270080*d*exf*x2*(-d/4 + £/
8 - sqrt(3)*xI*x(4*d + 8*e + f)/72)*x2 + 14040*d*f**4*x(-d/4 + £/8 - sqrt(3)*I
x(4xd + 8xe + £)/72) + 139968*d*xf**2x(-d/4 + £/8 - sqrt(3)*I*(4*xd + 8xe + f
)/T72)*x3 - 20480*e*x5*xf - 36864*ex*4xf*x(-d/4 + £/8 - sqrt(3)*Ix(4xd + 8xe +
£)/72) - 2880%exx3xf*x3 - 552960*e**3xf*(-d/4 + £/8 - sqrt(3)*Ix(4xd + 8xe
+ £)/72)**2 + 70848*e*x*x2*xf*x3*(-d/4 + £/8 - sqrt(3)*I*(4*xd + 8xe + £)/72)
- 995328*ex*x2xf*(-d/4 + £/8 - sqrt(3)*I*x(4*d + 8*e + f)/72)**3 + 3956%e*f*x*
5 - 209088xe*xf**3x(-d/4 + £/8 - sqrt(3)*I*x(4*xd + 8xe + f)/72)**2 — 3996*f*x*
5x(-d/4 + £/8 - sqrt(3)*I*x(4*d + 8*xe + £)/72) + 233280*f**3x(-d/4 + £/8 - s
qrt (3)xIx(4*d + 8*e + £)/72)**3)/(53568*d**6 - 69984*d**x5*f - 182528*d**4*e
**%2 + 23652%d**k4*xf**x2 + 377344*%d**3kex*2*xf + 54A00*d*x*3*xfx*3 — 126976xd**2xe
**%4 — 278400xd**2xex*2xfx*x2 — 4131*d**x2%xf**x4 + 102400*d*exx4*xf + 93568*d*e*
*x2%f**3 + 8lkdxf**5 — 28672kexx4*xf**2 — 11648*ex*2xf*x4 + 189*f**6)) + (-d/
4 + £/8 + sqrt(3)*I*x(4*xd + 8xe + f)/72)*log(x + (-164944*d**5xe + 16416%d**
5%(-d/4 + £/8 + sqrt(3)*I*x(4*d + 8*e + f)/72) + 336520*d*xdxexf + 200664*d*
x4xfx(-d/4 + £/8 + sqrt(3)*I*(4*xd + 8*xe + £)/72) - 115200*d**3xe**3 - 50457
6xdx*x3xe*x*2%(-d/4 + £/8 + sqrt(3)*I*(4*d + 8*xe + £)/72) - 272380*d**3*e*f*x*
2 + 1734912*d**3xe*x(-d/4 + £/8 + sqrt(3)*I*x(4*d + 8*e + f)/72)*x2 - 229500%
dx*3xf*x2% (-d/4 + £/8 + sqrt(3)*Ix(4xd + 8*e + £)/72) + 2612736%d*x3*(-d/4
+ £/8 + sqrt(3)*Ix(4xd + 8%e + £)/72)**3 + 51840*d**2xe*x*3*f + 881280*d**2*
exx2xfx(-d/4 + £/8 + sqrt(3)*I*x(4*xd + 8*e + £)/72) + 119420*d**2*e*xf**3 - 2
477952*xdxx2xexfx(-d/4 + £/8 + sqrt(3)*I*x(4*xd + 8xe + f)/72)**2 + B50436*d**2
xf*xx3% (-d/4 + £/8 + sqrt(3)*I*x(4*d + 8*e + £)/72) - 2519424xd**2*xfx(-d/4 +
£/8 + sqrt(3)*I*x(4*xd + 8xe + f)/72)**3 + 28672*d*ex*5 + 184320*d*exx4x*(-d/4
+ £/8 + sqrt(3)*Ix(4xd + 8*e + £)/72) + 8640xd*e*x*3xf*x2 + T7T74144*dxe*x*3* (
-d/4 + £/8 + sqrt(3)*I*x(4*d + 8*e + £)/72)*x2 - 409536%d*e*x*2*xf**2x(-d/4 +
£/8 + sqrt(3)*I*(4*d + 8xe + £)/72) + 4976640*d*e*x*2x(-d/4 + £/8 + sqrt(3)*
Ix(4*xd + 8xe + £)/72)*x3 - 31040xd*exf*x4 + 1270080*d*xexf**x2*(-d/4 + £/8 +
sqrt (3)*xI*x(4*d + 8*e + £)/72)*x2 + 14040*d*f**4*x(-d/4 + £/8 + sqrt(3)*I*(4x
d + 8xe + £)/72) + 139968xd*xf**2x(-d/4 + £/8 + sqrt(3)*I*(4xd + 8xe + £)/72
)*%3 - 20480%e*x*5*xf - 36864*ex*x4xf*(-d/4 + £/8 + sqrt(3)*I*x(4*d + 8*e + f)/
72) - 2880%ex*3xf**3 - 552960*e*xx3*f*(-d/4 + £/8 + sqrt(3)*I*x(4*d + 8xe + f
)/T2)*x2 + T70848xe*xx2*xf**3x(-d/4 + £/8 + sqrt(3)*I*x(4*xd + 8xe + £)/72) - 99
5328*xex*2xf*x(-d/4 + £/8 + sqrt(3)*I*(4*d + 8*e + f)/72)*x3 + 3956*e*xf**5 -
209088*exf**3*% (-d/4 + £/8 + sqrt(3)*Ix(4*xd + 8xe + £)/72)**2 — 3996%f**5% (-
d/4 + £/8 + sqrt(3)*Ix(4*xd + 8*e + f)/72) + 233280*f**3*x(-d/4 + £/8 + sqrt(
3)*xIx(4*d + 8*e + £)/72)**3)/(53568*d**6 — 69984*d**5xf — 182528*d**4xe*x*2
+ 23652*%dxx4*xf*xx2 + 377344*xd*x*x3*ke*x*x2xf + HA00*d**x3*xf**3 — 126976*d**2xe**x4
- 278400*d*x*2%e*x*x2xf**x2 — 4131xd**2*xfxx4 + 102400*%d*e*x*4dxf + 93568*d*xex*2*f
*x%3 + Blkdxf*x5 — 28672xe*xx4*xf**2 — 11648*ex*2xf*x4 + 189*xfx*6)) + (d/4 - £
/8 - sqrt(3)*xIx(4xd - 8*xe + f)/72)xlog(x + (-164944xd**5xe + 16416xd**5*(d/
4 - £/8 - sqrt(3)*Ix(4xd - 8xe + £)/72) + 336520*d*x*4*xexf + 200664*d**x4*f* (
d/4 - £/8 - sqrt(3)*I*x(4*d - 8xe + £)/72) - 115200%d**3*kex*3 - 504576xd**3*
ex*2x(d/4 - £/8 - sqrt(3)*Ix(4xd - 8xe + f)/72) - 272380*d*x3*xexf*x2 + 1734
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912*dx*3*ex(d/4 - £/8 - sqrt(3)*xIx(4xd - 8xe + f)/72)**2 — 229500*d**3*f**2
x(d/4 - £/8 - sqrt(3)*Ix(4*d - 8%e + f)/72) + 2612736%d**3*(d/4 - £/8 - sqr
t(3)*Ix(4*xd - 8xe + £)/72)**3 + 51840*d**2%e*xx3+f + 881280*d**2kex*2*xf*(d/4
- £/8 - sqrt(3)*Ix(4xd - 8xe + £)/72) + 119420*d**2*xexf*x3 — 2477952*d**2%
exfx(d/4 - £/8 - sqrt(3)*I*(4xd - 8*xe + f)/72)**2 + B50436*xd**2xf**3*(d/4 -
£/8 - sqrt(3)*I*x(4*xd - 8xe + f)/72) - 2519424*dx*2xf*(d/4 - £/8 - sqrt(3)*I
x(4*xd - 8xe + £)/72)*x3 + 28672xd*exx5 + 184320*d*ex*x4x*(d/4 - £/8 - sqrt(3)
xI*x(4*xd - 8*%e + £)/72) + 8640*d*xex*x3xf**2 + 774144xd*e*x*3*%x(d/4 - £/8 - sqrt
(3)*xI*x(4*d - 8*e + £)/72)*x2 - 409536*xd*e**2*xf**x2x(d/4 - £/8 - sqrt(3)*Ix(4
xd - 8%e + f)/72) + 4976640*d*e*x*2x(d/4 - £/8 - sqrt(3)*I*x(4*d - 8xe + £)/7
2)*x3 - 31040xd*exf*x*x4 + 1270080*d*xexf*x2%(d/4 - £/8 - sqrt(3)*I*(4*d - 8x*e
+ £)/72)**2 + 14040*d*xf**4x(d/4 - £/8 - sqrt(3)*xI*x(4xd - 8xe + f)/72) + 13
9968*d*f**2*%(d/4 - £/8 - sqrt(3)*I*x(4*xd - 8xe + f)/72)**3 - 20480*e**5*xf -
36864*xexx4xf*x(d/4 - £/8 - sqrt(3)*I*x(4*xd - 8xe + f)/72) - 2880*ex*3xf*x3 -
552060*e**3*xfx(d/4 - £/8 - sqrt(3)*Ix(4xd - 8*e + £)/72)**2 + T0848*ex*2xfx*
*x3%(d/4 - £/8 - sqrt(3)*xI*x(4*xd - 8*e + £)/72) - 995328*ex*2xf*(d/4 - £/8 -
sqrt (3)*xI*x(4*xd - 8*e + f)/72)**3 + 3956*exf**5 — 209088*exf**3x(d/4 - £/8 -
sqrt (3)*xI*x(4*d - 8*e + f)/72)**2 — 3996xf*x5*x(d/4 - £/8 - sqrt(3)*I*(4*xd -
8xe + f)/72) + 233280*%f**3x(d/4 - £/8 - sqrt(3)*I*x(4*d - 8*e + £)/72)*%x3)/
(53568*d**6 — 69984xd*x*5xf - 182528xd**4xe*x*2 + 23652*dx*x4d*xfx*2 + 377344*d*
*3kexx2*xf + B5400xdx*3xfx*x3 - 126976xd*x*x2ke*xxd - 278400*d*x*2*e*x*x2xf**2 - 413
Ixd**2xfx*x4 + 102400*d*e*x*4xf + 93568*dxex*2*xf*x*x3 + 8lxd*f**x5 - 28672*ex*x*x4x
fx%2 - 11648*%ex*x2xf**x4 + 189xf**x6)) + (d/4 - £/8 + sqrt(3)*Ix(4xd - 8*e + f
)/72)*log(x + (-164944xd**5*xe + 16416*d**5x(d/4 - £/8 + sqrt(3)*Ix(4xd - 8%
e + £)/72) + 336520*d**4*xexf + 200664*xd**4xf*x(d/4 - £/8 + sqrt(3)*I*x(4*d -
8xe + £)/72) - 115200*d**3*e**3 — 504576*d**3*ex*2x(d/4 - £/8 + sqrt(3)*Ix(
4xd - 8xe + f)/72) - 272380*d**3kexf**2 + 1734912*d**3xe*x(d/4 - £/8 + sqrt(
3)*Ix(4xd - 8xe + f)/72)**2 — 229500*d**3*f**2%(d/4 - £/8 + sqrt(3)*I*(4xd
- 8xe + £)/72) + 2612736*%d**3*x(d/4 - £/8 + sqrt(3)*Ix(4xd - 8*e + f)/72)**3
+ 51840*d**2kex*3+xf + 881280*xd**2*e*x*2xfx(d/4 - £/8 + sqrt(3)*Ix(4xd - 8xe
+ £)/72) + 119420*d**2%e*xf**3 - 2477952*d**2*xe*xf*x(d/4 - £/8 + sqrt(3)*I*(4
xd - 8%e + f)/72)**2 + 50436*xd*x*2xf*x3%(d/4 - £/8 + sqrt(3)*I*x(4*d - 8*e +
£)/72) - 2519424xd*x*2xfx(d/4 - £/8 + sqrt(3)*Ix(4*xd - 8*e + f)/72)*x3 + 286
72*%dxe*xx5 + 184320*d*e*x*4*x(d/4 - £/8 + sqrt(3)*I*x(4*xd - 8xe + f)/72) + 8640
xd*xex*3xf*xx2 + T7T74144*%dxe*xx3*(d/4 - £/8 + sqrt(3)*xI*(4*d - 8*xe + £)/72)*%2
- 409536*d*ex*2xfx*x2x(d/4 - £/8 + sqrt(3)*I*(4xd - 8*xe + £)/72) + 4976640%d
xexx2%(d/4 - £/8 + sqrt(3)*I*x(4+d - 8xe + £)/72)**3 - 31040xdxexfx*4 + 1270
080*xd*exf**x2x(d/4 - £/8 + sqrt(3)*I*(4*xd - 8*xe + f)/72)**2 + 14040*d*f**4x(
d/4 - £/8 + sqrt(3)*Ix(4xd - 8xe + f)/72) + 139968*d*xf**2x(d/4 - £/8 + sqrt
(3)*xI*x(4*d - 8*e + £)/72)*x3 - 20480*e*xb*xf - 36864*ex*x4xfx(d/4 - £/8 + sqr
t(3)*xI*x(4*xd - 8xe + £)/72) - 2880*ex*3xf*x3 - 552960*ex*3xf*(d/4 - £/8 + sq
rt (3)*xI*(4xd - 8*e + £)/72)**2 + 70848k ex*2xf**3*%(d/4 - £/8 + sqrt(3)*Ix*(4x
d - 8%e + £)/72) - 995328*ex*x2xf*x(d/4 - £/8 + sqrt(3)*I*(4*xd - 8*xe + £)/72)
*x%3 + 3956%exf*x*5 - 209088xexf**3x(d/4 - £/8 + sqrt(3)*Ix(4xd - 8xe + £)/72
)*%2 — 3996*f*x*x5x(d/4 - £/8 + sqrt(3)*Ix(4xd - 8xe + £)/72) + 233280*f**3* (
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d/4 - £/8 + sqrt(3)*I*(4xd - 8xe + £)/72)+*%3)/(53568*d**6 — 69984*d**5*f -
182528*d**x4xex*x2 + 23652xd*x*x4xf*x*2 + 377344*d**x3xe*x*x2xf + B5400*xd**3*f*x3 -
126976*d**x2xex*4 — 278400*%d**2%xe*x*x2xfx*2 — 4131*kd**x2*xf**x4 + 102400*d*ex*4*f
+ 93568*xd*xe*x*2xf*x*3 + Slkdxf*x5 — 28672kxexx4*xf*x*2 — 11648xe*x*x2xf*x*x4 + 189x%
f*%6)) — (—2%exx*x*x2 — e + x*xx3x(d - 2%f) + xk(-d - £))/(6*x**4 + 6*xx**2 + 6
)

Giac [A] time = 1.09278, size = 173, normalized size = 1.05

%\/5(4d+f—83)arctan(% \/5(2x+1)) +31—6\/§(4d+f+8e)arctan(% \/5(2x—1)) + % (Zd—f)log(xz +x-

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*xx~2+exx+d)/(x"4+x72+1)72,x, algorithm="giac")

[Out] 1/36%sqrt(3)*(4xd + f - 8*e)*arctan(1/3*sqrt(3)*(2xx + 1)) + 1/36*sqrt (3)*(
4xd + f + 8xe)*arctan(1/3*sqrt(3)*(2*x - 1)) + 1/8%(2+d - f)*log(x"2 + x +

1) - 1/8%(2xd - f)xlog(x"2 - x + 1) - 1/6%x(d*x"3 - 2%f*xx"3 - 2*%x"2%e - d*x

- f*x - e)/(x"4 + x72 + 1)
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d+ex+fx2+gx3ti
2
(1+x2+x4)

Optimal. Leaf size=179

3.33

(4d+ ftan™ (ZF)  (ad+ f)
(Zd—f)log(xz_x+1)+%(Zd_f)log(x2+x+1)_ f)tan (‘/§)+ f

12+/3 1

x(Pd-2f)+d+f) 1
6(x4+x2+1) 8

[Out] (xx(d + £ - (d - 2%x£)*xx72))/(6%(1 + x72 + x74)) + (e - 2*g + (2%e - g)*x72)
/(6%x(1 + x72 + x74)) - ((4xd + f)xArcTan[(1 - 2*x)/Sqrt[3]])/(12*Sqrt[3]) +
((4%d + f)*ArcTan[(1 + 2*x)/Sqrt[3]])/(12xSqrt[3]) + ((2%e - g)*ArcTan[(1

+ 2%x72) /Sqrt [3]]1)/(3*Sqrt [3]) - ((2%d - f)*Logll - x + x72])/8 + ((2*%d - f
)xLog[l + x + x72]1)/8

Rubi [A] time = 0.141012, antiderivative size = 179, normalized size of antiderivative

1., number of steps used = 15, number of rules used = 9, integrand size = 26, number of rules _

0.346, Rules used = {1673, 1178, 1169, 634, 618, 204, 628, 1247, 638}

integrand size

dd+ ftan ' (22)  @d + )
(2d—f)log(x2—x+1)+%(2d—f)log(x2+x+1)— (\/3)+

123 1

x (x3(=(d - 2f)) +d + f) 1
6(x4+x2+1) 8

Antiderivative was successfully verified.

[In] Int[(d + e*xx + f*xx72 + g*x~3)/(1 + x72 + x74)72,x]

[Out] (xx(d + £ - (d - 2*%£)*x72))/(6%(1 + x72 + x74)) + (e - 2xg + (2%e - g)*x72)

/(6%(1 + x~2 + x74)) - ((4*%d + f)*ArcTan[(1 - 2*x)/Sqrt[3]1]1)/(12%Sqrt[3]) +
((4xd + f)*ArcTan[(1 + 2*x)/Sqrt([3]])/(12%Sqrt[3]) + ((2*xe - g)*ArcTan[(1

+ 2%x72)/Sqrt[3]])/(3*Sqrt[3]) - ((2%d - f)x*Log[l - x + x72])/8 + ((2%d - £
)*Log[l + x + x72])/8

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, q/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]1*(a + b*x"2 + c*xx~4)7p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&& 'PolyQ[Pq, x72]
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Rule 1178

Int[((d_) + (e_.)*(x_)"2)x((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symb
0l] :> Simp[(x*(axbxe - d*(b~2 - 2%axc) - cx(bxd - 2%a*xe)*x"2)*(a + b*xx"2 +
cxx™4) " (p + 1))/ (2%ax(p + 1)*(b~2 - 4xa*xc)), x] + Dist[1/(2xa*x(p + 1)*(b"2
- 4xaxc)), Int[Simp[(2*p + 3)*d*b~2 - axbke - 2kaxckdx(4*p + 5) + (4xp + 7
Yx(d*b - 2*xakxe)*cxx"2, x]*x(a + b*x"2 + c*x”4)"(p + 1), x], x] /; FreeQ[{a,

b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*xd"™2 - bxdxe + a*xe”2, 0] &&

LtQlp, -1] && IntegerQ[2*p]

Rule 1169

Int[((d) + (e_)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rtla/c, 2]}, With[{r = Rt[2xq - b/c, 2]}, Dist[1/(2*c*qg*r), Int
[(d*r - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*q*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NegQ[b~2 - 4x*axc]

Rule 634

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2xc), Int[1/(a + bxx + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2*c*x)/(a + bxx + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[-b, 2]1), x] /; FreeQl[{a, b}, x] && PosQla/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 1247
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Int[(x )*((d_) + (e_.)*(x_)"2)"(q_.)*x((a_) + (b_)*(x_)"2 + (c_.)*x(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + exx)"g*(a + b*x + c*x72)7p, x],
x, x72], x] /; FreeQ[{a, b, ¢, d, e, p, qf, x]

Rule 638

Int[((d_.) + (e_)*(x_))*x((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simp[((b*d - 2%axe + (2*c*d - b*e)*x)*(a + b*x + c*x"2)7(p + 1))/((p +
D*(b72 - 4xa*xc)), x] - Dist[((2xp + 3)*(2*kcxd - bxe))/((p + 1)*(b"2 - 4x*a
xc)), Int[(a + b¥x + c*xx”2)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e}, x] &&
NeQ[2+c*d - bke, 0] && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1] && NeQ[p, -3/2]

Rubi steps

fd+ex+fx2+gx3dx:f( d+ fx? 2dﬂ_f(x(e+gx2)2dx

(1+x2+x4)2 1+x2+x4) 1+x2+x4)

d d- e 2
_ x(d+ f—(d-2f)?) 6]5d f+(d+2ﬂxdx+%&mﬁ~f

6(1+x2+x4 1+ x2+x4

:x(d+f_(d—2f)x)+e—2g+(26 g)x de—f—(6d—3f)x
6(1+x2+x4) 6(1+x2+x4 12 1—x+x2

x(d+f—(d—2f)x2) e—2¢+ (2 - g)x 1+ 2x

e+gx

5 dx, x, x

(l+x+x2)

1 (5d-
d+ﬁji 1

1
- 6(1+x2+x4) ’ 6(1+x2+x4) (Zd f)f1+x+x2dx+§(_2d+f)f

xw+flwd‘2”f)+e—zg+ae<9ﬁ_er—@tmflCig)
6(1+5 +x!) 6(1+22+x%) 3V3

1-2x

x(d+f_(d_2f)x2)+e—2g+(2e—g)x2 (4d+f)tan_1(\/§) (4¢:l+f)tan‘1(ﬁ

1
- 2(d - flog(1-

1+2:

6(1+x2+x4) 6(1+x2+x4) - 12+/3 "

Mathematica [C] time = 0.434399, size = 200, normalized size = 1.12

12+/3

1 6(x(—dx2+d+2fx2+f)+2€x2+e—g(x2+2)) ) ((\/5—11i)d—2(\/§—2i)f)tan_l (% (\/§—i)x) ((\/§+

36 a2 +1 }
xX*+xc+ %(14_1\/5)

Warning: Unable to verify antiderivative.

[In] Integrate[(d + e*x + f*x™2 + gxx~3)/(1 + x"2 + x74)72,x]



215

[Out] ((6%(e + 2%e*x"2 - g*(2 + x72) + xx(d + £ - d*x72 + 2%f*x72)))/(1 + x72 + x
“4) - (((-11xI + Sqrt[3])*d - 2% (-2*%I + Sqrt[3])*f)*ArcTan[((-I + Sqrt[3])*
x)/21)/8qrt[(1 + I*Sqrt[3])/6] - (((11*I + Sqrt[3]1)*d - 2*%(2*I + Sqrt([3])*f
)*¥ArcTan[((I + Sqrt[3])*x)/2])/Sqrt[(1 - IxSqrt[3])/6] - 4xSqrt[3]*(2*e - g
)xArcTan[Sqrt [3]/(1 + 2*x72)])/36

Maple [A] time = 0.013, size = 260, normalized size = 1.5

5
arctan| —

1 d e g 2f 2d e 2¢ f\ dln(?+x+1) In(@+x+1)f 443
373 373/ 37373 37 *

e + —
4x2+4x+4 3 3 3 3 4 8

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*x~3+f*xx"2+exx+d)/(x"4+x"2+1)72,%)

[Out] 1/4%((-1/3%d-1/3%e-1/3%g+2/3%f)*x-2/3*d+1/3%e-2/3%g+1/3%f)/(x"2+x+1)+1/4*d*
In(x72+x+1)-1/8*1n(x"2+x+1)*xf+1/9*d*arctan (1/3* (1+2*x)*37(1/2))*37(1/2)-2/9
x37(1/2) *arctan(1/3* (1+2*x)*37(1/2) ) *xe+1/36*%3~(1/2) *arctan(1/3* (1+2*xx) *3~ (1
/2))*£+1/9%37(1/2) *arctan (1/3* (1+2*x)*37(1/2) ) xg-1/4%((1/3*d-1/3*e-1/3*g-2/
3xf)*x-2/3*d-1/3*%e+2/3*g+1/3*f) / (x"2-x+1) -1/4*d*1n(x"2-x+1)+1/8*1n(x"2-x+1)
*xf+1/9%37 (1/2) *arctan(1/3* (2*x-1)*37(1/2) ) *d+2/9%37 (1/2) *arctan(1/3* (2*x-1)
*x37(1/2) ) *e+1/36%37 (1/2) *arctan(1/3*(2*x-1)*37(1/2) ) *£-1/9*3~(1/2) *arctan(l

/3% (2xx-1)*37(1/2) ) *g

Maxima [A] time = 1.45662, size = 182, normalized size = 1.02

%\/5(4d—8€+f+4g)arctan(% \/5(2x+1)) +31—6\/§(4d+8e+f—4g)arctan(% \/5(23(—1)) + é (Zd—f)l‘

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx~3+f*x"2+e*x+d)/(x"4+x"2+1)"2,x, algorithm="maxima"

[Out] 1/36%sqrt(3)*(4xd - 8xe + f + 4xg)*arctan(1/3*sqrt(3)*(2*x + 1)) + 1/36%sqr
t(3)*(4*d + 8*e + f - 4xg)*arctan(1l/3*sqrt(3)*(2xx - 1)) + 1/8%(2xd - f)*lo
g(x™2 + x + 1) - 1/8%(2*%d - f)*log(x"2 - x + 1) - 1/6*%((d - 2*xf)*xx"3 - (2%e

- g)*x”2 - (d + f)*x - e + 2%g)/(x"4 + x72 + 1)
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Fricas [A] time = 3.15898, size = 616, normalized size = 3.44

12(d—2f)x3—12(2e—g)x2—2\/§((4d—83+f+4g)x4+(4d—83+f+4g)x2+4d—8€+f+4g)arctan(%'

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx~3+f*x"2+e*x+d)/(x"4+x72+1)72,x, algorithm="fricas")

[Out] -1/72%(12x(d - 2*f)*x"3 - 12%(2%e - g)*x"2 - 2xsqrt(3)*((4xd - 8*e + f + 4x
g)*x"4 + (4xd - 8%e + f + 4*g)*x"2 + 4*xd - 8*e + f + 4xg)xarctan(1/3*sqrt(3
)*¥(2xx + 1)) - 2%sqrt(3)*((4xd + 8*e + f - 4*xg)*x"4 + (4*xd + 8xe + f - 4xg)

*x"2 + 4*%d + 8*%e + f - 4dxg)*xarctan(1/3*sqrt(3)*x(2xx - 1)) - 12x(d + f)*x -

Ok ((2*%d - £)*x74 + (2%d - £)*x72 + 2xd - f)*xlog(x”2 + x + 1) + 9*x((2xd - £f)

*x74 + (2%d - £)*x72 + 2xd - f)*log(x"2 - x + 1) - 12%e + 24x*g)/(x"4 + x72

+ 1)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((gxx**3+f*x**x2+e*xx+d)/ (x**4+x**2+1)**2, %)

[Out] Timed out

Giac [A] time = 1.08282, size = 192, normalized size = 1.07

%\/5(4d+f+4g—86)arctan(% \/§(Zx+1)) +31—6\/§(4d+f—4g+86)arctan(% \/§(Zx—1)) + % (Zd—f)log

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*x~3+f*x~2+e*xx+d)/(x74+x"2+1)"2,x, algorithm="giac")
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[Out] 1/36%sqrt(3)*(4xd + f + 4*xg - 8xe)*arctan(1/3*sqrt(3)*(2*x + 1)) + 1/36%sqr
t(3)*x(4xd + f - 4xg + 8*e)*arctan(1l/3*sqrt(3)*(2xx - 1)) + 1/8%(2xd - f)*lo
g(x™2 + x + 1) - 1/8%(2*%d - f)*log(x"2 - x + 1) - 1/6%(d*x"3 - 2*xf*x"3 + gx

X"2 - 2%x72%e - dxx - f*x + 2*%g - e)/(x74 + x72 + 1)
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d+ex+fx2+gx3+hx4ci
2
(1+x2+x%)

Optimal. Leaf size=187

3.34

-1 (1-2x
x(X(—(d-2f +h) +d+f-2h) 1 1 ta (ﬁ)(ﬁla
——log(x*-x+1)Qd-f+h) +=log(x¥*+x+1)Q2d - f +h) - ————"—
S rer) 2 log ( ) @d = f+ 1)+ 2 log )@d~f+h) o0
[Out] (e - 2xg + (2xe - g)*x"2)/(6*%(1 + x™2 + x74)) + (xx(d + £ - 2¢h - (d - 2%f
+ h)*x72))/(6%x(1 + x72 + x74)) - ((4*d + f + h)*ArcTan[(1 - 2*x)/Sqrt[3]1]1)/
(12%Sqrt[3]) + ((4*%d + £ + h)*ArcTan[(1 + 2*x)/Sqrt[3]])/(12xSqrt[3]) + ((2
xe — g)xArcTan[(1 + 2*x72)/Sqrt[3]])/(3*Sqrt[3]) - ((2*d - f + h)*Log[l - x
+x72])/8 + ((2xd - £ + h)*Log[l + x + x72])/8
Rubi [A] time = 0.167095, antiderivative size = 187, normalized size of antiderivative =
1., number of steps used = 15, number of rules used = 9, integrand size = 31, % =
0.29, Rules used = {1673, 1678, 1169, 634, 618, 204, 628, 1247, 638}
—1(1-2x
x(x2(~(d-2f +h) +d+ f-2h) 1 1 ta (@)(4&
——log(x*-x+1)Qd-f+h) +=log(x*+x+1)Qd - f +h) - ————"—
6(x4+x2+1) 8 g( )( f+h) 8 g( )( f+h 1243

Antiderivative was successfully verified.

[In] Int[(d + e*x + f*x72 + g*x~3 + h*x"4)/(1 + x72 + x74)72,x]

[Out] (e - 2xg + (2%e - @)*x72)/(6%x(1 + x™2 + x74)) + (x*(d + £ - 2xh - (d - 2*f
+ h)*x72))/(6%(1 + x72 + x74)) - ((4%d + £ + h)*ArcTan[(1 - 2*x)/Sqrt([3]])/
(12xSqrt[3]) + ((4*d + f + h)xArcTan[(1 + 2*x)/Sqrt[3]])/(12*Sqrt([3]) + ((2

xe - g)xArcTan[(1 + 2*x72)/Sqrt[3]1])/(3*Sqrt[3]) - ((2*d - f + h)*Logl[l - x

+ x72]1)/8 + ((2%¢d - £ + h)*Log[l + x + x72])/8

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Module[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2xk]*x~(2xk), {k, 0, gq/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]*(a + b*x"2 + c*x”4)7p, x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x]
&% 'PolyQ[Pq, x~2]
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Rule 1678

Int[(Pq )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{d =
Coeff [PolynomialRemainder[Pq, a + b*x"2 + c*xx"4, x], x, 0], e = Coeff[Poly
nomialRemainder[Pq, a + b*x"2 + c*x74, x], x, 2]}, Simp[(x*(a + b*x"2 + c*x
“4)~(p + 1)*(axbxe - d*(b~2 - 2*axc) - cx(bxd - 2xa*xe)*x72))/(2xax(p + 1)*(
b2 - 4xaxc)), x] + Dist[1/(2*xa*x(p + 1)*(b"2 - 4xa*xc)), Int[(a + b*x"2 + cx*
x74)"(p + 1)*ExpandToSum[2*a*(p + 1)*(b~2 - 4*axc)*PolynomialQuotient[Pq, a
+ b*x72 + cxx74, x] + bT2xd*x(2%p + 3) - 2xaxckdx(4xp + 5) - axbxe + c*x(4*p
+ 7)x(b*xd - 2*axe)*x”2, x], x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x~
2] && Expon[Pq, x72] > 1 && NeQ[b~2 - 4*axc, 0] && LtQ[p, -1]

Rule 1169

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rtl[a/c, 21}, With[{r = Rt[2xq - b/c, 2]}, Dist[1/(2%c*qg*r), Int
[(dxr - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*xqg*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe”2, 0] && NegQ[b~2 - 4*axc]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2*xc), Int[1/(a + b*x + cxx"2), x], x] + Distl[e/(2*%c), In
t[(b + 2xc*x)/(a + b¥x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] &% NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 628

Int[((d) + (e_)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]



Rule 1247

Int [(x_)*((d_) + (e_
p_.), x_Symbol]
x, x°2],

Rule 638
Int[((d_.) + (e_

D*x(x_)72)"(q_)*x((a) + (b_)*(x_)"2 + (c_
:> Dist[1/2, Subst[Int[(d + e*x) gx(a + b*x + c*x~2)7p, x],
x] /; FreeQ[{a, b, c, d, e, p, q}, x]

Dx(x_))*((a_.) + (b_)*(x_) + (c_
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D*x(x_)"4)7(

Dx(x_)72)"(p_), x_Symbol

1 :> Simp[((b*d - 2*a*e + (2*cxd - b*xe)*x)*(a + b*xx + c*xx"2)"(p + 1))/((p +

1)*x(b"2 - 4x*axc)),

*xc)), Int[(a + bxx + c*xx"2)"(p + 1), x],
NeQ[2*cxd - bxe, 0] && NeQ[b~2 - 4xaxc,

Rubi steps

fd+ex+fx2+gx3+hx4

(1+x2+x4)2 1+x2+x4)

x(d+ f =20 - (d-2f + h)x?)

2
dx:f(x(e-ki)zdx+

x] - Dist[((2xp + 3)*(2xcxd - b*xe))/((p + 1)*(b~2 - 4x*a
x] /; FreeQ[{a, b, c, d, e}, x] &&
0] && LtQlp, -1] && NeQ[p, -3/2]

d 2 4 hxt
‘f_iiii;idx

(1 +x2 + x4)2

6(1+x2+x4

_e—2g+(2e—g)x?

5d — f +2h + (—d + 2f — h)x?
o5

1
T2 dx+§Subst

6(1+x2+x4)

_e—-2g+(2e—g)x?

x(d+f-2n-@d-2f +hx?) 1

x(d+ f =2k - (d - 2f + h)x?) ‘f5d—f+2h—®d—3f
6(1+x2+x4 12 1-—x+x2

6(1+x2+x4)

1
+ 5(—26 +g) Subst (f m

6(1+x2+x4)

_e—-2g+(2e—g)x?

6(1+x2+x4)

e—2g + (2e — g)x?

x@+f‘2h—@—%wwwﬂ+<%—gwmfwﬁgj 1

6 (1 +x2 + x4) 33 B §(2£

x(d+f =20 (@d=2f + ) Md+f+mum4(éﬁ ‘

6(1+x2+x4)

Mathematica [C]

6 (1 +%+x4) B 1243

time = 0.628847, size = 234, normalized size = 1.25

L[ (@ -1)- e +1) s (2 +2) (2 +1) +g(2+2)) tan” (3(VE-)x)((VE-110)d-2(V:

36 ¥ 4+x2+1

Warning: Unable to verify antiderivative.

T
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[In] Integrate[(d + e*x + f*x72 + g*x~3 + h*x"4)/(1 + x72 + x74)72,x]

[Out] ((-6%(g*x(2 + x72) - ex(1 + 2%xx72) + x*x(d*(-1 + x72) + h*x(2 + x72) - £*(1 +
2xx72)))) /(1 + x72 + x74) - (((-11*%I + Sqrt[3])*d - 2x(-2*I + Sqrt[3])*f +
(-5*I + Sqrt[3])*h)*ArcTan[((-I + Sqrt[3])*x)/2])/Sqrt[(1 + I*Sqrt[3])/6] -
(((11*I + Sqrt[3])*d - 2x(2*I + Sqrt[3])*f + (5*%I + Sqrt[3])*h)*ArcTan[((I
+ Sqrt[3])*x)/2])/Sqrt[(1 - I*Sqrt[3])/6] - 4*Sqrt[3]*(2xe - g)*ArcTan[Sqr
t[3]1/(1 + 2*xx~2)]1)/36

Maple [A] time = 0.014, size = 328, normalized size = 1.8

- +
4 8

1 ((_g+z_]f g e h)x_2d+13i .

2¢g e h dln(x2+x+1) ln(x2+x+1)f 1n(x2-|
373 73733 Bageq)s

3 3 3 3 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((h*x"4+g*xx~3+f*x"2+e*xx+d)/(x"4+x72+1)"2,%)

[Out] 1/4%((-1/3*%d+2/3%f-1/3*g-1/3%e-1/3*h)*x-2/3%d+1/3*f-2/3*g+1/3*e+1/3%h)/(x"2
+x+1)+1/4*d*1n (x"2+x+1)-1/8*1n (x"2+x+1) *f+1/8*1n(x"2+x+1) *h+1/9*d*arctan(1/

3x (1+2%x) *37(1/2))*37(1/2)-2/9%37 (1/2) *arctan(1/3* (1+2*xx)*37(1/2) ) *e+1/36%3
~(1/2)*arctan(1/3* (1+2xx)*37(1/2) ) *£+1/9%37 (1/2) *arctan(1/3* (1+2*x)*3~ (1/2)
)*g+1/36%37 (1/2) *arctan(1/3* (1+2xx)*37(1/2) ) *h-1/4*((1/3*d-2/3*f-1/3*xg-1/3*
e+1/3%h) *x-2/3*%d+1/3*xf+2/3*g-1/3%e+1/3%h) / (x"2-x+1) -1/4*d*1n(x"2-x+1)+1/8%1
n(x"2-x+1)*f-1/8*%1n(x"2-x+1) xh+1/9%37 (1/2) *arctan(1/3* (2*x-1)*3~(1/2) ) *d+2/
9%37(1/2) *arctan(1/3*(2xx-1)*37(1/2) ) *e+1/36%37(1/2) *arctan(1/3* (2xx-1) *37(
1/2))*£-1/9%37 (1/2) *arctan(1/3* (2xx-1)*37(1/2) ) *g+1/36%3~ (1/2) *arctan(1/3*(
2%x-1)*37(1/2))*h

Maxima [A] time = 1.50396, size = 193, normalized size = 1.03

1 1 1 1 1
%\/5(4d—86+f+4g+h)arctan(§ \/5(2x+1)) +%\/5(4d+86+f—4g+h)arctan(§ \/5(2x—1)) +§(2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x~4+g*xx~3+f*x"2+exx+d)/(x"4+x"2+1)72,x, algorithm="maxima")
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[Out] 1/36%sqrt(3)*(4xd - 8xe + f + 4xg + h)*arctan(1/3*sqrt(3)*(2*%x + 1)) + 1/36
*xsqrt (3)*(4*xd + 8xe + f - 4xg + h)*arctan(1/3*sqrt(3)*(2xx - 1)) + 1/8%(2xd

- f + h)*xlog(x™2 + x + 1) - 1/8%(2xd - f + h)*log(x™2 - x + 1) - 1/6%((d -

2xf + h)*x"3 - (2%xe - g)*x™2 - (d + £ - 2¥h)*x - e + 2*%g)/(x"4 + x72 + 1)

Fricas [A] time = 10.4954, size = 694, normalized size = 3.71

12(d-2f+h)®—12(2e-g)x2 -2V3((4d -8e+ f+4g+h)x* + (4d —8e+ f+4g +h)x2 +4d -8+ f +4g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x~4+g*x~3+f*x"2+e*x+d)/(x"4+x72+1)"2,x, algorithm="fricas")

[Out] -1/72%(12x(d - 2*f + h)*x~3 - 12%(2*e - g)*x~2 - 2*sqrt(3)*((4*d - 8*e + f
+ 4xg + h)*x"4 + (4*%d - 8xe + f + 4xg + h)*x"2 + 4*%d - 8*e + f + 4%g + h)*a
rctan(1/3*sqrt(3)*(2%x + 1)) - 2*sqrt(3)*((4xd + 8xe + f - 4xg + h)*x"4 + (

4xd + 8%e + f - 4xg + h)*x"2 + 4*xd + 8xe + f - 4xg + h)*arctan(1/3*sqrt(3)*

(2xx - 1)) - 12%x(d + £ - 2%h)*x - 9%((2xd - f + h)*x"4 + (2xd - f + h)*x"2

+ 2xd - f + h)*log(x™2 + x + 1) + 9% ((2%d - f + h)*x"4 + (2%d - f + h)*x"2

+ 2xd - f + h)*log(x™2 - x + 1) - 12%e + 24x*g)/(x"4 + x72 + 1)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((hxx**4+gxx**x3+f*xx**2+e*xx+d) / (x**x4+x**2+1) *x*2 %)

[Out] Timed out

Giac [A] time = 1.07795, size = 209, normalized size = 1.12

1 1 1 1 1
%\/5(4d+f+4g+h—86)arctan(§\/5(2x+1))+3—6\/5(4d+f—4g+h+86)arctan(§\/3(2x—1))+§(2d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x~4+g*x~3+f*x"2+e*x+d)/(x"4+x72+1)"2,x, algorithm="giac")

[Out] 1/36*sqrt(3)*(4*d + f + 4*g + h - 8*e)*arctan(1l/3*sqrt(3)*(2*x + 1)) + 1/36
xsqrt (3)*(4*xd + £ - 4*%g + h + 8*e)*arctan(1/3*sqrt(3)*(2xx - 1)) + 1/8%(2xd
- f + h)*xlog(x"2 + x + 1) - 1/8%(2+%d - f + h)*log(x™2 - x + 1) - 1/6%(d*x"
3 - 2xfxx73 + h*x"3 + g*xx"2 - 2%xx"2%e - dxx - fxx + 2xh*x + 2xg - e)/(x74 +

X2 + 1)
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5

d+ex+fx2+gx3+hxt+ix
3.35 [ fem/rs dx

(1+x2+x4)2

Optimal. Leaf size=194

-1 (1-2x
x(X(—(d-2f +h) +d+f-2h) 1 1 ta (ﬁ)(ﬁla
——log(x®-x+1)d-f+h) +=log(x*+x+1)2d- f +h) - ——L—
S rer) 2 log ( ) @d = f+ 1)+ 2 log )@d~f+h) o0
[Out] (x*(d + £ - 2%h - (d - 2%f + h)*x72))/(6*%(1 + x72 + x74)) + (e - 2%g + i +
(2%e - g - 1)*x72)/(6%(1 + x72 + x74)) - ((4+d + £ + h)*ArcTan[(1 - 2*x)/Sq
rt[3]]1)/(12xSqrt[3]) + ((4xd + f + h)*ArcTan[(1 + 2xx)/Sqrt[3]])/(12*Sqrt[3
1) + ((2%xe - g + 2xi)*ArcTan[(1 + 2*x72)/Sqrt[3]1])/(3*Sqrt[3]) - ((2*d - £
+ h)xLog[l - x + x72])/8 + ((2%d - £ + h)*Log[l + x + x72])/8
Rubi [A] time = 0.197327, antiderivative size = 194, normalized size of antiderivative =
1., number of steps used = 16, number of rules used = 10, integrand size = 36, %
= 0.278, Rules used = {1673, 1678, 1169, 634, 618, 204, 628, 1663, 1660, 12}
—1(1-2x
x(x2(~(d-2f +h) +d+ f-2h) 1 1 ta (@)(4\
--lo xz—x+1 2d-f+h)+=1o x2+x+1 2d-f+h) - ————————
6(x4+x2+1) 8 g( )( f+h) 8 g( )( f+h 1243

Antiderivative was successfully verified.

[In] Int[(d + e*x + f*x"2 + g*x~3 + h*x"4 + i*x"5)/(1 + x72 + x74)72,x]

[Out] (xx(d + £ - 2%h - (d - 2*xf + h)*x72))/(6%(1 + x72 + x74)) + (e - 2%g + i +
(2%e - g - 1)*x72)/(6%(1 + x72 + x74)) - ((4*%d + £ + h)*ArcTan[(1 - 2*x)/Sq
rt[3]1])/(12%Sqrt[3]) + ((4*d + f + h)*ArcTan[(1 + 2*x)/Sqrt([3]])/(12*Sqrt[3

1) + ((2%xe - g + 2xi)*ArcTan[(1 + 2*x72)/Sqrt[3]1])/(3*Sqrt[3]) - ((2*d - £

+ h)*Log[l - x + x72])/8 + ((2xd - £ + h)*Logl[l + x + x72])/8

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Module[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2xk]*x~(2xk), {k, 0, gq/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]*(a + b*x"2 + c*x”4)7p, x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x]
&% 'PolyQ[Pq, x~2]
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Rule 1678

Int[(Pq )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{d =
Coeff [PolynomialRemainder[Pq, a + b*x"2 + c*xx"4, x], x, 0], e = Coeff[Poly
nomialRemainder[Pq, a + b*x"2 + c*x74, x], x, 2]}, Simp[(x*(a + b*x"2 + c*x
“4)~(p + 1)*(axbxe - d*(b~2 - 2*axc) - cx(bxd - 2xa*xe)*x72))/(2xax(p + 1)*(
b2 - 4xaxc)), x] + Dist[1/(2*xa*x(p + 1)*(b"2 - 4xa*xc)), Int[(a + b*x"2 + cx*
x74)"(p + 1)*ExpandToSum[2*a*(p + 1)*(b~2 - 4*axc)*PolynomialQuotient[Pq, a
+ b*x72 + cxx74, x] + bT2xd*x(2%p + 3) - 2xaxckdx(4xp + 5) - axbxe + c*x(4*p
+ 7)x(b*xd - 2*axe)*x”2, x], x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x~
2] && Expon[Pq, x72] > 1 && NeQ[b~2 - 4*axc, 0] && LtQ[p, -1]

Rule 1169

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rtl[a/c, 21}, With[{r = Rt[2xq - b/c, 2]}, Dist[1/(2%c*qg*r), Int
[(dxr - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*xqg*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe”2, 0] && NegQ[b~2 - 4*axc]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2*xc), Int[1/(a + b*x + cxx"2), x], x] + Distl[e/(2*%c), In
t[(b + 2xc*x)/(a + b¥x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] &% NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 628

Int[((d) + (e_)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]
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Rule 1663

Int[(Pg )*(x )" (m_.)*((a_) + (b_.)*(x )2 + (c_.)*x(x_)"4)"(p_), x_Symbol]

> Dist[1/2, Subst[Int[x~((m - 1)/2)*SubstFor[x~2, Pq, x]*(a + b*x + c*xx"2)~
p, x1, x, x72], x] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x"2] && IntegerQ[
(m - 1)/2]

Rule 1660

Int[(Pq )*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol]l :> With[{Q =
PolynomialQuotient[Pq, a + b*x + c*x”2, x], f = Coeff[PolynomialRemainder [P
q, a + bxx + cxx"2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + b*x +
cxx72, x], x, 11}, Simp[((b*f - 2%axg + (2xc*f - b*xg)*x)*(a + b*x + c*xx~2)~
(p+ 1))/((p + 1)x(b"2 - 4xaxc)), x] + Dist[1/((p + 1)*(b"2 - 4*axc)), Int[
(a + bxx + c*x72)7(p + 1)*ExpandToSum[(p + 1)*(b~2 - 4*axc)*Q - (2xp + 3)*(
2xcxf - bxg), x], x], x]1] /; FreeQ[{a, b, c}, x] &% PolyQ[Pq, x] && NeQ[b~2
- 4xaxc, 0] && LtQ[p, -1]

Rule 12
Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match

Qlu, (b )*(v_) /; FreeQ[b, x]]

Rubi steps

dx

d 2 4 o3 + hat + 3520 x (e + gx? + 35x* d+ F2 + ht
f+ex+fx+gx+x+ xdx:f(g )dx+f+fx+x

(1 +x% + x4)2 (1 +x% + x4)2 (1 +x% + x4)2

_x(d+ f-2h-(d-2f +h)?) f5d—f+2h+(—d+2f—h)x2 1
"6

d _

6(1+x2+x4 1+ x2+x4 x+2

_ 35+e-2g—(35-2¢+ Q) +x(d+f—2h—(d—2f+h)x2)+1 5d -
6(1+x2+x4) 6(1+x2+x4) 12
—2¢—(35-2 2 x(d+f-2h—-d-2f +h)x*) 1

_35+e-2g-(35-2e+n? | (d+f (d-2f +h) )+_(70+2e_
6(1+x2+x4) 6(1+x2+x4) 6
35+e-2¢-(35-2e+gn® x(d+f-2h-(@d-2f+hx?) 1

= + -=(d-f+
6(1+x2+x4) 6(1+x2+x4) 8

35 + ¢ —2g — (35 — 2¢ + g)x? +X(d+f—2h—(d—2f+h)x2) (4d + f + 1
6(1+22 +x4) 6(1+22 +xt) 1
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Mathematica [C] time = 0.66927, size = 243, normalized size = 1.25

1 6(—dx3+dx+2ex2+e+2fx3+fx—g(x2+2)—hx3—2hx—ix2+i) tan™" (% (\/g—i)x)((\/g—lli)d—z(

36 xr+x2+1 %(1_,_1'\/5)

Warning: Unable to verify antiderivative.

[In] Integrate[(d + exx + fxx"2 + g*x~3 + h*x"4 + i*x"5)/(1 + x72 + x74)72,x]

[Out] ((6*%(e + i + dxx + fxx - 2xh*x + 2%exx"2 - 1i*x"2 - d*x”~3 + 2%f*x~3 - h*x"3
- gx(2 + x72)))/(1 + x72 + x74) - (((-11*I + Sqrt[3])*d - 2x(-2+I + Sqrt[3]

)*¥f + (-5%I + Sqrt[3])*h)*ArcTan[((-I + Sqrt[3])*x)/2])/Sqrt[(1 + I*Sqrt[3]

)/6] - (((11%I + Sqrt[3])*d - 2%(2+I + Sqrt[3])*f + (6*I + Sqrt[3])*h)*ArcT
an[((I + Sqrt[3])*x)/2])/Sqrt[(1 - IxSqrt[3])/6] - 4xSqrt[3]1*(2xe - g + 2%i
)*ArcTan[Sqrt[3]/(1 + 2*x72)])/36

Maple [B] time = 0.015, size = 374, normalized size = 1.9

4 8

1 d e ¢ h 2f 2i 2d e 2¢ h f i dln(x2+x+1) 1n(x2+x+1)f
e P S SR +
3 3 3 3 3 3

—_— o+ + -
4x2 +4x+4 3 3 3 3 3 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((i*x"5+h*x~4+g*x~3+f*x"2+e*xx+d)/(x"4+x72+1)72,%)

[Out] 1/4%((-1/3*%d-1/3%e-1/3*%g-1/3%h+2/3*£+2/3%1i)*x-2/3*d+1/3%e-2/3*g+1/3*h+1/3*f
+1/3*%1) / (x72+x+1)+1/4*%d*1n(x"2+x+1) -1/8*1n(x"2+x+1) *f+1/8*1n(x"2+x+1) *h+1/9
xd*arctan (1/3* (1+2*x)*37(1/2))*37(1/2)-2/9%37 (1/2) *arctan(1/3* (1+2*x) *3~(1/
2))*e+1/36%37 (1/2) *arctan(1/3* (1+2*x)*3~(1/2) ) *xf+1/9*3~ (1/2) *arctan(1/3*(1+
2%x)*37(1/2) ) *g+1/36%37(1/2) *arctan(1/3* (1+2xx)*37(1/2))*h-2/9%37 (1/2) *arct
an(1/3%(1+2%x)*37(1/2))*i-1/4%((1/3%d-1/3%e-1/3*%g+1/3xh-2/3*f+2/3%1i) *x-2/3%
d-1/3%e+2/3%g+1/3%h+1/3%f-1/3%1i) / (x72-x+1)-1/4*d*1n(x"2-x+1)+1/8*1n(x"2-x+1
)*f-1/8%1n(x"2-x+1)*h+1/9%37 (1/2) *arctan (1/3% (2*x-1)*37(1/2) ) *d+2/9%3~(1/2)
xarctan(1/3*(2%x-1)*37(1/2) ) *e+1/36%37 (1/2) *arctan(1/3* (2*xx-1)*37(1/2) ) *xf-1
/9%37 (1/2)*arctan(1/3*%(2xx-1)*37(1/2) ) *g+1/36%37 (1/2) *arctan(1/3* (2xx-1) %3~
(1/2) ) *h+2/9%3~(1/2) *arctan(1/3* (2xx-1)*37(1/2) ) *i
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Maxima [A] time = 1.46652, size = 209, normalized size = 1.08

1 1 1 1
%\/5(4d—86+f+4g+h—8i)arctan(§ \/5(2x+1))+%\/5(4d+86+f—4g+h+8i)arctan(§\/E(Zx—l)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((i*x~5+h*x~4+g*x~3+f*x"2+e*xx+d)/(x"4+x72+1)72,x, algorithm="maxim
al’

[Out] 1/36%sqrt(3)*(4xd - 8xe + f + 4xg + h - 8*i)*arctan(1/3*sqrt(3)*(2*x + 1))
+ 1/36*sqrt(3)*(4xd + 8%e + f - 4xg + h + 8xi)*arctan(1/3*sqrt(3)*(2*x - 1)

) + 1/8%(2xd - £ + h)*log(x™2 + x + 1) - 1/8%(2*d - £ + h)*log(x"2 - x + 1)

- 1/6%x((d - 2*f + h)*x"3 - (2%e - g - 1)*x™2 - (d + £ - 2xh)*x - e + 2%g -
i)/(x74 + x72 + 1)

Fricas [A] time = 48.7816, size = 757, normalized size = 3.9

12(d-2f+h)x®-12(2e-g—i)x? -2V3((4d —8e+ f+4g+ h-8i)x* + (4d -8e+ f+4g+h—8i)x? + 4d -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((i*x~5+h*x~4+g*x~3+f*x"2+e*xx+d)/(x"4+x"2+1)72,x, algorithm="frica
S")

[Out] -1/72%x(12%(d - 2*f + h)*x"3 - 12*%(2%e - g - 1)*x72 - 2*xsqrt(3)*((4*xd - 8xe
+ f + 4xg + h - 8xi)*x"4 + (4*%d - 8*%e + f + 4*g + h - 8*i)*x"2 + 4xd - 8*e

+ f + 4xg + h - 8xi)*arctan(1/3*sqrt(3)*(2*x + 1)) - 2xsqrt(3)*((4xd + 8xe

+ f - 4xg + h + 8%xi)*x"4 + (4*d + 8xe + f - 4xg + h + 8x1i)*x"2 + 4xd + 8xe

+ f - 4xg + h + 8xi)*arctan(1/3*sqrt(3)*(2*%x - 1)) - 12%(d + £ - 2%h)*x - 9
*((2¢d - f + h)*x™4 + (2%d - f + h)*x™2 + 2%d - f + h)*xlog(x™2 + x + 1) + 9
*((2xd - £ + h)*x™4 + (2%xd - f + h)*x"2 + 2xd - f + h)*log(x™2 - x + 1) - 1

2%e + 24*xg - 12*i)/(x"4 + x72 + 1)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((ixx**b+h*x**x4+gkx**3+f*kx**x2+e*xx+d) / (x**4+xk*2+1) **2, %)

[Out] Timed out

Giac [A] time = 1.09133, size = 228, normalized size = 1.18

1 1 1 1
%\/5(4d+f+4g+h—8i—83)arctan(§ \/§(Zx+1))+%\/5(4d+f—4g+h+8i+8€)arctan(§\/g(zx_

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((i*x~5+h*x~4+g*x~3+f*x"2+e*xx+d)/(x"4+x"2+1)72,x, algorithm="giac"

)

[Out] 1/36%sqrt(3)*(4*xd + f + 4*xg + h - 8*%i - 8*e)*arctan(1l/3*sqrt(3)*(2*x + 1))
+ 1/36*sqrt(3)*(4xd + £ - 4xg + h + 8xi + 8xe)*arctan(1/3*sqrt(3)*(2*x - 1)

) + 1/8%(2xd - £ + h)*log(x™2 + x + 1) - 1/8%(2*d - £ + h)*log(x"2 - x + 1)

- 1/6%(d*x"3 - 2*%f*x"3 + h*x"3 + g*x"2 + 1i*x"2 - 2%x"2%e - d*x - fxx + 2*h

*x + 2%g - i - e)/(x74 + x72 + 1)
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336 [—Z _dx

(a+bx2+cx4)2

Optimal. Leaf size=330

Jed (b\/bz —4ac —12ac + bz) tan™! [ﬂ] Jed (—b\/b2 —4ac —12ac + bz) tan

dx (—Zac + b2+ bcxz) N
+ —_
20 (bz - 4ac) (a +bx? + cx4) 2+/2a (bz - 4ac)3/2 b - Vb? - 4ac 2+/2a (bz - 4ac)3/2 b2 -

[Out] -(ex(b + 2xc*x72))/(2%(b72 - 4xa*xc)*(a + b*x"2 + c*x74)) + (d*x*x(b"2 - 2*ax
c + bxc*x72))/(2xa*x(b”2 - 4*axc)x(a + b*x"2 + c*x74)) + (Sqrtlc]*(b"2 - 12%

axc + bxSqrt[b~2 - 4xaxc])*d*ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt[b - Sqrt[b~2 -
4xaxc]]])/(2xSqrt [2] *a*x(b™2 - 4xaxc)~(3/2)*Sqrt[b - Sqrt[b~2 - 4xaxc]]) -
(Sqrt[c]*(b~2 - 12*axc - b*Sqrt[b~2 - 4xaxc])*d*ArcTan[(Sqrt[2]*Sqrt[c]*x)/
Sqrt[b + Sqrt[b”™2 - 4xaxc]]])/(2*Sqrt[2]*a*x(b™2 - 4*axc)~(3/2)*Sqrt[b + Sqr
t[b72 - 4xaxc]]) + (2*xc*exArcTanh[(b + 2%c*x~2)/Sqrt[b~2 - 4xaxc]])/(b"2 -
4xaxc)~(3/2)

Rubi [A] time = 0.744729, antiderivative size = 330, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 11, number of rules used = 9, integrand size = 20, e

0.45, Rules used = {1673, 12, 1092, 1166, 205, 1107, 614, 618, 206}

integrand size

Jed (b\/bz — 4ac —12ac + bz) tan™! (ﬂ] Jed (—b\/b2 — 4ac —12ac + bz) tan

dx (—Zac + 02+ bcxz) b—Vb2—4ac
+ —
2a (bz - 4ac) (a + bx2 + cx4) Nl (b2 B 4ac)3/2 b— 7 —dac 234 (b2 ~ 4ac)3/2 E

Antiderivative was successfully verified.

[In] Int[(d + exx)/(a + b*x"2 + c*x~4)"2,x]

[Out] -(ex(b + 2xc*xx72))/(2%(b72 - 4xaxc)*(a + bxx"2 + c*xx"4)) + (d*x*(b72 - 2*ax
c + bxcxx"2))/(2%a*x(b”2 - 4*xaxc)*(a + bxx"2 + c*x"4)) + (Sqrtlcl*(b™2 - 12x

axc + bxSqrt[b~2 - 4xaxc])xd*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/Sqrt[b - Sqrt[b~2 -
4xaxc]]])/(2*Sqrt[2]*a*x(b~2 - 4*a*xc)”(3/2)*Sqrt[b - Sqrt[b”™2 - 4xaxc]]) -
(Sqrtlc]*(b~™2 - 12%a*xc - bxSqrt[b~2 - 4xaxc])*d*ArcTan[(Sqrt[2]*Sqrt[c]*x)/
Sqrt[b + Sqrt[b~2 - 4xaxc]]])/(2*Sqrt[2]*a*(b™2 - 4*axc)~(3/2)*Sqrt[b + Sqr
t[b~2 - 4*axc]]) + (2xcxexArcTanh[(b + 2xc*x72)/Sqrt[b~2 - 4*axc]])/ ("2 -
4xaxc)~(3/2)
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Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, gq/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]1*(a + b*x"2 + c*x"4)7p, x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x]
&& 'PolyQ[Pq, x72]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 1092

Int[((a_) + (b_.)*(x )72 + (c_.)*x(x_)"4)"(p_), x_Symbol] :> -Simp[(x*(b~2 -
2xa*xc + bkxcxx"2)x(a + b*x"2 + cxx"4) " (p + 1))/ (2*%ax(p + 1)*(b~2 - 4xaxc)),
x] + Dist[1/(2*ax(p + 1)*(b~2 - 4*axc)), Int[(b~2 - 2*a*xc + 2*(p + 1)*x(b"2
- 4xaxc) + bxck(4*xp + T)*x"2)*(a + b*¥x"2 + c*x”4) " (p + 1), x], x] /; FreeQ
[{a, b, c}, x] && NeQ[b~2 - 4x*axc, 0] && LtQ[p, -1] && IntegerQ[2x*p]

Rule 1166

Int[((d) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- q/2 + c*xx72), x], x] + Dist[e/2 - (2*cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ c*xx”2), xJ, x]1] /; FreeQl[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlc*xd™2 - a*e”™2, 0] && PosQ[b~2 - 4xaxc]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 1107

Int[(x )*((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4)~(p_.), x_Symbol] :> Dist[1/2,
Subst[Int[(a + b*x + c*x"2)7p, x], x, x°2], x] /; FreeQ[{a, b, c, p}, x]

Rule 614

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2xc*x
Yx(a + b*xx + cxx”2) (p + 1))/((p + 1)*(b"2 - 4xaxc)), x] - Dist[(2xcx(2*xp +
3))/((p + D)*x(b"2 - 4xaxc)), Int[(a + b¥x + c*xx"2)"(p + 1), x], x] /; Free
Ql{a, b, c}, x] && NeQ[b~"2 - 4xaxc, 0] && LtQlp, -1] && NeQ[p, -3/2] &% Int
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eger(Q [4*p]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x72, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rubi steps

d+ex 3 d x+ ex .
ey e e vy

a+bx2+ cx4) a+ bx2 + cx* a+bx? + cx4)

= L xX+e a X
e

a+ bx2 + cx* a+bx? + cx4)

b2—2ac-2 b2 4ac —bex?

_ dx (b2 —2ac + bcxz) d[ a+bx2+cx4 dx N le Subet f 1 i,
2a (bz - 4ac) (a +bx? + cx4) 2a (bz — 4ac) 2 (a+bx +cx?)
o\ 4
e (b + 2cx2) dx (bz —2ac + bch) (C (bz ~12ac — bVb? - 4ac) d)
2 (bz -~ 4ac) (a + bx? + cx4) * 2a (b2 - 4ac) (a + bx? + cx4) ) 4a (b2 —4ac
2 _ Vp2 —
e (b + 2cx2) dx (b2 —2ac + bcx2) Ve (b 12ac+bve 4ac) :
2 (bz - 4ac) (11 + bx? + cx4) " 2a (b2 - 4ac) (a + bx? + cx4) ’ N (b2 ~ 4ac)3/2 \/;
2 _ V2 —
e (b + 2cx2) dx (b2 —2ac + bcxz) Ve (b 12ac + bV 4ac) :

2 (b2 - 4ac) (a + bx? + cx4) " 2a (bz - 4ac) (a + bx? + cx4) * N (b2 _ 4ac)3/2 \/;
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Mathematica [A] time = 0.875281, size = 341, normalized size = 1.03

\/E\/Ed (b\/bz —4qac —12ac + bz) tan~! (ﬂ) \/E\/Ed (b\/bz —4q,
N b—Vb2—4ac N

4 a (4”0 - bz) (” +bx? + cx4) a (b2 - 4ac)3/2 b — Vb2 - 4ac a (bz -4

1| 2abe + 4acx(d + ex) — 2bdx (b + cxz)

Antiderivative was successfully verified.

[In] Integrate[(d + exx)/(a + b*x"2 + c*x74)72,x]

[Out] ((2*a*bke + 4*akxckx*(d + exx) - 2*bkd*x*(b + c*x72))/(a*x(-b"2 + 4xaxc)*(a +
b*x"2 + c*xx74)) + (Sqrt[2]1*Sqrtlcl*(b~2 - 12*a*xc + b*Sqrt[b~2 - 4*axc])*dx*
ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt[b - Sqrt[b~2 - 4xaxc]]])/(a*x(b~2 - 4*axc)~(
3/2)*3qrt[b - Sqrt[b™2 - 4*xaxc]]) + (Sqrt[2]*Sqrtlc]*(-b~2 + 12%a*c + bxSqr

t[b~™2 - 4*axc])*d*ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt[b + Sqrt[b~2 - 4*axc]l])/
(ax(b™2 - 4*axc)~(3/2)*Sqrt[b + Sqrt[b~2 - 4*axc]]) - (4xcxexLogl[-b + Sqrt[

b~2 - 4xaxc] - 2%cxx"2])/(b"2 - 4xaxc)”~(3/2) + (4*cxexLog[b + Sqrt[b~2 - 4x

axc] + 2xcxx”"2])/(b"2 - 4xaxc)”(3/2))/4

Maple [B] time = 0.122, size = 1237, normalized size = 3.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)/(c*xx"4+b*x"2+a) "2,x)

[Out] c/(4d*xaxc-b"2)"2/(x"2+1/2*(-4*a*c+b™2) " (1/2) /c+1/2*b/c) *d*x* (-4*a*xc+b~2) ~(1/
2)-1/4/ (d*xa*xc-b~2) "2/ (x72+1/2% (—4*a*xc+b~2) " (1/2) /c+1/2xb/c) /a*d*x* (-4*a*c+b
“2)7(1/2)*b"2-c/ (dxaxc-b"2) "2/ (x"2+1/2* (=4*a*xc+b~2) ~(1/2) /c+1/2%b/c) *d*x*b+
1/4/ (dxaxc-b"2) "2/ (x"2+1/2*% (=4d*xaxc+b”™2) ~(1/2) /c+1/2%b/c) /axd*x*xb~3+2xc/ (4*a
*c-b"2) "2/ (x72+1/2*x (—4*axc+b~2) " (1/2) /c+1/2*b/c) *exa-1/2/ (d*a*xc-b"2) "2/ (x"2
+1/2*%(=4*a*xc+b~2) " (1/2) /c+1/2%b/c) *exb™2+c/ (d*axc-b~2) "2% (—4*a*xc+b™2) ~(1/2)
xex1n (2xc*xx ™2+ (—4*a*xc+b™2) ~(1/2)+b) +3*c~2/ (d*a*xc-b~2) "2%x27(1/2) / ((b+(-4*a*xc
+b72) " (1/2))*c) " (1/2)*arctan(c*xx*2~(1/2) / ((b+(-4*axc+b~2) ~(1/2) ) *c) ~(1/2) ) *
(=4*a*xc+b~2) " (1/2)*d-1/4*xc/ (d*xaxc-b"2) "2/a*2" (1/2) / ((b+(-4*axc+b~2) ~(1/2) ) *
c)~(1/2)*arctan(cxx*x2~(1/2) / ((b+(-4*axc+b™2) " (1/2))*c) ~(1/2)) *(-4xa*xc+b~2) "
(1/2)*b"2%d-c”2/ (d*a*xc-b"2) "2*x2~(1/2) / ((b+(-4*axc+b~2) ~(1/2) ) *c) ~(1/2) *arct
an(c*x*27(1/2) / ((b+(-4*a*xc+b~2)~(1/2)) *c) ~(1/2)) *b*xd+1/4*c/ (d*xa*xc-b~2) ~2/ax*
27(1/2)/ ((b+(-4*a*xc+b™2) "~ (1/2) )*c) ~(1/2) *arctan(cxx*2~(1/2) / ((b+(-4*a*xc+b~2
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)7 (1/2))*c)~(1/2)) *b~3*d-c/ (d*a*xc-b"2) "2/ (x"2+1/2*b/c-1/2x (-4*a*c+b~2) ~(1/2
)/c)*dxx* (=d*xaxc+b”™2) " (1/2)+1/4/ (d*axc-b"2) "2/ (x"2+1/2%¥b/c-1/2* (-4*a*c+b~2)
~(1/2)/c) /axd*x*x (-4*a*xc+b~2) " (1/2) *b~2-c/ (d*xa*xc-b"2) "2/ (x"2+1/2*b/c-1/2%x (-4
*a*xc+b”2) " (1/2) /c) *dxx*xb+1/4/ (d*a*xc-b"2) "2/ (x"2+1/2*b/c-1/2* (—4*a*xc+b~2) ~ (1
/2)/c) /axd*xx*xb~3+2*xc/ (d*xaxc-b"2) "2/ (x"2+1/2*b/c-1/2* (—4*axc+b~2) ~(1/2) /c) *e
xa-1/2/(d*xaxc-b"2) "2/ (x"2+1/2*b/c-1/2* (-4*a*xc+b~2) ~(1/2) /c) *exb™2-c/ (d*a*xc—
b~2) "2 (=4*axc+b~2) " (1/2) *ex1n (-2*c*xx "2+ (-4*a*xc+b~2) " (1/2)-b) +3*c~2/ (4*ax*xc-
b~2) "2x27(1/2) / (((-4*a*xc+b~2) " (1/2)-b) *c) ~(1/2)*arctanh (c*x*2~(1/2) / (((-4x*a
*c+b72) " (1/2)-b) *c) " (1/2) ) x (—4*a*xc+b~2) " (1/2) *d-1/4*xc/ (d*xaxc-b~2) "2/a*2" (1/
2)/ (((-4*a*xc+b™2) " (1/2)-b)*c) " (1/2) *arctanh (c*x*2~(1/2) / (((-4*a*xc+b~2)~(1/2
)-b)*c)~(1/2) ) *(—d*xaxc+b”2) "~ (1/2) *b~2*xd+c"2/ (4d*a*xc-b~2) "2x2~(1/2) / (((-4*axc
+b72) " (1/2)-b)*c) "~ (1/2)*arctanh (c*xx*2~(1/2) / (((-4*a*xc+b~2) ~(1/2)-b)*c)~(1/2
))*bxd-1/4*c/ (d*xaxc-b"2) "2/a*x2"(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) " (1/2) *arcta
nh(cxx*27(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) ) *b~3*d

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(c*x~4+b*x~2+a)~2,x, algorithm="maxima"

[Out] 1/2*(b*cxd*x”~3 - 2%axcxe*xx”2 - axbxe + (b"2 - 2*axc)*d+*x)/((a*xb™2%c - 4*a”2
*xCT2)*x74 + a"2+b”"2 - 4xa”3*xc + (a*b”3 - 4xa”2xb*c)*x72) + 1/2xintegrate((b
xckdxx"2 — 4dxaxckxexx + (b72 - 6xaxc)*d)/(c*x”4 + b*xx"2 + a), x)/(axb”2 - 4x
a~2x%c)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(c*x~4+b*x"2+a)”2,x, algorithm="fricas")

[Out] Timed out




235

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(ckx*x*4+b*xx**2+a)**2, %)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(c*x~4+b*x"2+a)”2,x, algorithm="giac")

[Out] Exception raised: NotImplementedError
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d+ex+ fx?
1Y 4

(a+bx2+cx4)2

3.37 X

Optimal. Leaf size=368

—1Za avr—12a 2
) \/E(4abf 12acd+b2d _2af + bd) tan_l[ V2+Jex ) \/E(_AL bf-12acd+b%d ~2af

X (cxz(bd —2af) —abf - 2acd + b*d VB2 —4ac N ViP—4ac
+ +
2a (b2 B 4ac) (a that+ cx4) 2424 (b2 - 4ac) b - Vb% - 4ac 2424 (b2 - 4ac) :

[Out] -(ex(b + 2%c*x72))/(2x(b72 - 4*xaxc)*(a + b*x"2 + cxx74)) + (x*x(b72*d - 2*a*
ckd - axbxf + cx(b*xd - 2*a*xf)*x72))/(2*a*x(b”2 - 4*axc)*(a + b*x"2 + c*x74))

+ (Sqrtlcl*(b*d - 2*xaxf + (b72%d - 12%a*xcxd + 4xa*xbxf)/Sqrt[b~2 - 4xaxc])=*
ArcTan[(Sqrt [2]*Sqrt[c]*x)/Sqrt[b - Sqrt[b~2 - 4*axc]]])/(2*Sqrt[2]*ax*(b~2

- 4xaxc)*Sqrt[b - Sqrt[b~2 - 4*axc]]) + (Sqrtlcl*(bxd - 2*xaxf - (b~2xd - 12
xaxckd + 4xaxbxf)/Sqrt[b”2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[cl*x)/Sqrt[b + Sq
rt[b72 - 4xaxc]]])/(2xSqrt[2]*a*x (b2 - 4*axc)*Sqrt[b + Sqrt[b~2 - 4xaxc]])

+ (2xc*exArcTanh[(b + 2%c*x"2)/Sqrt[b~2 - 4xa*xc]])/(b~2 - 4x*axc)”~(3/2)

Rubi [A] time = 0.870422, antiderivative size = 368, normalized size of antiderivative
1., number of steps used = 10, number of rules used = 9, integrand size = 25, number of rules _

0.36, Rules used = {1673, 1178, 1166, 205, 12, 1107, 614, 618, 206}

av | —1zac 2 avf—1lzac 2
\/E(4bf 12 d+bd_2af+bd)tan_1( V2+fex ) \/E(_zlbf 12 d+bd_2af

integrand size

X (cxz(bd —2af)—abf —2acd + bzd) Vb2-4ac N Vb2 ~dac
+ +
2a (bz B 4ac) (a b+ cx4) 2v2a (b2 - 4ac) b - Vb% - 4dac 2v2a (b2 - 4uc) :

Antiderivative was successfully verified.

[In] Int[(d + exx + f*x72)/(a + b*x"2 + c*x74)72,x]

[Out] -(ex(b + 2xc*xx72))/(2%(b72 - 4xaxc)*(a + bxx"2 + c*xx"4)) + (x*¥(b"2%d - 2*ax
ckd - axbxf + cx(b*xd - 2*a*xf)*x72))/(2*a*x(b~2 - 4*xaxc)*(a + b*x"2 + c*x"4))

+ (Sqrtlcl*(bxd - 2*a*f + (b"2xd - 12xaxc*d + 4xaxbxf)/Sqrt[b~2 - 4*axc])*
ArcTan[(Sqrt [2]*Sqrt[c]l*x)/Sqrt[b - Sqrt[b~2 - 4xaxc]]])/(2xSqrt[2]*a*x(b~2

- 4xaxc)*Sqrt[b - Sqrt[b~2 - 4xaxc]]) + (Sqrtlc]*(b*d - 2*axf - (b72xd - 12
xaxckxd + 4xaxbxf)/Sqrt[b”~2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[cl*x)/Sqrt[b + Sq
rt[b72 - 4xaxc]]])/(2xSqrt[2]*a*x(b~2 - 4*xaxc)*Sqrt[b + Sqrt[b~2 - 4xaxc]l])

+ (2*%ckexArcTanh[(b + 2*%c*xx~2)/Sqrt[b~2 - 4*axc]])/ (b2 - 4xaxc)~(3/2)
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Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, gq/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]1*(a + b*x™2 + c*x~4)"p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&& 'PolyQ[Pq, x72]

Rule 1178

Int[((d ) + (e_)*(x )"2)*((a_ ) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symb
0ol] :> Simp[(x*(a*b*xe - d*(b~"2 - 2%axc) - c*(bxd - 2*a*e)*x"2)*(a + b*x"2 +
ckxx~4) " (p + 1))/(2xax(p + 1)*(b"2 - 4%axc)), x] + Dist[1/(2*a*x(p + 1)*(b"2
- 4xaxc)), Int[Simp[(2*p + 3)*d*b~2 - axbke - 2xa*xckd*(4*p + 5) + (4*p + 7
Yk(dxb - 2kaxe)*ckx~2, x]*(a + b*x"2 + c*x"4)~(p + 1), x], x] /; FreeQ[{a,

b, ¢, d, e}, x] && NeQ[b~2 - 4*xa*xc, 0] && NeQ[c*d™2 - b*d*e + a*xe™2, 0] &&

LtQlp, -1] && IntegerQ[2*p]

Rule 1166

Int[((d) + (e_)*(x )"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4xa*xc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2%cxd - bxe)/(2*q), Int[1/(b/2 + q/2
+ cxx72), x], x]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && Ne
Qlcxd™2 - a*xe™2, 0] && PosQ[b"2 - 4xaxc]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 1107

Int[(x_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Dist[1/2,
Subst[Int[(a + b*x + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, c, p}, x]

Rule 614

Int[((a_.) + (b_.)*(x_) + (c_)*x(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2*c*x
)¥(a + b*xx + c*x72)7(p + 1))/((p + 1)*(b"2 - 4*axc)), x] - Dist[(2*xcx(2xp +
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3))/((p + D)*x(b"2 - 4xaxc)), Int[(a + b¥x + c*xx"2)"(p + 1), x], x] /; Free
Ql{a, b, c}, x] && NeQ[b~™2 - 4xaxc, 0] && LtQlp, -1] && NeQlp, -3/2] &% Int
egerQ [4*p]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2xcxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps

f(d+ex+fx2)2dx:f( ex dx+f( d+ fx? i

2 2
a4+ bx? + cx* a+bx?+ cx4) a+bx? + cx4)
~b2d+6acd—abf—c(bd—2af)x?

x (b?d - 2acd — abf + c(bd - 2af)x?) [ P dx X
= - > +e f d
2a (bz - 4ac) (a + bx? + cx4) 2a (b2 - 4ac) (a b2+ cx4)2
25 B a ’ (c (bd —2af
:x(bd 2acd — abf + c(bd zaf)x)+1esubst f 1 |+
2a (b2 - 4ac) (a +ba2 + cx4) 2 (a +bx+ sz)
b?d-12
e(b+ 2cx2) X (bzd —2acd — abf + c(bd — 2af)x2) Ve (bd 2 Vi
2 (b2 - 4uc) (a + bx? + cx4) ’ 2a (bz - 4ac) (a +bx? + cx4) * 22 (bz 4
b?d-12
e (b + 20x2) X (bzd —2acd — abf + c(bd - 2af)x2) Ve (bd ~2af + Vb
2 (b2 - 4ac) (a + bx? + cx4) " 2a (b2 - 411(:) (a + bx? + cx4) * 22 (bz 4
b?d-1:
e (b+2cx?) x (b?d — 2acd — abf + c(bd — 2af)x?) ve (bd B

2 (bz - 4ac) (a + bx? + cx4) " 2a (b2 - 4ac) (u + bx? + Cx4) " 2V2a (b2 _4
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Mathematica [A] time = 1.35201, size = 398, normalized size = 1.08

NNz (b (dm t4a f) 24 ( FVB? — dac + 6cd) n bzd:

1| 2ab(e + fx) + 4acx(d + x(e + fx)) - 2bdx (b + cx?)

1 o (bac =) (a + a2 ) ’ o (12— 400) " o NP e

Antiderivative was successfully verified.

[In] Integrate[(d + e*xx + f*xx72)/(a + b*x"2 + c*xx"4)72,x]

[Out] ((2*a*bkx(e + fxx) - 2*bkxd*x*(b + c*xx™2) + 4*axckx*(d + x*(e + fxx)))/(ax(-b
T2 + 4xaxc)*(a + b*x"2 + c*x74)) + (Sqrt[2]*Sqrtlc]*(b~2+d + b*(Sqrt[b~2 -
dxaxc]*d + 4xaxf) - 2xax(6*xcxd + Sqrt[b~2 - 4*axc]*f))xArcTan[(Sqrt[2]*Sqrt
[c]*x)/Sqrt[b - Sqrt[b~™2 - 4*axc]]])/(a*x(b”™2 - 4*axc)~(3/2)*Sqrt[b - Sqrt([b

T2 - 4xaxc]]) + (Sqrt[2]*Sqrtlc]*(-(b"2xd) + 12%axc*d + b*Sqrt[b~2 - 4*axc]

xd - 4xaxbxf - 2xa*xSqrt[b~2 - 4*axc]*f)*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/Sqrt[b +
Sqrt[b~2 - 4*axc]]])/(ax(b”2 - 4*axc)”~(3/2)*Sqrt[b + Sqrt[b~2 - 4*axc]l]) -
(4xcxexLog[-b + Sqrt[b~2 - 4xaxc] - 2xcxx"2])/(b"2 - 4xaxc)”~(3/2) + (4xcx*e

*xLog[b + Sqrt[b~2 - 4xaxc] + 2*c*x”2])/(b72 - 4xaxc)~(3/2))/4

Maple [B] time = 0.118, size = 1813, normalized size = 4.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x"2+exx+d)/(c*x"4+b*x"2+a)~2,x)

[Out] 2*c/(d*xaxc-b~2)72/(x72+1/2%b/c-1/2*%(=4d*xaxc+b~2)~(1/2) /c) *a*x*f+2*c/ (4d*a*xc-b
“2)72/(x72+1/2x (4*xaxc+b~2) ~(1/2) /c+1/2%b/c) *axx*xf+1/4*xc/ (d*xaxc-b"2) "2/a*2"
(1/2)/ ((b+(—4xaxc+b~2) " (1/2))*c) ~(1/2)*arctan(c*x*2~(1/2) / ((b+(-4*a*xc+b~2) "~
(1/2))*c)~(1/2))*b"3*d-1/4*c/ (d*xa*xc-b~2) "2/a*x2~(1/2) / (((-4*axc+b~2)~(1/2)-b
Y*c) " (1/2)*xarctanh(c*xx*2~(1/2) / (((-4*a*xc+b~2)~(1/2)-b)*c) ~(1/2))*b~3*d-c/ (4
*axc-b"2) "2x27(1/2) / (((-4*axc+b~2)~(1/2)-b) *c) ~(1/2) *arctanh (cxx*x2~(1/2) / ((
(-4xa*xc+b~2) " (1/2)-b)*c) ~(1/2) ) *(-4*a*c+b~2) " (1/2) *bxf-c/ (d*xaxc-b"2) ~2%2~ (1
/2)/ ((b+(—4*xaxc+b™2) " (1/2))*c) " (1/2)*arctan(c*x*2”(1/2) / ((b+(-4*xa*xc+b~2) "~ (1
/2))*c) " (1/2) ) *(—d*xaxc+b~2) ~(1/2) ¥b*xf-1/4*c/ (d*xaxc-b~2)"2/a*x2~(1/2) / ((b+(-4
xaxc+b™2) " (1/2))*xc) ~(1/2)*arctan(cxx*x2~(1/2)/ ((b+(-4*a*xc+b~2) " (1/2))*c)~(1/
2))*(—4*a*xc+b”2) " (1/2) *b~2xd-1/4%*c/ (d*a*xc-b~2) "2/a*x2” (1/2) / (((-4*a*xc+b~2) ~(
1/2)-b)*c)~(1/2) *arctanh (c*x*2~(1/2) / (((-4*a*xc+b~2) ~(1/2)-b)*c) ~(1/2) ) x(-4x*
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axc+b~2) " (1/2) *b~2xd+c/ (dxa*xc-b"2) "2/ (x"2+1 /2% (-4d*xaxc+b”2) ~(1/2) /c+1/2%xb/c)
*dxx*x (—4*axc+b™2) ~(1/2)-c/ (d*axc-b~2) "2/ (x"2+1/2* (-4*a*xc+b~2) " (1/2) /c+1/2%b
/c)*d*x*xb+1/4/ (dxaxc-b"2) "2/ (x72+1/2* (—4*a*xc+b”2) " (1/2) /c+1/2%b/c) /a*xd*x*b~
3-c/(d*xaxc-b"2) "2/ (x"2+1/2%b/c-1/2*% (-4d*a*xc+b~2) ~(1/2) /c) *d*x* (—4*a*c+b™2) " (
1/2)-c/(dxaxc-b"2) "2/ (x"2+1/2*b/c-1/2* (-4*a*xc+b~2) " (1/2) /c) *d*x*b+1/4/ (4*a*
c-b"2)72/(x"2+1/2*b/c-1/2* (-4*a*xc+b~2) " (1/2) /c) /a*d*x*xb~3-1/4/ (4d*xaxc-b~2) "2
[/ (x72+1 /2% (=4*axc+b™2) " (1/2) /c+1/2*b/c) /axd*x* (—4d*a*xc+b~2) " (1/2) *b~2+3*c~2/
(dxaxc-b"2)"2x27(1/2) / ((b+(-4*a*xc+b~2) " (1/2))*c) ~(1/2) *arctan (cxx*x2~(1/2) /(
(b+(—4*a*xc+b™2) " (1/2))*c) " (1/2) ) x(=4*a*xc+b~2) " (1/2) *d-c~2/ (d*xaxc-b"2) "2%27(
1/2) / ((b+(-4*xa*xc+b™2) "~ (1/2))*c) ~(1/2) *arctan(cxx*x2~(1/2) / ((b+(-4*a*xc+b~2) " (
1/2))*c)~(1/2) ) *b*d+1/4/ (dxaxc-b~2) "2/ (x"2+1/2*b/c-1/2% (—4d*axc+b~2) ~(1/2) /c
) /axdxx* (~d*xaxc+b”2) " (1/2) *b"2+3*c"2/ (d*xaxc-b"2) "2x27(1/2) / (((-4d*axc+b~2) " (
1/2)-b)*c)~(1/2)*arctanh (cxx*2~(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) ) *x(-4x
axc+b”2) " (1/2) *d+c”2/ (d*xaxc-b"2) "2%27 (1/2) / (((-d*axc+b~2) ~(1/2)-b) *c) ~(1/2)
xarctanh (cxx*x27(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2)) *bxd+2*xc~2/ (4*a*xc-b"2
)" 2xax27 (1/2) / ((b+(-4*a*xc+b™2) ~(1/2) ) *c) ~(1/2) *arctan(c*x*2~(1/2) / ((b+(-4*a
*c+b72) " (1/2) ) *c) " (1/2) )xf-1/2%c/ (d*a*xc-b~2) "2x27(1/2) / ((b+(-4*a*xc+b~2) ~(1/
2))*c) " (1/2)*arctan(cxx*x2~(1/2) / ((b+(-4*a*xc+b~2) " (1/2) )*c)~(1/2) ) *b"2%f-2*c
2/ (4xaxc-b"2) "2*xax2" (1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) *arctanh (cxx*2" (
1/2) / (((=4*a*xc+b~2) " (1/2)-b)*c) ~(1/2))*xf+1/2%c/ (d*axc-b~2) "2x27(1/2) / (((-4*
axc+b~2) " (1/2)-b)*c) "~ (1/2)*arctanh (cxx*2~(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) " (
1/2))*b"2xf+c/ (d*xa*xc-b"2) "2x (—4*a*xc+b~2) " (1/2) *ex1n(2*xc*x~2+(-4*a*xc+b~2) " (1
/2)+b)+2%c/ (d*axc-b"2) "2/ (x"2+1/2%b/c-1/2% (-4xa*xc+b~2) ~(1/2) /c) *exa-c/ (4*a*
c-b72) "2x (—4d*xaxc+b”2) " (1/2) *ex1n(—2*cxx"2+ (—4d*a*xc+b”2) ~(1/2)-b) +2*xc/ (d*a*xc-
b"2) "2/ (x72+1/2% (—4*a*xc+b™2) " (1/2) /c+1/2*b/c) *xexa-1/2/ (4d*a*c-b~2) "2/ (x"2+1/
2% (—4*a*xc+b”2) " (1/2) /c+1/2xb/c) *exb™2-1/2/ (d*axc-b"2) "2/ (x"2+1/2%b/c-1/2* (-
dxaxc+b”™2) " (1/2)/c)*exb™2-1/2/ (d*axc-b~2) "2/ (x"2+1/2*b/c-1/2* (—4*a*xc+b~2) ~(
1/2) /c)*x¥b"2xf-1/2/ (d*%a*xc-b"2) "2/ (x72+1/2* (-4d*xa*xc+b~2) ~(1/2) /c+1/2%b/c) *x*
b~ 2x*f

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*xx~2+exx+d)/(c*x~4+b*x"2+a)”2,x, algorithm="maxima"

[Out] Timed out




241

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*xx~2+exx+d)/(c*x~4+b*x"2+a)”2,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((fxx**x2+exx+d)/ (ckx**4+b*x*k*2+a)**2,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x~2+exx+d)/(c*x"4+b*x~2+a)~2,x, algorithm="giac")

[Out] Exception raised: NotImplementedError
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d+ex+ fx2+gx3 d

(a+bx2+cx4)2

3.38

Optimal. Leaf size=386

—12a 2 abf—12a 2
) \/E(4abf 12Cd+bd—2af+bd)tan‘1{ V2+Jex ) \/E(_élbf 12cd+bd_2af

X (cxz(bd —2af) —abf - 2acd + b*d VB2 —4ac N ViP—4ac
+ +
2a (b2 B 4ac) (a that+ cx4) 2424 (b2 - 4ac) b - Vb% - 4ac 2424 (b2 - 4ac) :

[Out] (xx(b~2xd - 2%akxcxd - a*xbxf + cx(bkd - 2xa*xf)xx72))/(2xa*x(b~2 - 4*axc)*(a +
b*xx"2 + c*xx"4)) - (b*xe - 2xaxg + (2%c*e - bxg)*x~2)/(2%(b"2 - 4xaxc)*(a +

b*x"2 + c*x"4)) + (Sqrtlcl*(bxd - 2*xaxf + (b~2*d - 12%a*xcxd + 4*axbxf)/Sqrt

[b"2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[cl*x)/Sqrtb - Sqrt[b~2 - 4xaxc]]])/(2x*
Sqrt[2]*a*x(b~2 - 4xaxc)*Sqrt[b - Sqrt[b~2 - 4xaxc]]) + (Sqrtlcl*(b*xd - 2*ax

f - (b™2%d - 12%axc*d + 4*axb*f)/Sqrt[b~2 - 4*axc])*ArcTan[(Sqrt[2]*Sqrt[c]
xx)/Sqrt[b + Sqrt[b~2 - 4xaxc]]])/(2xSqrt[2]*a*x(b~2 - 4*axc)*Sqrt[b + Sqrt[

b~2 - 4xaxc]]) + ((2%c*xe - bxg)*ArcTanh[(b + 2%c*x~2)/Sqrt[b~2 - 4xaxc]])/(

b~2 - 4*axc)”(3/2)

Rubi [A] time = 0.489971, antiderivative size = 386, normalized size of antiderivative =
. . f rul
1., number of steps used = 9, number of rules used = 8, integrand size = 30, number of rules

0.267, Rules used = {1673, 1178, 1166, 205, 1247, 638, 618, 206}

avf—1lza 2 avf—1lza 2
) \/E(4bf 12cd+bd_2af+bd)tan_1[ V2+/ex ) \/E(_4bf12cd+bd_2af

integrand size

x (cx?(bd - 2af) — abf — 2acd + b*d V2—4ac N V2 —4ac
+ +
2a (b2 B 4ac) (a that+ cx4) 2424 (b2 - 4ac) b - Vb2 - 4ac 2424 (b2 - 4ac) :

Antiderivative was successfully verified.

[In] Int[(d + e*xx + f*xx72 + g*x~3)/(a + b*x"2 + c*x74)72,x]

[Out] (x*x(b72%d - 2%a*xc*d - a*xb*xf + c*(bxd - 2%axf)*x72))/(2%a*x(b”2 - 4xaxc)*(a +
b*x72 + c*xx"4)) - (b*e - 2%axg + (2xc*xe - b*g)*x72)/(2%x(b"2 - 4*axc)*(a +
b*x"2 + c*x74)) + (Sqrtlcl*(bxd - 2*xaxf + (b~2*%d - 12%axcxd + 4*axbxf)/Sqrt
[b72 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/Sqrtlb - Sqrt[b~2 - 4xaxc]]])/(2x*
Sqrt[2]*xa* (b2 - 4*axc)*Sqrt[b - Sqrt[b~2 - 4*axc]]) + (Sqrtlcl*(bxd - 2x*ax
f - (b7™2%d - 12%axc*d + 4*axb*f)/Sqrt[b~2 - 4*axc])*ArcTan[(Sqrt[2]*Sqrt[c]
*x)/Sqrt[b + Sqrt[b~2 - 4xaxc]]])/(2+Sqrt[2]*a*x(b~2 - 4*axc)*Sqrt[b + Sqrt[
b~2 - 4xaxc]]) + ((2%c*e - bxg)*ArcTanh[(b + 2*c*x~2)/Sqrt[b~2 - 4*axc]])/(
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b~2 - 4xaxc)”~(3/2)

Rule 1673

Int[(Pg )*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, q/2}]1*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2*k), {k, 0, (q -
1)/2}]1x(a + b*x"2 + c*xx~4)7p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&% 'PolyQ[Pq, x~2]

Rule 1178

Int[((d) + (e_)*(x ) 2)*((a_) + (b_)*(x )72 + (c_.)*(x_)"4)"(p_), x_Symb
0l] :> Simp[(x*(axbxe - d*(b~2 - 2*axc) - cx(bxd - 2%a*xe)*x"2)*(a + b*xx"2 +
cxx~4) " (p + 1))/ (2%ax(p + 1)*(b~2 - 4xa*xc)), x] + Dist[1/(2xax(p + 1)*(b"2
- 4xaxc)), Int[Simp[(2%p + 3)*d*b~2 - axbke - 2xaxc*d*(4*xp + 5) + (4*p + 7
Yx(d*b - 2*xakxe)*cxx"2, x]*(a + b*x"2 + c*x”4)"(p + 1), x], x] /; FreeQ[{a,

b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*xd"™2 - bxd*xe + a*xe”2, 0] &&

LtQlp, -1] && IntegerQ[2*p]

Rule 1166

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With([{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*%q), Int[1/(b/2
- g/2 + c*x72), x], x] + Dist[e/2 - (2%cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ c*xx72), xJ, x]1] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlcxd™2 - a*xe™2, 0] && PosQ[b~2 - 4x*xaxc]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 1247

Int[(x_)*((d_) + (e_.)*(x_)"2)7(q_.)*((a_) + (b_.)*(x_)72 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + e*x)~gx(a + b*x + c*x72)7p, x],
x, x72], x] /; FreeQ[{a, b, c, 4, e, p, q}, x]

Rule 638

Int[((d_.) + (e_.)*(x_))*((a_.) + (b_.)*(x) + (c_.)*(x_)"2)"(p_), x_Symbol
1 > Simp[((b*d - 2%a*e + (2%cxd - b*e)*x)*(a + b*x + cxx"2)"(p + 1))/((p +
1)*(b™2 - 4*axc)), x] - Dist[((2%p + 3)*(2xcxd - b*xe))/((p + 1)*(b"2 - 4xa
xc)), Int[(a + bxx + c*xx"2)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e}, x] &
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NeQ[2*cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] &% LtQ[p, -1] && NeQ[p, -3/2]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*xc - x72, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt

Qla, 0] Il LtQ[b, 01)

Rubi steps

fd+ex+fx2+gx3

2
(a + bx? + cx4)

Mathematica [A]

1| —4a%g + 2ab(e + x(f — gx)) + dacx(d + x(e + fx)) — 2bdx (b + cxz)

dx:f( d+fx2 dx+f( x(e+gx2) dx

2 2
a+bx? + cx4) a+bx?+ cx4)

_ x(vPd - 2acd — abf +c(bd - 2af)x*) e - 2ag + (2ce - bg)x?

24 _ _ _ 2 —b2d+6ace
:x(bd 2acd — abf + c(bd 2af)x)+18ubst f e+ gx - :
2a (bz - 4ac) (a +bx? + cx4) 2 (a+bx + cx?) 2a

b2d-12

_ x(bPd - 2acd - abf + c(bd - 2af)x?)  be - 2ag + (2ce — bg)x? (C (bd —2af -—
2a (bz - 4ac) (a +bx? + cx4) 2 (b2 - 4ac) (a +bx? + cx4) 4

\/E(bd—Zuf+h2L_‘j

X (bzd — 2acd — abf + c(bd — 2af)x2) be — 2ag + (2ce — bg)x>

2a (bz - 4ac) (a +bx? + cx4) 2 (b2 - 4ac) (a + b2 + cx4) 2v2a (bz -

24
\ﬁ(bd—zafﬂivl

2a (bz - 4ac) (a +bx? + cx4) 2 (b2 - 4ac) (a +bx? + cx4) 2v2a (b2 -

time = 1.55914, size = 421, normalized size = 1.09

\/Ex/z(b(dm+4af) —2a (fm

4

+

a (4ac - bz) (a +bx? + cx4) . (b2 _ 4%)3/2 Ib— A
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Antiderivative was successfully verified.

[In] Integratel[(d + exx + f*xx72 + g*x~3)/(a + b*x"2 + c*x74)72,x]

[Out] ((-4xa~2*g - 2xbxd*x*(b + c*x~2) + 4xaxc*xx*(d + x*x(e + f*xx)) + 2*axbx(e + x
*(f - g*x)))/(a*x(-b"2 + 4xaxc)*(a + b*x"2 + c*x74)) + (Sqrt[2]*Sqrtlc]l*(b~2

xd + b*x(Sqrt[b™2 - 4xaxc]*d + 4*xaxf) - 2xax(6*ckd + Sqrt[b~2 - 4*xaxc]*f))x*A
rcTan[(Sqrt [2]*Sqrt [c]l*x)/Sqrt[b - Sqrt[b™2 - 4xaxc]]])/(ax(b™2 - 4xaxc) (3
/2)*Sqrt[b - Sqrt[b~2 - 4xaxc]]) + (Sqrt[2]*Sqrtlcl*(-(b~2*d) + 12xa*c*xd +
bxSqrt [b™2 - 4*axc]*d - 4xaxb*xf - 2%a*xSqrt[b~2 - 4xaxc]*f)*ArcTan[(Sqrt[2]*
Sqrtlcl*x)/Sqrt[b + Sqrt[b~2 - 4xaxc]l]l])/(ax(b~2 - 4xaxc)~(3/2)*Sqrt[b + Sq
rt[b™2 - 4xaxc]]) + (2%(-2%c*xe + bxg)*xLog[-b + Sqrt[b~2 - 4*axc] - 2%cxx"2]

)/ (b2 - 4xaxc)~(3/2) - (2x(-2%cxe + bxg)*Log[b + Sqrt[b~2 - 4*axc] + 2xc*x

~21) /("2 - 4xaxc)”(3/2))/4

Maple [B] time = 0.122, size = 2310, normalized size = 6.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((g*x~3+f*xx"2+e*x+d)/(c*xx~4+b*x"2+a) " 2,x%)

[Out] 2*c/(4d*axc-b"2)7"2/(x"2+1/2%b/c-1/2*%(-4d*axc+b~2) ~(1/2)/c) *a*x*f+2*c/ (4d*a*xc-b
~2)72/ (x"2+1/2% (4*xa*xc+b™2) " (1/2) /c+1/2%b/c) *a*xx*xf+1/4*c/ (d*a*xc-b~2) ~2/ax2”
(1/2)/ ((b+(-4*axc+b~2) " (1/2) ) *c) ~(1/2) *arctan (cxx*2~ (1/2) / ((b+(-4*a*xc+b~2) "
(1/2))*c)~(1/2))*b"3*d-1/4*c/ (d*a*xc-b"2) "2/a*x2~(1/2) / (((-4*axc+b~2)~(1/2)-b
)Y*c) " (1/2)*arctanh (c*xx*27(1/2) / (((-4*a*xc+b™2) " (1/2)-b)*c) " (1/2))*b~3*d-c/ (4
xaxc-b~2) "2x27(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2)*arctanh (cxx*2~(1/2) / ((
(=4*a*xc+b~2) " (1/2)-b)*c) " (1/2) ) *(-4*a*xc+b~2) " (1/2) *bxf-c/ (4d*xa*xc-b~2) "2x2~ (1
/2)/ ((b+(=4*xaxc+b™2) " (1/2) )*c)~(1/2)*arctan(c*xx*2~(1/2) / ((b+(-4*a*xc+b~2) ~ (1
/2))*c) " (1/2) ) *(—d*xaxc+b~2) ~(1/2) ¥b*xf-1/4*c/ (d*xaxc-b~2) "2/a*x2~(1/2) / ((b+(-4
xaxc+b™2) " (1/2))*c) ~(1/2)*arctan(cxx*x2~ (1/2) / ((b+(—4*a*xc+b~2) " (1/2))*c)~(1/
2))*(=4*a*xc+b”2) " (1/2)*b~2xd-1/4*c/ (d*a*xc-b"2) "2/a*x2"(1/2) / (((-4*a*xc+b~2) ~(
1/2)-b)*c)~(1/2)*arctanh(cxx*2~(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2)) *x(-4x
axc+b~2) " (1/2) *b~2xd+c/ (dxa*xc-b"2) "2/ (x"2+1 /2% (—4d*xaxc+b~2) ~(1/2) /c+1/2%xb/c)
*d*x* (-4*axc+b™2) " (1/2)-c/ (4*a*xc-b"2) "2/ (x"2+1/2*x (-4*axc+b~2) ~(1/2) /c+1/2*b
/c)*d*x*xb+1/4/ (dxaxc-b"2) "2/ (x72+1/2* (=4*a*xc+b™2) " (1/2) /c+1/2%b/c) /a*d*x*b~
3-c/(d*xaxc-b"2) "2/ (x72+1/2%b/c-1/2*% (-4d*a*xc+b~2) ~(1/2) /c) *d*x* (—4*a*c+b™2) " (
1/2)-c/(dxaxc-b"2) "2/ (x"2+1/2*b/c-1/2* (—4*a*xc+b~2) " (1/2) /c) *d*x*b+1/4/ (4*a*
c-b"2) 72/ (x72+1/2%b/c-1/2x (=4*a*xc+b~2) " (1/2) /c) /a*xd*x*b~3-1/4/ (4*axc-b~2) "2
[/ (x72+1/2*% (=4*xa*xc+b™2) " (1/2) /c+1/2%b/c) /a*d*x*x (-d*xaxc+b~2) ~(1/2) *b~2+3*c~2/
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(4*axc-b"2)"2x27(1/2) / ((b+(-4*a*xc+b~2) " (1/2) )*c) ~(1/2) *arctan (cxx*x2~(1/2) /(
(b+(=4*a*xc+b”™2) " (1/2))*c) " (1/2) ) *(-4*a*xc+b™2) ~(1/2) *d-c~2/ (dxa*xc-b"2) ~2x27 (
1/2) / ((b+(-4*xaxc+b™2) "~ (1/2))*c) ~(1/2) *arctan(cxx*2~(1/2) / ((b+(-4*a*xc+b~2) ~(
1/2))*c)~(1/2) ) *¥b*xd+1/4/ (d*xaxc-b~"2) "2/ (x"2+1/2%b/c-1/2* (-4*a*c+b~2) " (1/2) /c
) /axd*x* (—4*a*xc+b”2) " (1/2) *b"2+3*c~2/ (d*a*xc-b"2) "2*27(1/2) / (((-4*a*c+b~2) ~(
1/2)-b)*c)~(1/2) *arctanh (cxx*2~(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) ) x(-4*
axc+b”2) " (1/2)*d+c”2/ (d*axc-b~2) "2%27(1/2) / (((-4*axc+b~2) ~(1/2)-b)*c) ~(1/2)
xarctanh (cxx*27(1/2) / (((=4*a*xc+b~2) " (1/2)-b)*c) ~(1/2)) *bxd+1/ (4d*xa*xc-b~2) "2/
(x72+1/2%b/c-1/2x (-4*xa*xc+b~2) ~(1/2) /c) * (-4*a*c+b~2) " (1/2) *axg-1/ (4*a*xc-b~2)
"2/ (x72+1/2*%b/c-1/2% (=4xa*xc+b~2) ~(1/2) /c) *axb*xg+1/2/ (d*axc-b"2) "2%1n (-2*c*x
"2+ (-4*a*xc+b”2) " (1/2)-b) * (—4*axc+b”2) " (1/2) xb*xg-1/(4*a*c-b~2) "2/ (x72+1/2x (-
4xa*xc+b”2) " (1/2)/c+1/2%b/c) * (-4*a*c+b~2) " (1/2) *axg-1/(4d*a*xc-b~2) "2/ (x"2+1/2
x (—4xaxc+b~2) " (1/2) /c+1/2%b/c) *axb*xg-1/2/ (d*xa*xc-b~2) “2*%1n(2*c*x”~2+(-4*a*c+b
~2)7(1/2)+b) * (=4*a*xc+b~2) " (1/2) *bxg+1/4/c/ (d*axc-b"2) "2/ (x"2+1/2* (—4*a*xc+b”
2)~(1/2)/c+1/2%b/c) *b~3xg+1/4/c/ (d*axc-b"2) "2/ (x"2+1/2%b/c-1/2x (-4*a*xc+b~2)
~(1/2) /c) *b~3*g+2+c~2/ (d*axc-b~2) "2xax2~(1/2) / ((b+(-4*axc+b™2) ~(1/2))*c) (1
/2)*arctan (c*xx*27 (1/2) / ((b+(=4*a*c+b~2) " (1/2))*c) ~(1/2) ) *f-1/2*xc/ (d*a*c-b"2
)72x27(1/2) / ((b+ (—4*xaxc+b™2) ~(1/2) ) *xc) " (1/2) *arctan (c*xx*2~(1/2) / ((b+(-4*ax*c
+b72) 7 (1/2))*¢c) " (1/2) ) *b"2+%f-2%c”2/ (4d*axc-b~2) "2*xax2~ (1/2) / (((-4*a*c+b™2) ~(
1/2)-b)*c)~(1/2)*arctanh(cxx*2~(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) ) *xf+1/
2%c/ (4xaxc-b~2) "2x2~(1/2) / (((-4xa*xc+b~2) " (1/2)-b)*c) " (1/2)*arctanh (cxx*x2~ (1
/2)/ (((=4*axc+b~2)~(1/2)-b) *c) ~(1/2) ) *b~2*xf+c/ (d*axc-b~2) "2* (-4d*xa*xc+b~2) " (1
/2) *ex1In(2*cxx™ 2+ (—4d*xaxc+b~2) ~(1/2)+b)+2*c/ (d*axc-b~2) "2/ (x"2+1/2%b/c-1/2*(
-4xaxc+b”2) "~ (1/2) /c)*exa—c/ (dxaxc-b~2) "2* (—4xa*xc+b~2) " (1/2) *ex1n (-2*c*xx~2+(
—4xa*xc+b”2) " (1/2)-b)+2*xc/ (d*xa*xc-b"2) "2/ (x"2+1/2* (-4d*axc+b~2) " (1/2) /c+1/2*b/
c)xexa-1/4/c/(d*xaxc-b"2) "2/ (x"2+1/2%b/c-1/2* (~4*a*xc+b~2) "~ (1/2) /c) * (—4*a*c+b
~2)7(1/2) *b"2xg+1/4/c/ (d%a*xc-b"2) "2/ (x72+1/2% (—4*axc+b™2) " (1/2) /c+1/2%b/c) *
(=4xa*xc+b~2) ~(1/2) *b"2xg-1/2/ (4*axc-b"2) "2/ (x"2+1/2* (-4*a*c+b~2) " (1/2) /c+1/
2%b/c) *e*xb”2-1/2/ (dxaxc-b"2) "2/ (x"2+1/2*b/c-1/2* (=4d*axc+b~2) ~(1/2) /c) *e*b™2
-1/2/ (4*a*xc-b"2) "2/ (x"2+1/2xb/c-1/2* (—4*a*c+b™2) ~(1/2) /c) *xxb~2%xf-1/2/ (4*ax*
c-b"2) 72/ (x72+1/2% (—4*a*xc+b”2) "~ (1/2) /c+1/2%b/c) *x*b~2*f

Maxima [F] time = 0., size = 0, normalized size = 0.

abf+(bcd—2 acf)x2+(b2—6 ac)d—Z (2 uce—abg)x d

(bcd - 2acf)x3 — abe + 2 a?g - (2 ace — abg)x2 - (ubf - (b2 -2 ac)d)x -

_ cx*+bx2+a

X

2 ((abzc -4 a2c2)x4 + a2b? —4a3c + (ab3 -4 azbc)xZ) 2 (ab2 -4 azc)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((g*x~3+f*x~2+e*x+d)/(c*x~4+b*x"2+a)~2,x, algorithm="maxima"
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[Out] 1/2*%((b*ckd - 2*xa*xc*xf)*x~3 - axbke + 2%xa~2%g - (2%axcke - a*xbxg)*xx~2 - (axb
xf - (D72 - 2xaxc)*d)*x)/((a*b™2%c - 4*a”2%c”2)*x"4 + a”2*%b"2 - 4xa”3xc + (
axb~3 - 4xa”2xb*c)*x72) - 1/2xintegrate(-(axb*f + (bxckd - 2*%axc*f)*x"2 + (
b~2 - 6*axc)*d - 2x(2xaxckxe - axb*g)*x)/(c*x"4 + b*x"2 + a), x)/(a*xb”2 - 4x

a~2%c)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx~3+f*x"2+e*xx+d)/(c*xx~4+b*x"2+a)”~2,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((gkx**3+f*x**2+e*xx+d)/ (ckx**4+b*x**2+a)**2,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((gxx~3+f*x"2+e*x+d)/(c*xx~4+b*xx~2+a)~2,x, algorithm="giac")

[Out] Exception raised: NotImplementedError
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d+ex+fx2+gx3+hx4ci

(a+bx2+cx4)2

3.39

Optimal. Leaf size=439

2(nd_ _
i ] ) ) ) , tan-] V2+/ex c@dwn@iiamm&m+aM_2mf+bw)
x (x*(abh - 2acf + bed) — abf - 2a(cd - ah) + b?d) N Vb?—4ac
+

20 (b2 - dac) (a + bx* + cxt) 2\2ave (1 - dac) /b - VB2 — dac

[Out] -(b*e - 2%axg + (2xc*xe - b*g)*x72)/(2%(b"2 - 4*axc)*(a + b*x"2 + c*x74)) +
(xx(b72%d - axb*f - 2%a*x(ckd - axh) + (bkxckd - 2*akxc*xf + axb*h)*x72))/(2*ax*

(b72 - 4xaxc)*(a + b*x"2 + c*x74)) + ((b*xckd - 2*akxc*f + a*xbkh + (4*xaxbkckf

+ b"2%(c*d - axh) - 4*akxck(3xcxd + axh))/Sqrt[b~2 - 4xaxc])*ArcTan[(Sqrt[2
1*xSqrt[cl*x)/Sqrt[b - Sqrt[b~2 - 4*axc]]])/(2xSqrt[2]*a*xSqrtc]*(b~2 - 4*ax
c)*Sqrt[b - Sqrt[b~2 - 4*axc]]) + ((b*cxd - 2xakxcxf + axb*h - (4*axbxc*xf +
b~2%(ckd - axh) - 4*axc*(3*%cxd + axh))/Sqrt[b~2 - 4xaxc])*ArcTan[(Sqrt[2]*S
grtlcl*x)/Sqrt[b + Sqrt[b~2 - 4*axc]]])/(2%Sqrt[2]*a*Sqrt[cl*(b~2 - 4xa*c)*
Sqrt[b + Sqrt[b~2 - 4*axc]]) + ((2%c*e - bxg)*ArcTanh[(b + 2%c*x~2)/Sqrt[b~

2 - 4xaxc]])/(b~2 - 4xaxc)~(3/2)

Rubi [A] time = 1.89438, antiderivative size = 439, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 8, integrand size = 35, e e =

0.229, Rules used = {1673, 1678, 1166, 205, 1247, 638, 618, 206}

integrand size

2(cd— _
, ) i i i i tan-! V2+vex (mewﬁgfmwﬁw+aM—2mf+Mﬂ
x (x*(abh - 2acf + bed) — abf - 2a(cd - ah) + b?d) N W2 —dac
+

20 (b2 - dac) (a + bx* + cxt) 2\ave (1 - dac) /b - VB2 — dac

Antiderivative was successfully verified.

[In] Int[(d + e*x + f*x"2 + g*x~3 + h*x"4)/(a + b*x"2 + c*x"4)"2,x]

[Out] -(b*e - 2%axg + (2xc*xe - b*xg)*x~2)/(2%(b"2 - 4*axc)*(a + b*x"2 + c*x74)) +
(x*x(b~2%d - axb*f - 2*ax(cxd - axh) + (bkcxd - 2%akxcxf + axb*h)*x"2))/(2*xax
(b™2 - 4*axc)*x(a + b*x"2 + c*x74)) + ((bxcxd - 2%axcxf + axbxh + (4*xaxb*cxf
+ b™2x(cxd - axh) - 4xaxckx(3xcxd + axh))/Sqrt[b~2 - 4xaxc])*ArcTan[(Sqrt[2
1xSqrt[cl*x)/Sqrt[b - Sqrt[b~2 - 4*axc]]])/(2*Sqrt[2]*a*Sqrt[cl*(b~2 - 4xax
c)*Sqrt[b - Sqrt[b~2 - 4*axc]]) + ((b*cxd - 2xakxcxf + axb*h - (4*axbxc*xf +
b~ 2% (cxd - axh) - 4*axcx(3*%cxd + axh))/Sqrt[b~2 - 4*axc])*ArcTan[(Sqrt[2]*S
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qrt[cl*x)/Sqrt[b + Sqrt[b~2 - 4*a*xc]]])/(2xSqrt[2]*a*Sqrt[c]*(b~2 - 4*axc)*
Sqrt[b + Sqrt[b~2 - 4xaxc]]) + ((2xc*e - b*g)*ArcTanh[(b + 2*c*x72)/Sqrt[b”
2 - 4xaxc]])/(b”2 - 4*axc)~(3/2)

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel{q

= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, q/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]1*(a + b*x"2 + c*xx~4)7p, x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x]
&% 'PolyQ[Pq, x"2]

Rule 1678

Int[(Pq )*x((a_) + (b_.)*x(x_ )72 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{d =
Coeff [PolynomialRemainder[Pq, a + b*x"2 + cxx”4, x], x, 0], e = Coeff[Poly
nomialRemainder[Pq, a + b*x"2 + cxx"4, x], x, 2]}, Simp[(x*(a + b*x"2 + c*x
“4)~(p + 1)*(axbxe - d*(b"2 - 2*axc) - cx(bxd - 2xa*xe)*x72))/(2xax(p + 1)*(
b~2 - 4xaxc)), x] + Dist[1/(2*ax(p + 1)*(b"2 - 4xaxc)), Int[(a + b*x"2 + cx*
x74)~(p + 1)*ExpandToSum[2*a*(p + 1)*(b~2 - 4*axc)*PolynomialQuotient[Pq, a
+ b*xx"2 + c*xx"4, x] + b72xd*(2xp + 3) - 2kaxcxd*x(4xp + 5) - axbkxe + cx(4xp
+ 7)x(bxd - 2%a*xe)*x~2, x], x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x~
2] &% Expon[Pq, x72] > 1 && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1]

Rule 1166

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[b~2 - 4xa*xc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2%cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ ¢c*xx72), xJ, x]] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlc*xd™2 - a*e”™2, 0] && PosQ[b~2 - 4*axc]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 1247

Int[(x_)*((d_) + (e_.)*(x_)"2)7(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + e*xx)"g*(a + bxx + c*x72)7p, x],
x, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}t, x]

Rule 638
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Int[((d_.) + (e_.)*x(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 > Simp[((b*d - 2xa*e + (2xc*d - bke)*x)*(a + b*x + c*x"2)"(p + 1))/((p +
D*x(0b72 - 4xa*xc)), x] - Dist[((2xp + 3)*(2*cxd - bxe))/((p + 1)*(b"2 - 4x*a
xc)), Int[(a + bxx + c*x"2)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e}, x] &
NeQ[2%c*d - bxe, 0] && NeQ[b~2 - 4*axc, 0] && LtQ[p, -1] && NeQ[p, -3/2]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x~2, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps

X

fd+ex+fx2+gx3+hx4dx:f( x (e +gx?) dx+f(d+fx2+hx4

2 2 2
(a +bx? + cx4) a+bx?+ cx4) a+bx?+ cx4)

x (b2d - abf - 2a(cd - ah) + (bed - 2acf +abh)x?) 1 e+ gx

B 2a (bz - 4ac) (a +bx? + cx4) T2 Subst f (a by + sz)z &

_ be-2ag + (2ce - bg)x® x (bzd —abf —2a(cd — ah) + (bed — 2acf + abh)xz)
T2 (b2 - 4ac) (u + bx? + cx4) 2a (b2 - 4ac) (a + bx? + cx4) _

be —2ag + (2ce —bg)x>  x (b?d - abf —2a(cd — ah) + (bed — 2acf + abh)x?)
2 (bz - 4ac) (a + bx2 + cx4) * 2a (bz - 4ac) (a + bx2 + cx4)

be — 2ag + (2ce — bg)x? x (bzd —abf - 2a(cd — ah) + (bed - 2acf + abh)xz)
=- + 1
2 (bz - 4ac) (a + bx2 + cx4) 2a (b2 - 4ac) (u + bx2 + cx4)
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Mathematica [A] time = 2.24061, size = 489, normalized size = 1.11

) \/itan_l [ﬂ) (b (cd\/z
1| —44%(g + hx) + 2ab(e + x(f — x(g + hx)) + dacx(d + x(e + fx)) ~ 2bdx (b +cx?) N VP —dac

4 a (4ac - bz) (a +bx? + cx4)

Antiderivative was successfully verified.

[In] Integrate[(d + e*x + f*x72 + g*x~3 + h*x"4)/(a + b*x"2 + c*x74)72,x]

[Out] ((-4*a~2x(g + h*xx) - 2%bxd*x*(b + c*x~2) + 4xaxcxx*x(d + xx(e + f*xx)) + 2*ax
bx(e + x*x(f - x*(g + h*x))))/(ax(-b~2 + 4*xaxc)*(a + b*xx"2 + c*x"4)) + (Sqrt
[2]*x(b"2x(c*d - axh) - 2*akxcx(6*%cxd + Sqrt[b~2 - 4xaxc]*f + 2*axh) + bkx(c*S
grt[b~2 - 4xaxc]*d + 4xaxcxf + axSqrt[b~2 - 4*axc]*h))*ArcTan[(Sqrt[2]*Sqrt
[c]*x)/Sqrt[b - Sqrt[b~2 - 4*axc]]])/(a*xSqrtlcl*(b~2 - 4xa*xc)”(3/2)*Sqrt[b
- Sqrt[b”2 - 4*axc]]) + (Sqrt[2]*(b~2x(-(c*d) + axh) + 2*xaxckx(6xcxd - Sqrt[
b~2 - 4xaxc]*f + 2xaxh) + b*x(c*Sqrt[b~2 - 4*axclxd - 4xaxcxf + axSqrt[b~2 -
4xaxc]*h))*ArcTan[(Sqrt [2]*Sqrt [c]*x)/Sqrt[b + Sqrt[b~2 - 4xa*xc]]])/(a*xSqr
tlcI*(b~2 - 4*axc)”(3/2)*Sqrt[b + Sqrt[b~2 - 4*axc]l]) + (2*(-2%c*e + bxg)*L
ogl-b + Sqrt[b™2 - 4*axc] - 2%c*x72])/(b72 - 4*axc) (3/2) - (2%(-2%c*e + b*
g)*Log[b + Sqrt[b~2 - 4*axc] + 2*xcxx~2])/(b"2 - 4*axc)~(3/2))/4

Maple [B] time = 0.049, size = 1801, normalized size = 4.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int ((h*x"4+g*x~3+f*x"2+e*xx+d) / (c*xx~4+b*x"2+a) ~2,x)

[Out] 1/4xc/(4*xaxc-b"2)"2/a*x2"(1/2)/((b+(-4*xa*xc+b”2)~(1/2))*c) ~(1/2)*arctan(cxx*2
~(1/2)/ ((b+(-4*axc+b~2) ~(1/2))*c) ~(1/2) ) *b~3%d-1/4*c/ (4*axc-b~2) ~2/ax2~(1/2
)/ (((-4xa*xc+b~2) " (1/2)-b)*c) "~ (1/2)*arctanh(cxx*x2~(1/2)/ (((-4*a*xc+b~2) " (1/2)
=b)*c)~(1/2))*xb~3*d-c/ (d*xaxc-b~2) "2%27(1/2) / (((-4xaxc+b~2)~(1/2)-b)*c)~(1/2
Y*arctanh (cxx*x27(1/2) / (((=4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) ) *(4*a*xc+b~2) ~(1/2) *
bxf-c/(4xaxc-b"2)"2x27(1/2) / ((b+(—4x*a*xc+b~2) " (1/2))*c) ~(1/2)*arctan(c*x*2~ (
1/2)/ ((b+(=4*a*xc+b~2) " (1/2) ) *c) " (1/2) ) x(=4*a*xc+b~2) " (1/2) *b*f+(-1/2/a* (axb*
h-2xa*xc*f+bxcxd) / (d*axc-b~2) *x~3-1/2% (b*g-2*xcxe) / (d*axc-b~2) *x~2-1/2% (2*a~2
*h-a*xb*f-2*xa*xc*xd+b~2*d) /a/ (dxa*xc-b"2) *x-1/2*% (2xa*xg-b*e) / (4*a*c-b~2))/(cxx~4
+b*x~2+a)-1/4*c/ (dxaxc-b~2)"2/a*x2”(1/2) / ((b+(-4*a*xc+b”~2) " (1/2))*c) ~(1/2) *ar
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ctan(cxx*27(1/2) / ((b+(-4*axc+b™2) 7 (1/2))*c) " (1/2) ) *(—4*a*xc+b™2) " (1/2)*b~2*d
~1/4%c/ (4xa*xc-b"2)"2/a*27 (1/2) / (((-4*a*c+b™2) " (1/2) -b) *c) "~ (1/2) *arctanh (cxx
*27(1/2) / (((4*xa*xc+b™2) ~(1/2)-b)*c) ~(1/2) ) * (=4*a*xc+b™2) "~ (1/2) *b~2xd+a/ (4*ax*
c-b72) "2*c*27(1/2) / ((b+(-4*a*xc+b™2) ~(1/2) ) *c) ~(1/2) *arctan (c*x*2~ (1/2) / ((b+
(—4xaxc+b~2) ~(1/2))*c) ~(1/2) ) *(-4*xa*xc+b~2) ~(1/2) *h-a/ (4*a*c-b~2) "2xc*2~ (1/2
)/ ((b+(=4*a*xc+b™2) " (1/2))*c) " (1/2)*arctan (c*x*2~ (1/2) / ((b+(-4*axc+b~2)~(1/2
))*c)~(1/2))*bxh+a/ (4*a*xc-b"2) "2xc*x2~(1/2) / (((-4*a*xc+b™2) ~(1/2)-b)*c)~(1/2)
*xarctanh (cxx*2~(1/2) / (((—4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) ) x(~4*a*xc+b~2) ~(1/2) *h
+a/ (dxaxc-b"2) "2*c*27(1/2) / (((—4*axc+b~2) " (1/2)-b) *c) ~(1/2) *arctanh (c*x*2~ (
1/2)/ (((~4*a*xc+b~2) " (1/2)-b) *c) " (1/2) ) ¥*b*h+3%c~2/ (d*a*c-b"2) ~2x2~(1/2) / ((b+
(~4xa*xc+b~2) ~(1/2))*c) ~(1/2) *arctan (c*xx*x2~(1/2) / ((b+(-4*a*c+b~2) ~(1/2)) *c) "~
(1/2)) % (-4*a*xc+b~2) ~ (1/2) *d-c~2/ (4*a*xc-b~2) ~2%2~ (1/2) / ((b+(-4*a*xc+b~2) ~ (1/2
))*c) ~(1/2) *arctan (cxx*2~ (1/2) / ((b+(=4*a*xc+b™2) " (1/2) ) *c) " (1/2)) *b*d+3*c~2/
(4xaxc-b"2)"2%27(1/2) / (((-4*axc+b™2) ~(1/2)-b)*c) ~(1/2) *arctanh (cxx*x2~(1/2)/
(((-4xa*xc+b~2)"(1/2)-b)*c) ~(1/2)) *(-4*a*c+b~2) " (1/2) *d+c~2/ (dxa*xc-b~2) ~2%2"
(1/2) / (((-4%axc+b~2)~(1/2)-b) *c) ~(1/2) *arctanh (cxx*2~ (1/2) / (((-4*axc+b~2) ~(
1/2)-b)*c) ~(1/2) ) *bxd+1/2/ (4*a*xc-b~2) ~2x1n (-2%c*x "2+ (-4*axc+b~2) ~(1/2)-b) *(
—4xaxc+b”2) 7 (1/2)*bxg-1/2/ (4*a*xc-b"2) "2x1n (2*kc*xx~2+(-4*axc+b”™2) " (1/2)+b) * (-
Axaxc+b™2) " (1/2) *b*xg+2xc™2/ (dxaxc-b~2) "2xa*x2” (1/2) / ((b+(-4*axc+b™2) ~(1/2) ) *
c)~(1/2)*arctan (c*xx*27 (1/2) / ((b+(~4*axc+b™2) " (1/2)) *c) ~(1/2) ) *f-1/2%c/ (4*ax
c-b72)72%27(1/2) / ((b+(-4*a*xc+b™2) "~ (1/2) ) *c) " (1/2) *arctan (c*x*2~(1/2) / ((b+(-
4dxaxc+b™2) " (1/2))*c) " (1/2) ) *b~2xf-2xc"2/ (dxa*xc-b~2) "2*ax2~ (1/2) / (((-4*a*xc+b
~2)7~(1/2)-b)*c) ~(1/2) *arctanh (c*x*2~ (1/2) / (((-4*axc+b~2) ~(1/2)-b) *c) ~(1/2))
*f+1/2%c/ (4%axc-b"2)"2+27(1/2) / (((~4*axc+b™2)~(1/2)-b) *xc) " (1/2) *arctanh (c*x
*27(1/2) / (((~4*a*xc+b~2) ~(1/2)-b) *c) ~(1/2)) *b~2xf+1/4/ (4*a*c-b~2) ~2x2~(1/2) /
(((~4*a*xc+b™2) " (1/2)-b)*c)~(1/2)*arctanh (c*x*2~ (1/2) / (((-4*a*xc+b~2)~(1/2)-b
Y*c) " (1/2) ) * (—4*a*xc+b~2) " (1/2) *b"2xh+1/4/ (4*axc-b"2) "2x27 (1/2) / ((b+(-4*a*c+
b~2)"(1/2))*c) " (1/2) *arctan (cxx*2~(1/2) / ((b+(=4*axc+b~2) " (1/2)) *c)~(1/2)) *(
—4xa*xc+b”2) " (1/2) xb~2xh+c/ (d*axc-b~2) “2x (—4*a*xc+b~2) " (1/2) *e*1n(2*c*xx~2+ (-4
*xa*xc+b~2) " (1/2)+b) -c/ (dxa*xc-b~2) "2* (—d*xaxc+b™2) " (1/2) xe*x1n (-2*c*xx ™2+ (—4*ax*c
+b72) " (1/2)-b)-1/4/ (4*axc-b~2) "2%2~(1/2) / (((-4*axc+b~2) " (1/2)-b) *c) ~(1/2) *a
rctanh (cxx*27(1/2) / (((=4*a*xc+b~2) ~(1/2)-b) *c) ~(1/2) ) *b~3xh+1/4/ (4*a*xc-b~2)"
2%27(1/2) / ((b+(=4*a*xc+b~2) " (1/2) ) *c) ~(1/2) *arctan (cxx*2~ (1/2) / ((b+(-4*a*xc+b
72)7(1/2))*c)~(1/2))*b~3%h

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x™4+gkx~3+f*x"2+e*x+d)/(c*x"4+b*x"2+a)”2,x, algorithm="maxima"

)
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[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x~4+g*x~3+f*x"2+e*xx+d)/(c*x"4+b*x"2+a) "2,x, algorithm="fricas"

)

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((h*x*x4+g*x**x3+f*xx**2+exx+d)/ (Ckx*k*4+b*x**2+a) **2,X%)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((h*x~4+g*x~3+f*x"2+e*xx+d)/(c*x"4+b*x"2+a) "2,x, algorithm="giac")

[Out] Exception raised: NotImplementedError
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d+ex+fx2+gx3+hx4+ix5(i

(a+bx2+cx4)2

3.40

Optimal. Leaf size=468

x? (— (—Zaci + b%i — beg + 2cze)) —b(ai + ce) +2acg  x (xz(abh —2acf + bed) — abf —2a(cd — ah) + bzd)
2c (b2 - 4ac) (a + bx? + cx4) 2a (bz - 4ac) (a + bx? + cx4)

[Out] (xx(b™2xd - a*b*xf - 2%a*x(ckd - axh) + (bkckd - 2%akxc*xf + axb¥h)*x72))/(2*ax
(b72 - 4*axc)*x(a + b*x"2 + c*x74)) + (2xa*xcxg - bx(cxe + a*xi) - (2xc™2*e -
bxckg + b72xi - 2%akxcxi)*x72)/(2xcx(b~2 - 4xaxc)*(a + b*x"2 + c*xx”4)) + ((b

xcxd - 2xaxcxf + axbkxh + (4xaxbkckxf + b~ 2x(ckd - axh) - 4xaxcx(3*ckd + axh)
)/Sqrt[b~2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrtlcl*x)/Sqrt[b - Sqrt[b~2 - 4xaxc]]

1)/ (2%Sqrt [2] *a*Sqrt [c]*(b~2 - 4*axc)*Sqrt[b - Sqrt[b~2 - 4xaxc]]) + ((bxcx

d - 2%axckxf + axbkxh - (4xaxbxcxf + b™2x(c*d - axh) - 4*akxckx(3*cxd + axh))/S
qrt[b”™2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/Sqrt[b + Sqrt[b~2 - 4xa*xcl]])/
(2xSqrt [2] *a*xSqrt [c]* (b2 - 4xaxc)*Sqrt[b + Sqrt[b~2 - 4xaxc]]) + ((2*xcxe -

bxg + 2%axi)*ArcTanh[(b + 2%c*x72)/Sqrt[b™2 - 4*axc]])/(b~2 - 4*axc)”(3/2)

Rubi [A] time = 1.11765, antiderivative size = 468, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 9, integrand size = 40, number of rules _

0.225, Rules used = {1673, 1678, 1166, 205, 1663, 1660, 12, 618, 206}

integrand size

x? (— (—Zaci + b%i - beg + 2cze)) —b(ai + ce) + 2acg  x (xz(abh —2acf + bed) — abf - 2a(cd — ah) + bzd)
2c (b2 - 4uc) (a +bx? + cx4) * 2a (bz - 4ac) (a +bx? + cx4)

Antiderivative was successfully verified.

[In] Int[(d + e*x + f*x72 + g*x~3 + h*x"4 + i*x"5)/(a + b*x"2 + c*x74)72,x]

[Out] (x*(b~2*d - axbxf - 2*xa*x(cxd - axh) + (b¥ckxd - 2*axcxf + axbxh)*x"2))/(2*xax*
(b™2 - 4xaxc)*x(a + b*x"2 + c*x74)) + (2xa*xcxg - bx(cxe + a*xi) - (2%xc™2*e -

bxckg + b72xi - 2%akxcxi)*x72)/(2xcx(b~2 - 4xaxc)*(a + b*x"2 + c*xx”4)) + ((b

xcxd - 2*axckf + axbxh + (4xaxbkcxf + b™2x(c*d - axh) — 4xaxc*x(3*c*d + axh)
)/Sqrt[b~2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/Sqrt[b - Sqrt[b~2 - 4*axc]]

1)/ (2xSqrt [2] *axSqrt [c]* (b2 - 4xa*xc)*Sqrt[b - Sqrt[b”™2 - 4xaxc]]) + ((bxcx

d - 2*axcxf + axbxh - (4*axb*c*f + b™2x(cxd - axh) - 4xaxc*(3*ckd + axh))/S
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grt[b~™2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt[b + Sqrt[b~2 - 4xaxc]]l])/
(2%Sqrt [2] xa*xSqrt [c]*(b™2 - 4xa*xc)*Sqrt[b + Sqrt[b~2 - 4xaxc]]) + ((2xcxe -
b*xg + 2*axi)*ArcTanh[(b + 2%c*x~2)/Sqrt[b~2 - 4xaxc]])/(b~2 - 4*axc)”~(3/2)

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel{q

= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, q/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]1*(a + b*x"2 + c*xx~4)7p, x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x]
&% 'PolyQ[Pq, x"2]

Rule 1678

Int[(Pq )*x((a_) + (b_.)*x(x_ )72 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{d =
Coeff [PolynomialRemainder[Pq, a + b*x"2 + cxx”4, x], x, 0], e = Coeff[Poly
nomialRemainder[Pq, a + b*x"2 + cxx"4, x], x, 2]}, Simp[(x*(a + b*x"2 + c*x
“4)~(p + 1)*(axbxe - d*(b"2 - 2*axc) - cx(bxd - 2xa*xe)*x72))/(2xax(p + 1)*(
b~2 - 4xaxc)), x] + Dist[1/(2*ax(p + 1)*(b"2 - 4xaxc)), Int[(a + b*x"2 + cx*
x74)~(p + 1)*ExpandToSum[2*a*(p + 1)*(b~2 - 4*axc)*PolynomialQuotient[Pq, a
+ b*xx"2 + c*xx"4, x] + b72xd*(2xp + 3) - 2kaxcxd*x(4xp + 5) - axbkxe + cx(4xp
+ 7)x(bxd - 2%a*xe)*x~2, x], x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x~
2] &% Expon[Pq, x72] > 1 && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1]

Rule 1166

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol]

> With[{q = Rt[b~2 - 4xa*xc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2%cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ ¢c*xx72), xJ, x]] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlc*xd™2 - a*e”™2, 0] && PosQ[b~2 - 4*axc]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 1663

Int [(Pq_)*(x_) " (m_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol]

> Dist[1/2, Subst[Int[x~((m - 1)/2)*SubstFor[x~2, Pq, x]*x(a + b*x + c*xx72)~
p, x1, x, x72], x] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x~2] && IntegerQ[
(m - 1)/2]



256

Rule 1660

Int[(Pq )*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> With[{Q =
PolynomialQuotient[Pq, a + b*x + c*x”2, x], f = Coeff[PolynomialRemainder [P
q, a + bxx + cxx"2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + b*x +
c*x”2, x], x, 11}, Simp[((b*f - 2%axg + (2xc*f - b*xg)*x)*(a + b*x + c*x~2)~
(p+ 1))/((p + 1)*(b"2 - 4*xax*xc)), x] + Dist[1/((p + 1)*(b"2 - 4*axc)), Int[
(a + bxx + c*x72) 7 (p + 1)*ExpandToSum[(p + 1)*(b~2 - 4*axc)*Q - (2xp + 3)*(
2xcxf - bxg), x], x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x] && NeQ[b~2
- 4xaxc, 0] && LtQ[p, -1]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rubi steps
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d+ex+ fx? +gx® + hat +40x° x (6 +gx% + 40x4) d+ fx? + hxt
f > dx:f 5 dx+f 5 dx
(a+bx2+cx4) (u+bx2+cx4) (a+bx2+cx4)
x (b2d — abf — 2a(cd — ah) + (bed — 2acf + abh)x?
_x( f —2a(cd — ah) + ( f + abh) )+%Substfe+gx+

2a (b2 - 4ac) (a + bx? + cx4) (a + by 4

40ab + bee — 2acg + (40172 —2c(40a — ce) - bcg) X x (bzd —abf —2a(cd
B 2c (bz - 4ac) (a + bx? + cx4) " 2a (b2 -4

40ab + bee — 2acg + (40b2 — 2¢(40a — ce) - bcg) X2 x (bzd —abf —2a(cd
B 2c (bz - 4ac) (a +bx? + cx4) * 2a (b2 -4

40ab + bce — 2acg + (40192 —2c(40a - ce) - bcg) x? x (bzd —abf —2a(cd
B 2c (b2 - 4ac) (a +bx? + cx4) ’ 2a (b2 -4

40ab + bee — 2acg + (40b2 —2c(40a - ce) - bcg) x> x (bzd —abf —2a(cd
B 2c (b2 - 4ac) (a +bx? + cx4) ’ 2a (b2 -4

Mathematica [A] time = 2.55582, size = 524, normalized size = 1.12

\/E ta;

2 (a2(bi - 2c(g + x( + ix))) + a (Bix? + be(e + x(f - x(g + hx))) + 2c2x(d + x(e + fx))) - bedx (b + cx?))
+

1
4 ac (4ac - bz) (a + bx2 + cx4)

Antiderivative was successfully verified.

[In] Integrate[(d + e*x + f*x™2 + gxx~3 + h*x™4 + i*x75)/(a + b*xx"2 + c*x74)72,x

]

[Out] ((2*(-(bxc*xd*xx*x(b + c*xx"2)) + a”2*(b*i - 2*cx(g + xx(h + i*x))) + ax(b~2*ix
X72 + 2%c72xx*x(d + x*(e + fxx)) + bxcx(e + xx(f - xx(g + h*x))))))/(a*xcx(-b
T2 + 4dxaxc)*(a + b*x"2 + c*x74)) + (Sqrt[2]*(b~2*(cxd - axh) - 2*axcx(6xcxd
+ Sqrt[b”™2 - 4*axc]*f + 2%axh) + b*(cxSqrt[b~2 - 4*axc]*d + 4xaxc*f + a*xSq
rt[b™2 - 4xaxc]*h))*ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt[b - Sqrt[b~2 - 4*axc]]]
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)/ (axSqrt[cl*(b~2 - 4xaxc)”(3/2)*Sqrt[b - Sqrt[b™2 - 4xaxc]]) + (Sqrt[2]x*(b
“2x(-(c*xd) + axh) + 2%axck(6xckd - Sqrt[b~2 - 4*axc]*f + 2*xaxh) + b*(c*Sqrt
[b72 - 4xaxc]*d - 4*axcxf + a*Sqrt[b~2 - 4*axc]xh))*ArcTan[(Sqrt[2]*Sqrt[c]
*xx)/Sqrt[b + Sqrt[b~2 - 4xaxc]]])/(axSqrtlcl*(b™2 - 4xaxc)~(3/2)*Sqrt[b + S
qrt[b~2 - 4*axc]]) + (2x(-2xc*e + bxg - 2*axi)*Log[-b + Sqrt[b~2 - 4*axc] -
2xcxx72])/(b72 - 4%axc)”(3/2) + (2%(2xc*e - bxg + 2*axi)*Logl[b + Sqrt[b~2
- 4xaxc] + 2xc*xx”2])/(b72 - 4xaxc)”(3/2))/4

Maple [B] time = 0.034, size = 1917, normalized size = 4.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((i*x~5+h*x~4+g*x~3+f*x"2+e*xx+d)/(c*x"4+b*x"2+a) "2,x)

[Out] 1/4x*c/(4*axc-b~2)"2/a*x2"(1/2)/((b+(-4*xa*xc+b”2)~(1/2))*c)~(1/2)*arctan(cxx*2
~(1/2)/ ((b+(=4*xaxc+b™2) ~(1/2) )*c) ~(1/2) ) *b~3*d-1/4*c/ (d*xaxc-b"2) "2/a*2"(1/2
)/ (((=4xa*xc+b~2) " (1/2)-b)*c) "~ (1/2)*arctanh(cxx*x2~(1/2) / (((-4*a*xc+b~2) " (1/2)
-b)*c) " (1/2)) *b"3*d-c/ (d*xaxc-b"2) "2%27(1/2) / (((-d*a*xc+b~2) " (1/2)-b) *c) ~(1/2
Y*arctanh(cxx*x27(1/2) / (((=4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) ) *(=4d*a*c+b~2) ~(1/2) *
bxf-c/(4xaxc-b"2) "2x27(1/2) / ((b+(-4*a*xc+b™2) " (1/2))*c) " (1/2) *xarctan (cxx*x2~(
1/2)/ ((b+(=4*a*xc+b~2) ~(1/2) ) *c) ~(1/2) ) x(=4*a*xc+b~2) ~(1/2) *b*f+(-1/2/a*x (axb*
h-2*axc*xf+bxc*d) / (dkaxc-b"2) *x"3-1/2* (2*a*c*i-b~2*it+b*ckg-2*c~2xe) / (4*a*xc-b
~2)/c*x"2-1/2*%(2*%a"2xh—axbxf-2*a*xc*d+b~2*d) /a/ (4d*axc-b~2) *x+1/2/c* (a*xb*i-2%*
axcxgtbxcxe) / (4d*xaxc-b"2))/ (c*x"4+b*x"2+a)-1/4*c/ (dxaxc-b~2)"2/a*x2~(1/2)/((b
+(=4d*xaxc+b”2) " (1/2))*c)~(1/2) *arctan(c*x*2~ (1/2) / ((b+(-4*a*xc+b~2) ~(1/2) ) *c)
“(1/2)) % (=4*a*xc+b™2) " (1/2) *b~2*d-1/4*c/ (d*a*xc-b~2) "2/ax2~(1/2) / (((-4*a*c+b”
2)"(1/2)-b)*c) "~ (1/2)*arctanh (cxx*2~(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) ) *
(=4*a*xc+b~2) " (1/2) *b~2*xd+a/ (d*xaxc-b"2) "2*c*27 (1/2) / ((b+(-4*axc+b~2) ~(1/2) ) *
c)~(1/2)*arctan(cxx*x2~(1/2) / ((b+(-4*xaxc+b™2) " (1/2))*c) ~(1/2)) *(-4xa*xc+b~2) "
(1/2)*h-a/ (4*a*c-b~2) "2xc*27(1/2) / ((b+(-4*a*c+b~2) ~(1/2) ) *c) ~(1/2)*arctan(c
*x%27(1/2) / ((b+(—4*xa*xc+b™2) " (1/2) ) *c) ~(1/2) ) *bxh+a/ (d*axc-b~2) "2xc*x2~(1/2)/
(((-4*xa*xc+b™2)"(1/2)-b)*c) "~ (1/2)*arctanh (c*x*2~(1/2) / (((-4*xa*xc+b~2)~(1/2)-b
Yxc)~(1/2)) % (=4*a*xc+b™2) " (1/2) *h+a/ (d*a*xc-b"2) "2*xc*27 (1/2) / (((-4*a*xc+b~2) ~(
1/2)-b)*c)~(1/2)*arctanh(cxx*x2~(1/2)/ (((-4*a*xc+b~2) " (1/2)-b)*c) "~ (1/2) ) *bxh+
3xc”2/ (dxaxc-b"2) "2x27(1/2) / ((b+(-4*a*xc+b~2) ~(1/2) ) *c) ~(1/2) *arctan (cxx*2~ (
1/2) / ((b+(-4*axc+b™2) ~(1/2))*c) ~(1/2) ) *(-4*a*xc+b~2) " (1/2) *d-c~2/ (4d*axc-b"2)
“2%27(1/2) / ((b+(—4xa*xc+b”™2) " (1/2) ) *c) ~(1/2)*arctan(c*xx*2~(1/2) / ((b+(-4*xa*xc+
b"2)"(1/2))*c)~(1/2)) ¥b*d+3*c”2/ (d*axc-b~2) "2x2~ (1/2) / (((=4*a*xc+b~2) " (1/2)-
b)*c) " (1/2) *arctanh (cxx*2~(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2)) *(-4*a*xc+b
“2)7(1/2)*d+c"2/ (dxa*xc-b"2) "2x27(1/2) / (((—4*axc+b~2) " (1/2)-b) *c) ~(1/2) *arct
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anh (cxx*27(1/2) / (((=4*a*xc+b~2) ~(1/2)-b)*c) ~(1/2) ) *bxd+1/2/ (d*a*xc-b~2) ~2*1n(
—2%c*xx "2+ (—4*axc+b”2) 7 (1/2)-b) * (—4*axc+b™2) " (1/2) *b*g-1/2/ (4*a*c-b~2) “2*1n(
2kcxx” 2+ (—4*axc+b”2) T (1/2) +b) * (=4*a*xc+b~2) ~(1/2) ¥bxg+2*c~2/ (d*axc-b~2) “2*ax
27(1/2) / ((b+(-4*a*xc+b™2) ~(1/2))*c) " (1/2) *arctan(cxx*2~(1/2) / ((b+(-4*a*xc+b~2
)7 (1/2))*c)~(1/2) ) *f-1/2xc/ (dxaxc-b~2) ~2%27 (1/2) / ((b+(-4*axc+b™2) ~(1/2)) *c)
“(1/2)*arctan(cxx*x2~(1/2) / ((b+(-4*a*xc+b~2) " (1/2) ) *c)~(1/2) ) ¥b~2xf-2%xc~2/ (4%
axc-b~2) "2%ax2”7(1/2) / (((-4*a*xc+b~2) ~(1/2)-b) *c) ~(1/2) *arctanh (cxx*2~ (1/2) /(
((=4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) )*f+1/2*c/ (d*a*xc-b~2) "2x27(1/2) / (((-4*a*c+b”
2)"(1/2)-b)*c) " (1/2)*arctanh(cxx*x2"(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2)) *
b 2xf+1/4/ (d*xa*xc-b"2) "2*%27(1/2) / (((-4*axc+b~2) " (1/2)-b) *c) ~(1/2) *arctanh (c*
x*x27(1/2) / (((=4xa*xc+b™2) " (1/2)-b)*c) ~(1/2) ) ¥ (—4*a*xc+b~2) " (1/2)*b~2*xh+1/4/(4
*xaxc-b~2) "2%27(1/2) / ((b+(-4*a*xc+b™2)~(1/2))*c) "~ (1/2) *xarctan(cxx*x2~(1/2)/((b
+(=4*xaxc+b”™2) " (1/2))*xc)~(1/2) ) *(=4*a*xc+b~2) " (1/2) *b~2xh+c/ (4*a*xc-b~2) "2*x (-4
*axc+b™2) 7 (1/2) xex1n (2xcxx "2+ (—4*a*xc+b~2) " (1/2)+b) —c/ (d*xaxc-b~2) ~2* (—4xa*c+
b~2) " (1/2) *ex1n (-2%c*x"2+ (—4*axc+b”~2) ~(1/2)-b)+a/ (d*a*c-b"2) "2*x1n (2*xcxx ™2+ (
-4xa*xc+b”2) " (1/2) +b) * (—4*axc+b~2) " (1/2) *i-a/ (d*axc-b~2) "2x1n (-2*c*x"2+(-4*a
*c+b"2) " (1/2)-b) *(=4*axc+b~2) ~(1/2)*i-1/4/ (dxa*xc-b"2) "2x2~(1/2) / (((-4*a*xc+b
~2)7(1/2)-b)*c) " (1/2)*arctanh (c*x*2~(1/2) / (((-4*xaxc+b~2) "~ (1/2)-b)*c) ~(1/2))
*b~3xh+1/4/ (d*xaxc-b~2) "2x27(1/2) / ((b+(-4*a*xc+b~2) " (1/2) ) *c) ~(1/2)*arctan(c*
x*27(1/2) / ((b+(-4*a*xc+b~2) " (1/2) ) *c) " (1/2) ) *b~3*h

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((i*x~5+h*x~4+g*x~3+f*x"2+e*xx+d)/(c*x"4+b*x"2+a)~2,x, algorithm="m
axima"

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((i*x~5+h*x~4+g*x~3+f*x"2+e*x+d)/(c*x~4+b*x"2+a)~2,x, algorithm="f
ricas")
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[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((ixx**5+h*x*x4+gxx**3+L*xx**2+e*xx+d) / (CHxx*k*4+b*x**2+a) **2,X)

[Out] Timed out

Giac [B] time = 22.393, size = 8384, normalized size = 17.91

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((i*x b+h*x~4+gkx~3+f*x"2+e*x+d)/(c*x"4+b*x"2+a) 2,x, algorithm="g
iac"

[Out] -1/16%(16%a~2*b~5*c - 128*%a~3*b~3*c”2 + 64*a”2xb~4*c”2 + 256*a~4*bxc~3 - 25
6*%a”"3%b"2%c”3 + 64*%a”2%b"3%c”3 + 8*a"2xb"4*c - 64*a”3*b"2%c"2 + 64*a”2%b"3*
€72 + 128%a”4xc”3 - 256%a”3%b*c”3 + 96%a"2%b"2xc”3 + 16*a”"2xb"2%c"2 - 64xa”
3*xc”3 + 48%a”2%b*xc”3 + 8*%a"2*c”3 + (2xb76%c - 40*a*xb~4*c”2 + 8xb"5*xc”2 + 22
4xa"2%b"2%c”3 - 128%axb”3*c”3 + 8xb74xc”3 - 384*a”"3xc”4 + 384*xa”2xb*c”4 - 9
6*%axb”2%c”4 - b"bxc + 8*%axb"3*c”2 - 16*%a"2%b*c”3 - 48%axb"2*%c”3 + 4*xb"3%c”3
+ 192%a”2*%c”4 - 96xa*b*xc™4 - 2xb"3*c”2 + 8*axb*c”3 - 2%b72%c”3 - 24*axc”4
- bxc”3)*sqrt (2%b*xc + c)*d + 2x(4xa*xb"bxc - 32%a”2xb"3%c”2 + 16%axb"4xc”2 +
64*%a~3*b*c”3 - 64%a”2*%b"2%c”3 + 16*axb”3*c”3 + axb"4*c — 8*%a"2%b"2*c”2 + 1
2%axb"3*%c”2 + 16*%a”3*xc”3 - 48*a"2%bxc”3 + 20*axb"2*c”3 + 2*axb"2*%c”2 - 8*a”
2%c”3 + 8kaxb*c”3 + axc”3)*sqrt(2*b*xc + c)*f - (2xaxb”6 - 8*a"2xb"4*c + 8xa
*b7h*kc - 32%a"3*%b72%cT2 + 8xaxb"4*xcT2 + 128%a”4*c”3 - 128%a”3*bxc”3 + 32%a”
2¥b7"2%c”3 + a*b”5 - 8%a”2*%b~3xc + 8*kaxb~4xc + 16*a”3*bxc”2 - 16%a”2*%b"2xc”2
+ 12%a*b”3%c”2 - 64%a”3%c”3 + 32%a”2%bxc”3 + 2%axb"3%c - 8%a"2%bxc”2 + 6%a
*b7"2%CcT2 + 8%a”2xc”3 + axbxc”2)*sqrt(2*bkxc + c)*h + 4*x(2xaxb"6xc*i - 16%a”2
*bT4*xcT2%1 + 8*axbTbxcT2x1 + 32%a”3%b72%c”3%1i - 32%a”2%b73*c”3*i + 8*axb 4x
c73%1 + axb"hbkckxi - 8%a”"2%b73%c”2%1 + 8k%axb"4xcT2%i + 16*a”3*%b*c”3*i - 32%*a
T2xbT2%CT3%1 + 12%axbT3*%cT3%1 + 2%axbT3xcT2*1i - 8xa"2%b*c"3*%1i + 6*axb~2xc”3
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*x1 + axbkxc”3%i)*g - 8% (2%axb”~5xcT2%i - 16%a”2%b"3xc”3%1 + 8xaxb"4*c”3*i + 3
2*%a”~3*bxcT4*i - 32*%a"2xb72%cT4*i + 8%axb”"3kcT4xi + axbT4xcT2*i - 8xa"2%b”2x
c73%i + 8*axb"3*cT3%1i + 16%a”3*%cT4*1 - 32%a”2%bkxcT4*xi + 12%axb”T2xcT4*i + 2%
axb~2*c73%1 - 8*%a"2%cT4xi + 6xaxbxc”4*xi + axc”4xi)*e)xlog(x + 1/2%sqrt(-(2x*
a*b”~3*1 - 8*a”~2xbxcxi + sqrt(-4*(axb”3 - 4*xa~2xb*c)"2 + 16%(a”2%b”2 - 4xa”3
xc)* (axb™2xc - 4xa”2xc”2)))/(a*xb"2*cxi - 4*%a”2xc”2%1i)))/(axb”8xc*xi - 16%a”2
*D76*CT2%1 + 4*axb”TkcT2xi + 96%a”3*%b74xcT3*i - 48%a”2xb 5*xcT3*1i + 4xaxb”6x*
c73%i — 256*%a"4*b72xcT4*xi + 192*%a”3*b"3xcT4*i - 32%a”2%b "4xc 4*i + 256%a”b*
c”bx1i — 2b6%a”4*bxc b*1 + 64*a”3xb72%c”b*1i + 2%axbT6xcT2%xi - 24*a”2%xb"4*xc”3
*1 + 4xaxb”bkcT3%i + 96*%a”3xb"2xcT4x1 - 32%a”2xb73%c”4*i - 128%a"4*xc Hbxi +

64*a~3*%bkc"5xi + a*b"4xcT3*i - 8*a"24b”2*%c"4xi + 16%a”3*%c"5xi - (axb~T*c -

12%a"2%b"5%c™2 + 4*xaxb”6*c”2 + 48%a”3*b"3%c”3 - 32*%a”"2xb"4*c”3 + 4*xaxb”5*xc”
3 - 64*a”4xb*c”4 + 64*a”~3*%b"2%xc"4 - 16%a”2%b"3*c”4 + 2*axb"5kc"2 - 16*%a”2*b
"3*%cT3 + 4xaxb"4*xc”3 + 32%a"3*%bxc”4 - 16%a”2%b"2%c”4 + axb"3%c”3 - 4*a”2%Db*
c"4)*sqrt(-b~2 + 4xa*xc)) - 1/16%(16%a"2xb~5*xc — 128%a”~3*b~3*c™2 + 64xa”2%b~
4xc”2 + 256*xa"4xb*xc”3 - 256%a”3%b72*c”3 + 64*%a”2xb"3%c”3 + 8*a"2%b"4*xc - 64
*a"3%b72%cT2 + 64*%a”2%b"3%c”2 + 128%a"4xc”3 - 256%a”3*b*c”3 + 96%a”2%b"2xc”
3 + 16%a”2%b72%c”2 - 64*%a”3xc”3 + 48%a”2*bxc”3 + 8*%a"2*c”3 - (2xb”"6*c - 40%
axb"4xc”2 + 8%b7bxcT2 + 224%a”2%b"2%c”3 - 128%axb”"3*c”3 + 8%b"4*c”3 - 384*a
“3xc”4 + 384*a”2xb*c”4 - 96*xa*b"2*%c”4 - b7b*c + 8xaxb"3*c”2 - 16%a”"2xb*xc”3

- 48%axb”2%c”3 + 4*b73*c”3 + 192%a”2%c”4 - 96xaxbxc”4 - 2%b73*c”2 + 8*xaxb*c
73 - 2xb72xc”3 - 24%axc”4 - b*xc”3)*sqrt(2xbkxc + c)*d - 2x(4*axb"b*xc - 32%a”
2*%b73%c”2 + 16%a*xb"4*c”2 + 64*a”3%b*c”3 - 64*%a"2%b"2xc”3 + 16*a*b"3*%c”3 + a
*b74dxc - 8%a"2%b72%c”2 + 12%axb"3%c”2 + 16*%a”3%c”3 - 48%a"2%b*c”3 + 20%axb”
2%Cc”3 + 2%axb"2*c”2 - 8%a”2xc”3 + 8*axbxc”3 + axc”3)xsqrt(2xb*xc + c)*xf + (2
*axb"6 - 8xa”"2%b74*c + 8xaxb"bkc - 32*%a"3*b"2%c”2 + 8xaxb"4*xc”2 + 128%a"4*c
"3 - 128*%a”3*b*c”3 + 32*%a"2xb"2%c”3 + a*xb”5 - 8*a"2%b"3*%c + 8*axb"4xc + 16%
a"3%bxcT2 - 16%a”2xb"2%c”2 + 12%axb”3%c”2 - 64%a”3*%c”3 + 32%a"2%bxc”3 + 2*a
*b7~3%c — 8%a”2%b*xc”2 + 6*%axb"2xc”2 + 8*%a"2%c”3 + axb*xc”2)*sqrt(2*¥bxc + c)*h
+ 4Ax(2%axb”6xc*ki — 16%a”2*%b74*cT2xi + 8*axb~hbkcT2*xi + 32%a”3*b"2*c”3xi - 3
2*%a”~2xb"3*c”3%1i + 8xa*xb”"4*cT3xi + axb~bxckxi - 8%a"2xb"3*cT2x1i + 8*axb~4xc”2
*1 + 16%a”3*b*c™3x1 - 32%a”2*%b72xc73%1i + 12%a*b"3xc”3*i + 2xaxb”3*c"2*xi - 8
*xa”"2%b*Cc"3%1 + 6%a*bT2%c”"3*1 + axbkcT3*i)*g - 8% (2kaxb"5xcT2%i - 16%a”2%b”3
*xCT3%1 + 8xaxb"4xcT3%1 + 32%a"3*bxcT4*i - 32*%a"2%b72xcT4*xi + 8xaxb"3xcT4xi

+ axb”4xcT2x1 - 8%a"2xb"2*%cT3*1i + 8*axb”3kcT3*i + 16%a~3xc”4*x1i - 32%a~2*b*c
T4xi + 12%axb"2*cT4*i + 2%axb"2kcT3*1i - 8*%aT2*cT4xi + 6*akxbkxcT4xi + axcT4xi
)*e)*log(x - 1/2xsqrt(-(2%a*b”3*i - 8*a~2%bkcxi + sqrt(-4*(a*b™3 - 4xa”2%b*
c)"2 + 16x(a”2xb”2 - 4*xa~3xc)*(axb”2xc - 4*a~2xc”2)))/(axb"2*c*ki - 4xa”2*c”
2%1)))/(a*xb”8xc*i - 16%a”2xb~6*c”2%i + 4xaxb”7xc”2%1i + 96%a~3*b"4*c”3*i - 4
8*%a~2%b"bxc73*%1i + 4*axb"6*c”3%i - 256%a”4*xb"2*cT4xi + 192%a”3%b"3*c"4xi - 3
2%a”2xb"4xc"4x1 + 256%a”b*cTb*i - 266%a"4xb*cTbki + 64%a”3*b"2%cTHxi + 2%ax
b76%CcT2%1i — 24*%a”2xb 4*c”3%1 + 4*a*xb"bxcT3*i + 96*a”~3xb"2xc”4*i - 32%a"2xb”
3kcT4xi - 128*%a”4xcThb*i + 64*%a”3xb*xcTEki + axbT4*cT3*%1i - 8%a”~2%b"2xcT4*i +

16%a”~3*%c7b*i - (a*xb”~7*c — 12%xa”2%b75*c”2 + 4xa*xb~6*c”2 + 48%xa”~3%xb"3*c”3 - 3
2%a”2xb"4*c”3 + 4*xaxb"bxc”3 - 64xa"4*xbxc”4 + 64*a”3%b"2*%c”4 - 16%a”2%b"3%c”
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4 + 2%axb”b*cT2 - 16%a”2%b"3%c”3 + 4*axb"4*xc”3 + 32%a”"3*b*c”4 - 16%a”2%b”"2x
c™4 + a*xb”3*c”3 - 4xa”2%bxc”4)*sqrt(-b~2 + 4xaxc)) - 1/16%(16%a”2xb"5*xc - 1
28%a”3%b"3%c"2 + 64%a”2%b"4*xc”2 + 2B66*%a"4*b*xc”3 - 256%a”3%b"2%c”3 + 64*a” 2%
b~3*%c”3 - 8%a"2xb"4xc + 64%a”3*%b72*c”2 - 64*xa”2%b"3xc”2 - 128%a"4*xc”3 + 256
*a"3*bxc”3 - 96*%a"2*%b"2%c”3 + 16%a”2%b72*c”2 - 64*%a”3%xc”3 + 48%a"2*bxc”3 -
8%a~2xc”3 - (2*b76*xc - 40%axb"4*c”2 + 8xb7hbkcT2 + 224*%a”2*b"2%c”3 - 128*axb
“3%c”3 + 8%b74*c”3 - 384xa"3*c”4 + 384xa"2%bxc”4 - 96%axb"2%c”4 + b"bxc - 8
*a*xb"3%c”T2 + 16*%a”2%b*c”3 + 48%axb”2%c”3 - 4xb"3*c”3 - 192%a"2%c”4 + 96%ax*b
*xCT4 - 2*%b73%cT2 + 8*kaxbkxc”3 - 24b72xc”3 - 24xaxc”4 + bxc”3)*sqrt(2*bxc - ¢
)*d - 2% (4xa*xb~bkc - 32%a”2*b"3*%c”2 + 16*%a*b~4*c”2 + 64*xa”3*bkxc”3 - 64xa”2%
b~2%c”3 + 16%a*xb”3%c”3 - axb”"4xc + 8xa"2%xb"2%c”2 - 12%axb”"3%c”2 - 16*a”3*c”
3 + 48%a”2xb*c”3 - 20%axb"2%c”3 + 2*axb”"2%c”2 - 8%xa"2%c”3 + 8*axb*c”3 - axc
~3)xsqrt (2xb*xc - c)*f + (2%xa*b”6 - 8*a~2xb~4*c + 8*kaxb~5kxc - 32%a”3*b"2*c”2
+ 8%a*xb"4xc”2 + 128%a”"4xc”3 — 128%a”3%b*c”3 + 32%a"2*%b"2%c”3 - a*b”5 + 8*a
T2xb73%c — 8*axb"4*c - 16%a”3*bxc”2 + 16%a"2%b"2%xc”2 - 12%axb"3xc”2 + 64*a”
3xc™3 - 32%a”2%bxc”3 + 2%axb"3xc - 8*%a"2%b*cT2 + 6*axb"2%c”2 + 8*a"2%c”3 -
axb*c”2) *sqrt (2%xbxc - c)*h + 4% (2*%axb~6*cxi - 16*%a~2xb~4xc ™ 2%i + 8xaxb~5xc”
2%1 + 32%a”3%b72%c73%1 - 32%a”2%b"3*c”3%1 + 8xaxb"4xc”3*i - a*b"bxc*i + 8%a
T2%bT3%cT2%1 - 8%axbT4*xcT2%1 - 16%a”3%b*xcT3%1i + 32%a"2%b"2xc”3%i - 12%axb”3
*xCT3%1 + 2%xaxbT3xcT2%1 - 8xa”2xb*xcT3xi + 6%axb"2*c”3%i - axbkxcT3*i)*g - 8%(
2*%a*xb~bxcT2%1 - 16%a”2xb"3%c”3%i + 8*a*xb”"4*cT3xi + 32%a”3*bkcT4xi - 32%a”2x
b72%cT4*i + 8xaxb”3*kcT4xi - a*bT4xcT2%i + 8*%aT24b 2*c"3*%1 - 8*axb~3xc”3*i -
16%a~3*%c™4*1 + 32%a”2xb*c”4*xi - 12%a*xb”2%xc"4*i + 2%axb"2%c”3%i - 8%a"2%c”4
xi + 6%axbxc”4*xi - axc”4*xi)*e)*xlog(x + 1/2%sqrt(-(2*axb~3%i - 8*a~2*bxc*i -
sqrt (-4*(axb™3 - 4*a”2xb*c)”2 + 16*(a"2xb"2 - 4*a~3*c)*(a*b"2%c - 4*a~2xc”
2)))/(axb™2*c*i - 4xa”2*c”™2%1)))/(a*b"8xcxi - 16%a”2%b~6xc”2*i + 4xaxb~7*c”
2%i + 96*%a”3*b"4*xc”3%1i — 48%a”2%b"bxc”3%1 + 4kxa*b"6*xc”3*i - 256%a"4xb"2xc"4
*1 + 192%a”3%b"3*%c"4*1 - 32%a”2%b"4*cT4x1i + 256%a”bxc”5*i - 256%a~4*b*xc”5*1
+ 64%a”3*%b72%cTbxi - 2%axb”6*cT2%1 + 24*a”2%b"4*c”3%1 - 4xa*xb"bxc"3*i - 96
*a"3*%bT2%cT4*xi + 32%a"2%b"3xcT4*x1 + 128*a”"4*cTb*i - 64*a”3*xbxc"b*x1i + axb 4x
CT3%i — 8xa”2%b72*cT4*i + 16%a”3*%c75xi + (axb~7*c - 12%a”2%b"5*c”2 + 4xaxb”
6*Cc”2 + 48%a”3%b73*%c”3 - 32%a"2%b"4xc”3 + 4*axb"bxc”3 - 64*a"4*xbxc”4 + 64*a
“3%b72%c”4 - 16*%a”2%b"3*%c"4 - 2%axb”5xc”2 + 16%a”2%b"3*c”3 - 4*axb"4*c”3 -
32*%a”3*bxc”4 + 16%a”2%b"2%c74 + axb”"3%c”3 - 4*xa"2%bkxc”4)*sqrt(-b"2 + 4xaxc)
) — 1/16%(16%a"2xb~5*xc — 128%a”3xb~3*%c™2 + 64*a”2xb~4*c”2 + 256%a~4*b*c”3 -
256%a”"3*%b"2*%c"3 + 64xa”2xb"3*%c”3 - 8*a"2%b"4xc + 64*a”3*xb"2%xc”2 - 64*a”2*b
“3%cT2 - 128%a"4*xc”3 + 256*a”3*b*c”3 - 96*%a"2%xb"2%c”3 + 16%a"2%b"2*%c"2 - 64
*a"3%c”3 + 48%a"2xb*c”3 - 8%a”2%c”3 + (2%b76xc - 40*a*b"4*c”2 + 8*b"bxc"2 +
224%a”2%b"2%c”3 - 128%axb"3*c”3 + 8%b"4*c”3 - 384*%a"3*c”4 + 384xa"2%bxc"4
- 96*xaxb”2%c”4 + b7b*c — 8%axb"3%c”2 + 16*a”2xb*c”3 + 48%axb"2*c”3 - 4*xb~3*
c”3 - 192%a”2%xc”4 + 96%axb*c™4 - 2*%b73*c”2 + 8xaxbxc”3 - 2*¥b72%c”3 - 24x*ax*c
"4 + b*c”3)*sqrt(2*¥bxc - c)*d + 2*(4xaxb”bkc - 32%a"24b”3*%c”2 + 16%axb”4*c”
2 + 64*a”3*%bxc”3 - 64*%a”2xb"2*%c”3 + 16%a*b”3*c”3 - axb"4*xc + 8*%a~2%b"2%c”2
- 12%axb”3%c”2 - 16%a”3*%c”3 + 48%a”2%bxc”3 - 20*a*b"2%c”3 + 2%axb"2%c”2 - 8
*a”"2%c”3 + 8%axbxc”3 - axc”3)*sqrt(2xb*c - c)*f - (2%a*xb”6 - 8*a"2xb"4xc +
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8*axb~bxc - 32%a”3*b72%c”2 + 8xaxb"4xc”2 + 128*a"4xc”3 - 128%a"3*b*c”3 + 32
*a"2%b72%c”3 - axb”5 + 8%a"2%b"3%c - 8xa*b"4xc - 16%a”3*bxc”2 + 16%a”2%xb" 2%
€72 - 12%a*xb”3%c”2 + 64*a”3%c”3 - 32%a”"2xb*c”3 + 2%axb"3*kc - 8*a"2%xb*c”2 +
B*axb~2xc”2 + 8%a"2%c”3 - axb*xc”2)*sqrt(2*¥bxc - c)*h + 4x(2%a*b"6*cki - 16%
a”"2%b74*cT2%1i + 8x%axb"bkcT2%i + 32*%a”3%b"2%xc”3%1 — 32%a”2%b”3*c”3*1i + 8xaxb
T4xcT3%1i - axbThbkcki + 8%a”2*%b73*cT2%i - 8kaxbT4*cT2%i - 16%a”3*b*c”3%i + 3
2*%a”"2%b72%c73%1 - 12%axb~3*c73*%i + 2%a*xb”"3*kcT2xi - 8*ka"2xbxc”3*i + 6xaxb 2
C™3%1 — axb*c73%i)*g - 8% (2%axb”5xcT2%i - 16%a"2%b73xc”3%1i + 8xaxbT4xc”3*i
+ 32*%a”3xbk*cT4*xi - 32%a"2%b"2%c74*xi + 8kaxb"3*%cT4*1 - axbT4xcT2x1 + 8*xa”2%b
T2%cT3%1 — 8%axb"3*cT3*i - 16%a”3kcT4*xi + 32%a”2%b*xcT4*i - 12%axb"2%xc 4xi +
2%axb"2%c73%1i - 8%a"2%cT4xi + 6kaxbkxcT4*i - akcT4*i)*xe)*log(x - 1/2xsqrt(-
(2%axb”™3*i - 8xa”~2%bxc*i - sqrt(-4x(a*b™3 - 4xa”2xb*xc)~2 + 16*%(a"2*b"2 - 4x
a~3xc)*(axb”"2xc - 4%a”2xc”2)))/(axb”2xc*i - 4*a”2xc”2%1i)))/(a*b"8*ckxi - 16%
a"2%b76xcT2%1 + 4xaxb”7*xcT2x1 + 96%a”3*b"4*%c73%i - 48%a”2%b"bxc”3*i + 4xaxb
T6xcT3%1 — 266%a”4*b72%cT4*xi + 192%a”3%b"3xcT4x1 - 32%a”2x%b74*cT4*i + 256*a
“5xcTBb*ki - 256%a”4*bkcTbxi + 64%a”3*%b72xcThb*i - 2kaxbT6*xcT2%1i + 24%a”2xb”4x*
CT3%i - 4xaxb”5*cT3x1 - 96%a”3*b"2xcT4*i + 32*%a”2%b"3kcT4*i + 128%a”4*c5xi
— 64%a”3*%b*xc”hb*i + axbT4*cT3*%i - 8*%a"2%b"2xcT4xi + 16*%a”3xc”b*xi + (axb”T7xc
- 12%a”2%b7hb*c”2 + 4*xaxb"6*c”2 + 48%a~3*%b"3%c”3 - 32%a”2%b"4*c”3 + 4*xaxb”5
*C73 - 64*xa”4xb*xc”4 + 64xa”3*%b72*%c”4 - 16*%a"2%b"3xc”4 - 2*axb"bxc"2 + 16%*a”
2%b"3%c”3 - 4xaxb"4*xc”3 - 32%a”3%b*xc”4 + 16%a”2%b"2*%c”4 + axb"3%xc”3 - 4*xa”2
*xb*c"4)*sqrt (-b~2 + 4*axc)) + 1/2x(bxc™2xd*i*x"3 - 2¥axc 2*xf*i*x"3 + akxbxcx*
h*i*x"3 + axbkckgxixx™2 - 2¥axc™2%i*x"2%e + bT2kckd¥ixx - 2kaxcT2xd*i*x - a
*bkckf*i*x + 2%a”2kxcxhxixx + 2%a”2%ckgkxl + axb™2%xx"2 - 2%a"2xcxx"2 - axb*ck
i*e + a”2xb)/((axb™2kcxi - 4*a”2xc”2x1)*(c*xx"4 + b*x"2 + a))
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d+ex+ fx2+ex3 +hxt+ix® +kx® +1x” +mad
341 [ Tenfrreveny dx

(a+bx2+cx4)2

Optimal. Leaf size=770

x (x2 (—bc (—3a2m +ach + czd) + ab?ck — ab®m + 2ac*(cf - ak)) + b2 (— (azm + czd)) + 2ac (azm —ach + czd) + abc(c

2ac? (b2 - 4_ac) (a + bx? + cx4)

[Out] (m*x)/c”2 - (bxck(cke + axj) — axb™2*1l - 2%axck(ckg - axl) + (2%c™3%e - c72
x(bxg + 2%a*xj) - b™3%1 + bxck(b*j + 3*%axl))*x"2)/(2%c™2% (b2 - 4*axc)*(a +
b*x"2 + c*x"4)) - (x*(axbxcx(c*xf + a*xk) - b™2x(c™2+d + a”2*m) + 2kaxck(c2x%
d - axcxh + a”2*m) + (a*xb”2xcxk + 2*axc”2x(cxf - axk) - axb”3*m - bkcx(c™2x*
d + axcxh - 3%a”2xm))*x72))/(2%axc”2%(b72 - 4*axc)*(a + b*xx"2 + c*x74)) + (
(a*b™2kc*xk — 2%xaxc™ 2% (cxf + 3xaxk) - 3*xaxb~3%m + bkckx(c™2%d + akxcxh + 13*a”
2xm) - (a*xb”3xc*k - 4kxaxb*c”2x(c*f + 2%axk) - 3*%axb"4xm - b~ 2*cx(cT2*d - ax
c¥h - 19%a”2xm) + 4xa*xc”2%(3*c”2xd + axc*h - 5*a~2+*m))/Sqrt[b~2 - 4xaxc])*A
rcTan[(Sqrt [2]*Sqrt [c]*x) /Sqrt[b - Sqrt[b~2 - 4xaxc]]])/(2*xSqrt[2]*a*xc™(5/2
)*(b~2 - 4xaxc)*Sqrt[b - Sqrt[b~2 - 4*axc]]) + ((a*xb”™2kcxk - 2*a*xc™2x(cxf +
3*axk) - 3*a*b~3*m + b*c*x(c”2xd + axcxh + 13*a”2+m) + (a*b~3*cxk - 4*axbx*c
2% (c*f + 2%axk) - 3*%axb"4xm - b 2*kcx(cT2*d - akcxh - 19%a”2*m) + 4dkaxc”2%(
3xc”2*xd + axcxh - b5*a”2+#m))/Sqrt[b~2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/S
qrt[b + Sqrt[b~2 - 4xaxc]]])/(2*xSqrt[2]*a*c”™(5/2)*(b~2 - 4*axc)*Sqrt[b + Sq
rt[b™2 - 4xaxc]]) + ((4*c™3%e - c”2%(2xbxg - 4*xaxj) + b~3x1 - 6xaxbxcx1)*Ar
cTanh[(b + 2%c*x72)/Sqrt[b™2 - 4xa*xc]])/(2xc™2x(b"2 - 4xa*xc)”(3/2)) + (1xLo
gla + b*x™2 + c*xx74])/(4%c™2)

Rubi [A] time = 7.83472, antiderivative size = 770, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 13, number of rules used = 11, integrand size = 55, /e o
integrand size

= 0.2, Rules used = {1673, 1678, 1676, 1166, 205, 1663, 1660, 634, 618, 206, 628}

X (xz (—bc (—3a2m +ach + czd) + ab?ck — ab®m + 2ac*(cf - ak)) +b? (— (azm + czd)) + 2ac (azm —ach + czd) + abc(c

2ac? (b2 - 4ac) (11 + bx? + cx4)

Antiderivative was successfully verified.

[In] Int[(d + e*x + £*x72 + g*x™3 + h*x™4 + j*x75 + k*x"6 + 1*x77 + m*x~8)/(a +
b*x~2 + c*x"4)"2,x]
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[Out] (m*x)/c”2 - (bxcx(c*xe + a*xj) - axb™2*1 - 2kakxckx(ckxg - axl) + (2xc”3xe
x(bxg + 2%a*xj) - b73%1 + bxck(b*j + 3*%axl))*x"2)/(2%c™2% (b2 - 4*axc)*(a +
b*x”2 + c*x74)) - (x*(a*xbxcx(c*xf + a*xk) - b™2x(c™2+d + a”2*m) + 2kaxck(c"2x%
d - axcxh + a”2*m) + (axb”™2xcxk + 2*axc 2k (cxf - axk) - axb”3*m - bkcx(c™2x*
d + axcxh - 3*a”2xm))*x72))/(2%a*c” 2% (b2 - 4*axc)x(a + b*xx"2 + c*x"4)) + (
(a*b™2*xcxk - 2xaxc”2x(c*f + 3xaxk) - 3*axb”3*m + bxckx(c”2*%d + a*xcxh + 13*a”
2xm) - (a*xb”3xc*k - 4kxaxb*c”2x(c*f + 2%axk) - 3*%axb"4xm - b~ 2*cx(cT2*d - ax
c¥h - 19%a”2xm) + 4xa*xc”2%(3*c”2xd + axc*h - 5*%a~2+*m))/Sqrt[b~2 - 4xaxc])*A
rcTan[(Sqrt [2]*Sqrt[c]l*x)/Sqrt[b - Sqrt[b~2 - 4xaxc]]])/(2*Sqrt[2]*a*c”~(5/2
)*(b~2 - 4xaxc)*Sqrt[b - Sqrt[b~2 - 4*axc]]) + ((a*xb”™2kcxk - 2*axc™2x(cxf +
3xaxk) - 3*a*b”3*m + bkcx(c”2%d + akcxh + 13%a”2*m) + (axb”~3xc*xk - 4*xaxbx*c
2% (c*f + 2%axk) - 3*%axb"4xm - b~ 2kcx(cT2%d - akcxh - 19%a”2*m) + 4dkaxc”2%(
3xc”2*%d + axcxh - b*a”2+#m))/Sqrt[b~2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[c]*x)/S
grt[b + Sqrt[b~2 - 4xaxcl]])/(2xSqrt[2]*a*xc™(5/2)* (b2 - 4*axc)*Sqrt[b + Sq
rt[b72 - 4xaxc]]) + ((4%c”3xe - c”2%(2xbxg - 4*axj) + b~3x1 - 6xa*xbxc*l)*Ar
cTanh[(b + 2*%c*xx~2)/Sqrt[b~2 - 4*axc]])/(2xc™2x(b"2 - 4xaxc)~(3/2)) + (1xLo
gla + b*x72 + c*xx74])/(4%c”2)

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2xk]*x~(2*k), {k, 0, g/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]x(a + b*x"2 + c*xx~4)7p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&% 'PolyQ[Pq, x~2]

Rule 1678

Int[(Pq )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{d =
Coeff [PolynomialRemainder[Pq, a + b*x"2 + c*xx"4, x], x, 0], e = Coeff[Poly
nomialRemainder[Pq, a + b*x"2 + c*x”4, x], x, 2]}, Simp[(x*(a + b*x"2 + c*x
~4)"(p + 1)*x(axbxe - dx(b~2 - 2*xa*xc) - c*x(b*d - 2*axe)*x72))/(2*xax(p + 1)*(
b2 - 4xaxc)), x] + Dist[1/(2*xa*x(p + 1)*(b"2 - 4xa*xc)), Int[(a + b*x"2 + cx*
x74)~(p + 1)*ExpandToSum[2*a*(p + 1)*(b~2 - 4*axc)*PolynomialQuotient[Pq, a
+ b*x72 + cxx74, x] + bT2xd*x(2%p + 3) - 2kxaxckdx(4xp + 5) - axbxe + c*x(4*p
+ 7)x(b*xd - 2*axe)*x”2, x], x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x~
2] && Expon[Pq, x72] > 1 && NeQ[b~2 - 4*axc, 0] && LtQ[p, -1]

Rule 1676

Int[(Pq )/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :> Int[ExpandInte
grand[Pq/(a + b*x"2 + c*xx~4), x], x] /; FreeQ[{a, b, c}, x] & PolyQ[Pq, x~
2] &% Expon[Pq, x72] > 1
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Rule 1166

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2*cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ c*xx72), xJ, x]1] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlc*xd™2 - a*e™2, 0] && PosQ[b~2 - 4xaxc]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 1663

Int[(Pg )*(x_ )" (m_.)*((a_) + (b_)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :
> Dist[1/2, Subst[Int[x~((m - 1)/2)*SubstFor[x~2, Pq, x]*(a + b*x + c*x~2)~
p, xJ, x, x72], x] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x~2] && IntegerQ[
(m - 1)/2]

Rule 1660

Int[(Pq )*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> With[{Q =
PolynomialQuotient[Pq, a + b*x + c*x”2, x], f = Coeff[PolynomialRemainder [P
g, a + bxx + cxx"2, x], x, 0], g = Coeff[PolynomialRemainder[Pq, a + b*x +
c*x”2, x], x, 11}, Simp[((b*f - 2%axg + (2xc*f - b*xg)*x)*(a + b*x + c*xx~2)~
(p+ )/ ((p + 1)*x(D™2 - 4xaxc)), x] + Dist[1/((p + 1)*(b"2 - 4*axc)), Int[
(a + bxx + c*x72) 7 (p + 1)*ExpandToSum[(p + 1)*(b~2 - 4xaxc)*Q - (2xp + 3)*(
2xc*xf - bxg), x], x], x]1] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x] && NeQ[b~2
- 4xaxc, 0] && LtQ[p, -1]

Rule 634

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*xc*xd - bxe)/(2%c), Int[1/(a + b*x + c*x72), x], x] + Distl[e/(2%c), In
t[(b + 2xc*x)/(a + b¥x + c*x"2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206
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:> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/

Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt

Qla, 0] Il LtQ[b, 01)

Rule 628

Int[((d_) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol]

:> S

imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,

e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

d+ex+fx2+gx3+hx4+jx5+kx6+lx7+mx8d

(a + bx2 + cx4)2

J

Mathematica [A]

x(e+gx2+jx4+lx6) d+ fx?+hxt + kx® +m

J o)

x (abc(cf + ak) - b? (czd + azm) + 2ac (czd —ach + azm)
2ac? (bz —4a

(a +bx? + cx‘*)2 (a +bx? + cx‘l)2

be(ce + aj) — ab?l — 2ac(cg — al) + (2636 —c2(bg + 2aj) - b
2¢2 (b2 - 4ac) (a + bx? + cx4)

be(ce + aj) — ab?l — 2ac(cg — al) + (2c3e — c2(bg + 2aj

mx

c2 2¢2 (bz - 4ac) (a + bx? + cx4]
mx  be(ce + aj) — ab®l — 2ac(cg — al) + (2c3e — c2(bg + 2aj
c2 2¢2 (bz — 4ac) (a + bx? + cx4]
mx  be(ce + aj) — ab?l - 2ac(cg — al) + (2c3e — c2(bg + 2aj
=

2¢2 (b2 - 4ac) (u + bx2 + cx4]

time = 6.56622, size = 935, normalized size = 1.21

Ve(2e(t+mx)ad—((1+mx)b?—c(j-+x(k+3x(14+mx)))b+2c2(g-+x(h+x(j+kx))) a2 +(~x? (I+mx)b3+cx?(j-+kx)b? +2 (e+x(f—x(g+hx))b+2c3x(d+x(e+ f

dnJemx + 2

a(4ac—b2)(cx4+bx2+a)
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Antiderivative was successfully verified.

[In] Integratel[(d + exx + f*x72 + g*x™3 + h*x"4 + j*x"5 + k*x"6 + 1*x~7 + m*x~8)
/(a + b*x"2 + c*x"4)72,x]

[Out] (4xSqrtlcl*mxx + (2xSqrt[c]l*(2*a~3*cx(1l + m*x) - b*c™2xd*x*x(b + c*x72) + ax*
(b™2%c*xx™2%(j + k*x) - b™3*x72%(1 + m*x) + 2*c™3*x*(d + x*(e + f*x)) + b*xc”
2x(e + xx(f - x*(g + h*x)))) - a2%x(b72+(1 + m*xx) + 2xc”2x(g + x*x(h + x*(j
+ k*x))) - bkcx(j + xx(k + 3*xx*x(1 + m*xx))))))/(ax(-b"2 + 4*xaxc)*(a + bxx"2
+ c*x74)) - (Sqrt[2]*(-3*axb~4*m + 2*axc”2x(6*xc”2+d + c*Sqrt[b~2 - 4*axc]xf
+ 2%axcxh + 3%a*xSqrt[b~2 - 4*axc]xk - 10%a”2*m) + a*b~3*(c*k + 3*Sqrt[b~2
- 4xaxc]*m) - bxckx(cT2x(Sqrt[b~2 - 4xaxc]xd + 4xaxf) + axcx(Sqrt[b~2 - 4xax
c]*h + 8%axk) + 13%a”2xSqrt[b~2 - 4xa*xc]*m) + b~2xc*x(-(c™2xd) + axcxh + ax*(
-(8qrt[b~2 - 4*axc]*k) + 19%a*m)))*ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt[b - Sqrt
[b™2 - 4xaxc]]])/(ax(b™2 - 4xaxc)~(3/2)*Sqrt[b - Sqrt[b~2 - 4xaxc]]) - (Sqr
t[2] % (3*a*xb~4*m + 2kaxc™2*(-6*%c™2xd + c*Sqrt[b~2 - 4xaxc]*f - 2*%axcxh + 3*a
*xSqrt [b72 - 4*axc]*k + 10%a”2*m) + axb”~3*(-(c*k) + 3*Sqrt[b~2 - 4*axc]*m) -
bxck(c™2%(Sqrt[b™2 - 4xaxc]*d - 4*axf) + axc*x(Sqrt[b~2 - 4xaxc]*h - 8*axk)
+ 13%a”2%Sqrt[b™2 - 4xaxc]*m) + b~2kcx(c”2*d - akcxh - ax(Sqrt[b~2 - 4xaxc
1*xk + 19%axm)))*ArcTan[(Sqrt [2]*Sqrt[c]*x)/Sqrt[b + Sqrt[b~2 - 4xaxc]]l])/(a
*(b"2 - 4xaxc)~(3/2)*Sqrt[b + Sqrt[b~2 - 4*axc]l]) + (Sqrtlcl*(-4*c~3xe + 2%
c"2x(bxg - 2%a*xj) + b"2x(-b + Sqrt[b”2 - 4xaxc])*1 + a*xckx(6%bxl - 4*Sqrt[b~
2 - 4xaxc]x1))*Logl[-b + Sqrt[b™2 - 4xaxc] - 2*c*x"2])/(b~2 - 4xaxc)”(3/2) +
(Sqrtlc]*(4*c™3%e + c™2x(-2%bxg + 4xa*xj) + b™2x(b + Sqrt[b~2 - 4*axc])*l -
2xaxck (3%b + 2xSqrt[b~2 - 4xaxc])*1)*Log[b + Sqrt[b~2 - 4*axc] + 2xc*x~2])
/(b~2 - 4xaxc)~(3/2))/(4*xc~(5/2))

Maple [B] time = 0.07, size = 4570, normalized size = 5.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((m*x~8+1*x~7+k*x”~6+j*x"5+h*x~4+g*x~3+f*x"2+e*x+d) / (c*xx~4+b*x"2+a) ~2,x%)

[Out] 1/4x*c/(4xaxc-b"2)"2/ax2”(1/2)/((b+(-4*a*c+b~2)~(1/2))*c)~(1/2)*arctan(cxx*2
~(1/2)/ ((b+(-4*xaxc+b™2) ~(1/2))*c) ~(1/2) ) *b~3*xd-1/4*xc/ (d*xaxc-b"2) ~2/a*x2"(1/2
)/ (((=4*a*xc+b~2) " (1/2)-b)*c) ~(1/2)*arctanh (c*x*27 (1/2) / (((-4*a*xc+b~2)~(1/2)
-b)*c) " (1/2))*b~3*xd-c/ (d*xaxc-b~2) "2%2~(1/2) / (((-4*axc+b~2) ~(1/2)-b)*c) ~(1/2
Yxarctanh (c*x*27(1/2) / (((-4d*a*xc+b~2) " (1/2)-b) *c) ~(1/2) ) *(-4d*a*xc+b~2) ~(1/2) *
bxf-c/(4dxaxc-b"2) "2%27(1/2) / ((b+(-4*axc+b~2)~(1/2))*c) ~(1/2) *arctan (cxx*2~ (
1/2) / ((b+(=4*xa*xc+b~2) ~(1/2))*c) ~(1/2) ) x (—4*a*xc+b~2) ~(1/2) *b*f+19/4/c*a/ (4*a
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*c-b"2) "2%x27(1/2) / ((b+(-4*a*xc+b~2) " (1/2))*c) "~ (1/2)*arctan(c*xx*x2~(1/2) / ((b+(
-4xaxc+b”2) " (1/2))*c) " (1/2)) *(—4xa*xc+b~2) " (1/2) *b~2*xm+19/4/c*a/ (d*xa*xc-b"2) "~
2%27(1/2) / (((~4*a*xc+b~2) " (1/2)-b)*c) " (1/2) *arctanh (c*x*2~(1/2) / (((-4*a*xc+b”
2)"(1/2)-b)*c) " (1/2) ) *(=4*axc+b~2) " (1/2) *b~2*m-1/4*c/ (d*xaxc-b"2) "2/a*2"(1/2
)/ ((b+(-4*axc+b™2) " (1/2))*c)~(1/2)*arctan(cxx*x2~(1/2) / ((b+(-4*a*xc+b~2) " (1/2
))*c) " (1/2))*x(=4*axc+b™2) " (1/2) *b~2*d-1/4*c/ (dxa*xc-b"2) "2/ax2"(1/2) / (((-4*a
*c+b”2) " (1/2)-b)*c) " (1/2)*arctanh (c*xx*27 (1/2) / (((=4d*a*xc+b~2)~(1/2)-b)*c)~ (1
/2)) % (=4*a*xc+b”2) " (1/2) *b~2xd+a/ (d*a*xc-b~2) "2*xc*27(1/2) / ((b+(-4*a*xc+b~2) ~ (1
/2))*xc)~(1/2)*arctan(cxx*x2~(1/2) / ((b+(-4*axc+b~2) " (1/2))*c) ~(1/2) ) * (—4xaxc+
b~2) " (1/2)*h-a/ (d*a*xc-b"2) "2*xc*x27(1/2) / ((b+(-4*a*xc+b~2) ~(1/2)) *c) ~(1/2) *arc
tan(cxx*x27(1/2) / ((b+(-4*a*xc+b~2) " (1/2) ) *c) ~(1/2) ) ¥*b*h+a/ (d*axc-b~2) “2*c*2~ (
1/2)/ (((=4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) *arctanh (c*xx*2~(1/2) / (((-4*a*xc+b~2) " (1
/2)-b)*c) " (1/2) ) *(=d*xaxc+b~2) " (1/2) *h+a/ (4d*axc-b~2) "2xc*x2~(1/2) / (((-4*a*xc+b
“2)7(1/2)-b)*c) " (1/2) *arctanh (cxx*2~ (1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c)~(1/2))
*bxh+m*x/c”2+3*c”2/ (d*xaxc-b"2) "2%27(1/2) / ((b+(-4d*a*xc+b~2) ~(1/2) )*c) ~(1/2) *a
rctan(cxx*27(1/2) / ((b+(-4*a*xc+b™2) " (1/2) ) *c) ~(1/2) ) ¥ (-4*a*xc+b~2) " (1/2) *d-c~
2/ (4xaxc-b"2) "2x27(1/2) / ((b+(-4*a*xc+b™2) ~(1/2) ) *c) "~ (1/2)*arctan(c*x*2~(1/2)
/ ((b+(-4*a*xc+b™2) "~ (1/2))*c) ~(1/2) ) *¥b*d+3*c~2/ (d*axc-b"2) "2x2~(1/2) / (((-4*ax
c+b”2) " (1/2)-b)*c) " (1/2) *arctanh (c*x*2~(1/2) / (((-4*a*xc+b™2) ~(1/2)-b)*c) " (1/
2) ) *(=4*a*xc+b”2) " (1/2) *d+c~2/ (d*a*xc-b"2) "2*x27(1/2) / (((-4*axc+b~2) " (1/2)-b) *
c)~(1/2)*arctanh(cxx*x2~(1/2)/ (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2)) *bxd-a/ (d*xaxc
-b72) "2*1n(-2*c*kx"2+(—4*a*xc+b”2) 7 (1/2) -b) * (-4*ax*xc+b~2) " (1/2) *j+a/ (4*axc-b~2
) "2x1n (2%cxx ™2+ (—4*axc+b™2) " (1/2) +b) * (—4*axc+b™2) “(1/2) *j+c/ (cxx~4+b*x"2+a)
/ (dxaxc-b~2)*x"3xf+c/ (cxx~4+b*xx"2+a) / (d*xaxc-b~2) *x*xd+1/c/ (c*x"4+b*xx"2+a) /(4
*axc-b"2) *a"2*x1+c/ (c*xx"4+bxx"2+a) / (d*xa*xc-b"2) *x"2*e—-1/2/ (c*x~4+b*x"2+a) / (4%
axc-b~2) *x"2%b*xg-1/ (c*x~4+b*x"2+a) *a/ (4d*xa*c-b~2) *x*xh-1/2/ (cxx"4+b*xx"2+a) / (4
*axc-b~2) *x"3%b*h+1/2/ (c*xx~4+b*x"2+a) / (d*a*xc-b~2) *x*xb*xf-1/(c*x"4+b*x"2+a) *a
/ (dxaxc-b~2) *x"3%k-1/ (c*x"4+b*x"2+a) / (4*a*xc-b72) *x"2*%axj+1/4/c”2/ (4*a*xc-b~2
) "2x1n (2%c*x "2+ (—4*axc+b”2) "~ (1/2)+b) *b~4*1+1/4/c”2/ (d*axc-b~2) "2x1n (-2xc*x~
2+ (=4*a*xc+b”2) " (1/2)-b) *b~4x1+1/2/ (d*a*xc-b"2) "2*x1n(-2*c*xx~ 2+ (—-4*a*xc+b~2) ~ (1
/2)-b) * (4*xa*xc+b~2) ~(1/2) ¥b*xg-1/2/ (dxa*xc-b~2) "2*1n(2*c*x~2+(-4*a*c+b~2) ~(1/
2)+b) * (-4*a*xc+b~2) " (1/2) *¥bxg-1/4/c/ (d*axc-b"2) "2%27(1/2) / (((-4*a*c+b~2) ~(1/
2)-b)*c) " (1/2) *arctanh (cxx*2~(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) " (1/2)) *b~4*k+
1/4/c/ (dxaxc-b"2)"2x27(1/2) / ((b+(—4*a*xc+b~2) " (1/2)) *c) ~(1/2)*arctan(c*x*2~ (
1/2)/ ((b+(=4*a*xc+b~2) " (1/2) ) *c) ~(1/2) ) *b~4xk+3/2/c/ (c*x~4+b*x~2+a) *a/ (d*a*xc
-b"2) *x"3*b*m-1/2*c/ (c*xx"4+b*xx"2+a) /a/ (d*a*xc-b"2) *x~3*xb*xd+3/2/c/ (c*x~4+b*x"
2+a) / (4*axc-b~2) *x"2*axbx1+1/2/c/ (c*xx~4+b*x~2+a) *a/ (d*a*xc-b~2) *x*xbxk-1/2/c”
2/ (c*xx~4+b*xx"2+a) *a/ (d*axc-b~2) *x*¥b~2xm+13*a”~2/ (d*axc-b~2) “2%27(1/2) / (((-4*
axc+b~2) " (1/2)-b)*c) ~(1/2)*arctanh (cxx*x2~(1/2) / (((-4*a*xc+b~2) " (1/2)-b) *c) ~(
1/2)) *bxm+5/2*a/ (d*xaxc-b"2) "2%27(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) *arct
anh (c*x*27(1/2) / (((-4*axc+b~2) " (1/2)-b) *c) ~(1/2) ) *b~2xk-5*a~2/ (4d*a*xc-b~2) "2
*27(1/2) / (((=4*a*xc+b~2) " (1/2)-b)*c) ~(1/2) *arctanh (cxx*2~(1/2) / (((-4*a*xc+b~2
)" (1/2)-b)*c) " (1/2) ) ¥ (=4*a*xc+b~2) ~(1/2) *m-13*a~2/ (d*xa*c-b~2) "2x2~(1/2) / ((b+
(=4*a*xc+b~2) " (1/2))*c)~(1/2) *arctan(cxx*2~(1/2) / ((b+(-4*a*xc+b~2) "~ (1/2) ) *c)~
(1/2) ) *b*m-5/2*a/ (4dxa*xc-b"2) "2x27(1/2) / ((b+(-4*xa*xc+b~2) " (1/2) ) *c) " (1/2) *arc
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tan (cxx*27(1/2) / ((b+(-4*axc+b™2) 7 (1/2))*c)~(1/2))*b~2*k-5%a"2/ (4*a*c-b~2) "2
*27(1/2) / ((b+(-4*xa*xc+b™2) " (1/2) )*c)~(1/2) xarctan(c*xx*x2~ (1/2) / ((b+(-4*a*xc+b™
2)7(1/2))*c) " (1/2)) *(-4*a*xc+b™2) " (1/2)*m-3/4/c~2/ (d*xa*xc-b~2) ~2x2~(1/2) / ((b+
(=4*xaxc+b™2) " (1/2))*c) " (1/2) *arctan(cxx*x2"(1/2) / ((b+(-4*a*xc+b™2) ~(1/2) ) *c)”
(1/2))*b~5*m-3/2/c*a/ (d*axc-b~2) "2x1n (2*c*x"2+ (-4d*a*xc+b”™2) " (1/2) +b) * (—4*a*c
+b72) " (1/2) ¥b*1+6xc*a”2/ (d*axc-b~2) "2%27(1/2) / ((b+(-4*a*xc+b~2) " (1/2))*c)~ (1
/2)*arctan (cxx*x2~(1/2) / ((b+(-4*a*xc+b~2) " (1/2))*c)~(1/2)) *k+3/2/c*a/ (4*axc-b
~2) "2+In(-2*ckx" 2+ (—4*xaxc+b~2) ~(1/2) -b) * (4*a*xc+b”2) " (1/2) *bx1-6*c*a~2/ (4*a
*c-b"2)"2x27(1/2) / (((—4*axc+b™2) ~(1/2)-b) *c) ~(1/2) *arctanh (c*x*x2~(1/2) / (((-
dxaxc+b~2) " (1/2)-b)*c) " (1/2)) *k+3/4/c”2/ (d*xaxc-b"2) "2%27(1/2) / (((-4*a*c+b~2
)~ (1/2)-b)*c) ~(1/2)*arctanh (c*xx*2~(1/2) / (((-4*a*xc+b~2) ~(1/2)-b)*c)~(1/2))*b
“5¥xm+2%c”2/ (draxc-b"2) "2xax2~ (1/2) / ((b+(-4*a*xc+b~2) " (1/2) )*c) ~(1/2)*arctan(
cxxx27(1/2) / ((b+(=4*axc+b™2) ~(1/2) )*c) ~(1/2) ) *f-1/2*c/ (d*xaxc-b~2) "2%2~(1/2)
/ ((b+(-4*a*xc+b™2) " (1/2))*c) " (1/2) *arctan(cxx*x2~(1/2) / ((b+(-4*a*xc+b~2) " (1/2)
Y*xc) " (1/2))*¥b"2*%f-2%c”2/ (d*axc-b~2) "2xa*x2~ (1/2) / (((-4*a*xc+b”™2) " (1/2)-b)*c) "~
(1/2)*arctanh(c*x*2~(1/2) / (((-4*xaxc+b™2)~(1/2)-b) *c) ~(1/2) ) xf+1/2*xc/ (d*a*xc-
b~2) 227 (1/2) / (((-4*a*xc+b~2) ~(1/2)-b)*c) ~(1/2) *arctanh (cxx*2~(1/2) / (((-4x*a
*Cc+b~2) " (1/2)-b)*c) ~(1/2))*xb~2%f+1/4/ (4*axc-b~2) ~2%2~(1/2) / (((-4*axc+b~2) ~(
1/2)-b)*c)~(1/2)*arctanh(cxx*2~(1/2) / (((-4*a*xc+b~2) " (1/2)-b)*c) ~(1/2)) *x(-4x
axc+b”2) " (1/2)*b"2xh+1/4/ (d*xaxc-b"2) "2%27(1/2) / ((b+(-4d*axc+b~2) ~(1/2) ) *c) ~(
1/2)*arctan(cxx*x2~(1/2) / ((b+(-4*axc+b™2) "~ (1/2))*c) ~(1/2) ) *(-4*a*xc+b~2) " (1/2
)*¥b~2xh+c/ (d*xaxc-b~2) "2 (—4*a*xc+b~2) "~ (1/2) *ex1n (2*cxx~ 2+ (—4*a*xc+b™2) " (1/2)+
b)-c/(dxaxc-b"2) 2% (—4xa*xc+b~2) " (1/2) *ex1n(-2*c*xx~2+(-4*a*c+b~2) " (1/2)-b)-1
/ (c*xx"4+b*x"2+a) / (4*a*xc-b~2) *axg+1/2/ (c*xx"4+b*x"2+a) / (4*a*c-b~2) *bxe+d*a~2/
(4*a*xc-b"2) "2*%1In(-2*c*x™~ 2+ (—4*axc+b~2) " (1/2) -b) *1+4*a~2/ (d*xaxc-b~2) "2*1n (2*
cxx "2+ (—4*axc+b”2) " (1/2) +b) *1-2*xa/ (d*xa*xc-b"2) "2%27 (1/2) / (((-4d*axc+b~2) "~ (1/2
)-b)*c)~(1/2)*arctanh(cxx*x2~(1/2)/ (((-4*xaxc+b™2) " (1/2)-b)*c) ~(1/2)) *x(-4*xax*c
+b72) " (1/2) ¥b¥xk-2*a/ (d*a*xc-b"2) "2*x27(1/2) / ((b+(=4*a*xc+b”2) " (1/2) )*c) ~(1/2) *
arctan(cxx*x2~(1/2)/ ((b+(-4*a*xc+b~2) " (1/2))*c) ~(1/2) ) * (—4d*xaxc+b~2) ~(1/2) *bxk
-3/4/c”2/ (4xaxc-b"2)"2x27(1/2) / ((b+(—4*xa*xc+b~2) " (1/2)) *c) " (1/2) *arctan (c*x*
27(1/2) / ((b+(=4*a*xc+b™2) ~(1/2) ) *c) ~(1/2) ) * (—4*a*xc+b~2) " (1/2) *b~4*m-25/4/c*a
/ (Axaxc-b"2) "2x27(1/2) / (((-4*axc+b™2) " (1/2)-b)*c) ~(1/2) *arctanh (c*x*x2~(1/2)
/ (((4*xa*xc+b~2)~(1/2)-b)*c)~(1/2))*b~3*xm+25/4/c*a/ (dxaxc-b~2) ~2x2~(1/2) / ((b
+(=4xa*xc+b~2) " (1/2))*c) " (1/2)*arctan(c*xx*2~(1/2) / ((b+(-4*xa*xc+b™2) " (1/2) ) *c)
~(1/2))*%b~3xm+1/4/c/ (dxaxc-b"2) "2x27(1/2) / (((-4xa*xc+b~2) ~(1/2)-b) *c) ~(1/2) *
arctanh (cxx*x2~(1/2)/(((-4xa*xc+b~2) " (1/2)-b)*c) ~(1/2) ) *(-4d*xa*xc+b”~2)~(1/2)*b"
3xk-3/4/c”2/ (d*axc-b"2) "2x27(1/2) / (((-4*axc+b~2) "~ (1/2)-b) *c) ~(1/2)*arctanh(
c*kx*27(1/2) / (((=4*a*xc+b~2) "~ (1/2)-b) *c) ~(1/2) ) *(-4*a*xc+b~2) "~ (1/2) *b~4*m+1/4/
c/ (dxaxc-b"2) "2%27(1/2) / ((b+(-4*axc+b”2) ~(1/2) )*c) " (1/2) *arctan(cxx*2~(1/2)
/ ((b+(=4*a*xc+b™2) " (1/2) ) *c)~(1/2) ) % (—4*a*xc+b™2) " (1/2) *b~3xk-1/2/ (c*x~4+b*x"
2+a)/a/ (dxaxc-b"2) *x*xb~2xd+1/c/ (c*x"4+b*x"2+a)*a"2/ (4d*axc-b~2) xxxm+1/2/c/ (c
*X " 4+b*x"2+a) / (d*axc-b~2) *xaxbxj+1/2/c/ (c*x~4+b*xx~2+a) / (4*xa*xc-b~2) *x~3*b~2xk
-2/c*a/ (d*xaxc-b~2) "2x1n (-2*c*x "2+ (-4*a*c+b”2) " (1/2) -b) *b~2%1-2/c*a/ (4*a*c-b
~2) "2x1n(2*xc*xx "2+ (—4*axc+b”2) " (1/2)+b)*b"2*x1+1/4/c"2/ (d*axc-b~2) "2*1n(2*c*x
"2+ (=4*a*xc+b”2) " (1/2)+b) ¥ (=4*axc+b~2) " (1/2)*b"3*1-1/4/c"2/ (d*xaxc-b"2) "2*1n(
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-2*%cxx "2+ (—4xa*xc+b"2) " (1/2)-b) *(-4*a*xc+b~2) ~(1/2) *b"3%1-1/2/c"2/ (c*x"4+b*x"
2+a) / (4*a*xc-b"2) *x~3*b~3*m-1/2/c"2/ (cxx~4+b*xx"2+a) / (4*a*xc-b~2) xaxb~2x1-1/2/
c"2/ (cxx"4+b*xx"2+a) / (d*axc-b"2) *x~2xb"3x1+1/2/c/ (c*xx~4+b*x"2+a) / (d*xa*xc-b~2)
*x"2%b"2%j-1/4/ (4xa*xc-b~2) "2*27(1/2) / (((-4*a*xc+b™2) " (1/2)-b)*c) ~(1/2) *arcta
nh (c*x*27(1/2) / (((~4*a*xc+b~2) " (1/2)-b)*c) " (1/2)) *b~3*h+1/4/ (d*a*xc-b~2) "2%2"~
(1/2) / ((b+(~4*a*xc+b~2) ~(1/2))*c) ~(1/2) *arctan (c*xx*2~(1/2) / ((b+(-4*a*xc+b~2) "
(1/2))*c)~(1/2))*b"3*h

Maxima [F] time = 0., size = 0, normalized size = 0.

abc?e — 2 ac?g + abcj - (bc3d -2ac’f + abc®h - (abzc -2 azcz)k + (ab3 -3 azbc)m)x3 + (2 ac’e — abc®g + (abzc -

2 (a2b2c2 —44a3c% + (ab203 — 4 a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((m*x~8+1%x~7+k*x”~6+]*x " 5+h*x~4+gxx~3+f*x"2+e*x+d) / (c*xx~4+b*x~2+a)
~“2,x, algorithm="maxima"

[Out] -1/2x(a*b*c™2%e - 2%a~2%c~2*g + a~2*b*c*xj - (bxc™3*d - 2*%axc™3*%f + axbkc™ 2%
h - (a*xb™2xc - 2*a”2%c”2)*k + (a*b™3 — 3*xa~2xb*c)+*m)*x~3 + (2*a*xc™3*e - axb
xC"2xg + (axb”2%c - 2*%a"2*c”2)*j - (axb”3 - 3*a”2xb*c)*1)*x"2 - (a"2%b"2 -
2%a”3*c)*1 + (axbxc™2xf — 2%xa~2%c”2%h + a " 2*bkxckxk - (b72*%c”2 - 2%a*c”3)*d -

(a”2%b"2 - 2*a”3*c)*m)*x)/(a"2*%b"2*%c"2 - 4%a~3*%c”3 + (a*xb"2*c”3 - 4*xa~2%c”
4)*x74 + (axb”3%c”2 - 4xa”2%b*c”3)*x72) + mkx/c”2 - 1/2xintegrate(-(axb*c”2
*f — 2%a”2%c”2*%h + a"2xbxcxk + 2% (a*b”2*c - 4*a”2xc"2)*x1xx"3 + (b*c”3*d - 2
*a*xc”3*f + axbxc”2xh + (axb"2xc - 6*a”2*%c”2)*k - (3*axb~3 - 13*a”2%b*c)*m) *
x72 + (b72%c”2 - 6*a*c”3)*d - (3*a"2*xb"2 — 10*a~3*c)*m - 2*(2*axc”3*xe - axb
*xCT2kg + 2%a”2%CcT2%j — a"2xbkcx1)*x)/(c*xx”4 + b*x"2 + a), x)/(axb”2*c”2 - 4
*a"2%c~3)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((m*x~8+1*x~7+k*x~6+]*x ~5+h*x~4+g*x~3+f*x"2+e*x+d) / (c*x"4+b*x"2+a)
~2,x, algorithm="fricas")
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[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((m*x**8+1*x**x7+k*x**6+ ] kx*xkE+hkxr*kd+grxr*k3+f*x*k*2+exx+d) / (Ckx**4+

bxx**2+a) **2,x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((m*x~8+1%x~7+k*x”~6+]*x " b+h*x~4+gxx~3+f*x"2+e*x+d) / (c*xx~4+b*x~2+a)

~2,x, algorithm="giac")

[Out] Timed out
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d+ex

342 - dx

(4—5x2+x4)

Optimal. Leaf size=143

dx (59 - 35x2) dx (17 - 5x2) 313d tanh ™" (g) 13 5 e (5 - 2x2) e (5 - 2x
- + 5 = + ——dtanh “(x) - +
3456 (x4 - 5x% +4) 144 (4 =502 + 4) 20736 648 54 (x*—5x2 +4) 36 (4 - 522

[Out] (d*x*(17 - 5*%x72))/(144%(4 - 5xx72 + x74)72) + (ex(5 - 2xx72))/(36%x(4 - 5*x
T2 + x74)72) - (dxx*x(59 - 35%x72))/(3456*%(4 - 5*x72 + x74)) - (ex(5 - 2*%x72
))/(54%(4 - B5*x™2 + x74)) - (313*d*ArcTanh([x/2])/20736 + (13*d*ArcTanh[x])/

648 - (exLogl[l - x72])/81 + (exLogl[4 - x72])/81

Rubi [A] time = 0.0758338, antiderivative size = 143, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 14, number of rules used = 10, integrand size = 18, e o e

= 0.556, Rules used = {1673, 12, 1092, 1178, 1166, 207, 1107, 614, 616, 31}

integrand size

dx (59 - 35x2) dx (17 - 5x2) B 313d tanh ™" (g) N 1—3dtanh_1 )~ e (5 - 2x2) N e (5 - 2x

3456 (4522 +4) 144 (x4 =522 + 4)2 20736 648 54(x* - 522 +4) 36 (4 - 522

Antiderivative was successfully verified.

[In] Int[(d + exx)/(4 - B*xx"2 + x74)73,x]

[Out] (d*xx*(17 - 5%x"2))/(144%(4 - 5%x"2 + x74)72) + (ex(5 - 2xx72))/(36%(4 - 5*x
"2 + x74)72) - (dxx*(59 - 35%x72))/(3456*%(4 - 5xx72 + x74)) - (ex(5 - 2*x72
))/(B4%(4 - B5%x~2 + x74)) - (313*d*ArcTanh[x/2])/20736 + (13*d*ArcTanh[x])/

648 - (exLogll - x72])/81 + (exLogl[4 - x72])/81

Rule 1673

Int[(Pg )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel{q

= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2*k]*x~(2xk), {k, 0, q/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]1*(a + b*x"2 + c*xx~4)"p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&% 'PolyQ[Pq, x"2]

Rule 12
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Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 1092

Int[((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> -Simp[(x*(b"2 -
2xa*xc + bkxcxx"2)x(a + b*x"2 + cxx74)"(p + 1))/ (2*xax(p + 1)*(b~2 - 4xax*c)),
x] + Dist[1/(2%a*x(p + 1)*x(b~2 - 4xa*xc)), Int[(b~2 - 2%a*xc + 2x(p + 1)*(b"2
- 4xaxc) + bkcx(4xp + 7)*x"2)*(a + b*x"2 + cxx"4)"(p + 1), x], x] /; FreeQ
[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1] && IntegerQ[2x*p]

Rule 1178

Int[((d_) + (e_.)*(x_)"2)*x((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symb
0l] :> Simp[(x*(a*bxe - d*(b~2 - 2*axc) - cx(bxd - 2%a*e)*x"2)*(a + bxx"2 +
cxx~4) " (p + 1))/ (2*ax(p + 1)*(b”2 - 4*axc)), x] + Dist[1/(2xax(p + 1)*(b"2
- 4xaxc)), Int[Simp[(2*p + 3)*d*b~2 - axbxe - 2xaxckdx(4*p + 5) + (4xp + 7
)x(d*b - 2*axe)*c*x"2, x]*(a + b*x"2 + c*x”4)"(p + 1), x], x] /; FreeQ[{a,

b, ¢, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe + axe”2, 0] &&

LtQ[p, -1] && IntegerQ[2+p]

Rule 1166

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*%q), Int[1/(b/2
- q/2 + c*xx72), x], x] + Dist[e/2 - (2*cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ cxx~2), x], x]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && Ne
Qlc*xd"2 - a*e”™2, 0] && PosQ[b~2 - 4xaxc]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQ[a
, 01 Il GtQ[b, 01)

Rule 1107

Int[(x_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Dist[1/2,
Subst[Int[(a + b*x + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, c, p}, x]

Rule 614

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2xc*x
)k(a + b*xx + c*x72)7(p + 1))/((p + 1)*(b”"2 - 4*axc)), x] - Dist[(2*cx(2xp +
3))/((p + 1)*(b™2 - 4xaxc)), Int[(a + b*x + cxx"2)"(p + 1), x], x] /; Free
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Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && LtQlp, -1] && NeQ[p, -3/2] && Int
eger(Q [4*p]

Rule 616

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b"2
- 4xaxc, 2]}, Dist[c/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distl[c/q,
Int[1/Simp[b/2 + q/2 + cxx, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2
- 4xaxc, 0] && PosQ[b~2 - 4xaxc] &% PerfectSquareQ[b~2 - 4*axc]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps

4 —5x2 4 x4

L Y R —,
( ) (4—5x2+x4) (4—5x2+x4)
1 X
:df—d 4 f—d
(4—5x2+x"‘)3 e (4—5x2+x4)3 i

dx (17 - 5x2) ~19 + 25x2 1 1
- 2
T f dx+ZeSubst f( 5 dx, X, X

144(4 5x2 + x4) 2 (4502 + x4) 4-5x+22)
_ dx(17-52) L (5-2:2) dx (59 - 35x2) L [EAE gy ) _e .
144 (4-52 4 4] 36(4-52+ i) 3456 (4-522+ ) 10368
dx (17 - 522) e(5-2x2) dx (59 - 35x2) e(5-222) 1
T (4-502 + )’ "3 (4-522+ x‘*)2 3456 (4522 +xt) 54452 +x4) o35
_ dx(17-542) e(5-2x2) dx (59 - 35x2) e(5-222) 313d t;
T a4 (4-52 + 1) T (4-5:2+ x4) 3456 (4502 +xt) 54(4-5x2+x4) 2
|k (17 - 5x2) L ¢ (5-2x2) dx (59 - 35x2) e (5-2+2) _ 313dt,
144 (4 - 522 + x4)2 36 (4 - 522 + x4) 3456 (4-522+x4)  54(4-5x2+x4) 2
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Mathematica [A] time = 0.098161, size = 128, normalized size = 0.9

288(dx(17-5x2)+¢(20-8x2)) 12(ddx(35x2-59)+64e(2x2-5))
+ —32(13d + 16e) log(1 — x) + (313d + 512¢) log(2 — x) + 32(13d — 16¢) I

(x* —5xz+4:)2 xh-5x?+4

41472
Antiderivative was successfully verified.

[In] Integratel[(d + exx)/(4 - 5*x"2 + x74)73,x]

[Out] ((288*%(ex(20 — 8*x72) + d*x*x(17 - 5*x72)))/(4 - 5xx72 + x74)72 + (12*x(64*ex*
(-5 + 2%x72) + d*x*(-59 + 35*xx72)))/(4 - 5%x72 + x74) - 32*x(13*d + 16%*e)*Lo

gll - x] + (313%xd + 512*e)*Log[2 - x] + 32%x(13*d - 16x*e)*Log[l + x] + (-313

*d + 512xe)*Log[2 + x])/41472

Maple [A] time = 0.019, size = 186, normalized size = 1.3

313 ln(2+x)d+ln(2+x)e+ 19d 17e N d e N d
41472 81 13824 +6912x 6912 +3456X 3456 (2 +x)° 1728 (2 +x)° 432+432x 1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*xx+d)/(x"4-5*x"2+4)"3,x)

[Out] -313/41472*%1n(2+x)*d+1/81*1n(2+x)*e+19/6912/ (2+x) *d-17/3456/ (2+x) *e+1/3456/
(2+x)"2%d-1/1728/ (2+x) "2*%e+1/432/ (1+x) *d-1/144/ (1+x) *e-1/432/ (1+x) ~2*d+1/43

2/ (1+x) "2*%e+13/1296%1n(1+x) *d-1/81*1n(1+x) *e+19/6912/ (x-2) *d+17/3456/ (x-2) *
e-1/3456/(x-2) "2xd-1/1728/ (x-2) "2%e+313/41472%1n(x-2) *d+1/81%1n(x-2) *e-13/1
296*%1n(x-1)*d-1/81*1n(x-1)*e+1/432/(x-1)*d+1/144/ (x-1) *e+1/432/ (x-1) "2*xd+1/

432/ (x-1) " 2*e

Maxima [A] time = 0.940788, size = 163, normalized size = 1.14

1 1 1 1
e (313d-512¢)1 2)+ —— (134 -16¢)1 1) - —— (134 +16¢)log (x -1 3134 + 512
11472 €)log (x +2) + 7556 ( e)log(x +1) = 175 13d +16¢)log (x 1) + 7=5 (313d + 512

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)/(x"4-5%x"2+4)"3,x, algorithm="maxima")
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[Out] -1/41472%(313%d - B512xe)*log(x + 2) + 1/1296%(13*%d - 16%e)*log(x + 1) - 1/1
296%(13*d + 16%e)*log(x - 1) + 1/41472%(313*d + 512%e)*log(x - 2) + 1/3456%
(35%d*x”7 + 128%e*xx~6 - 234*d*xx”5 - 960*e*x”4 + 315*d*x~3 + 1920*e*xx~2 + 17
2xd*xx - 800%e)/(x78 - 10*x"6 + 33*x"4 - 40%x"2 + 16)

Fricas [B] time = 2.07694, size = 869, normalized size = 6.08

420 dx7 +1536 ex® — 2808 dx® — 11520 ex* + 3780 dx® + 23040 ex? + 2064 dx — ((313d — 512¢)x® ~ 10 (313d - 512 )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx+d)/(x"4-5%x"2+4)73,x, algorithm="fricas")

[Out] 1/41472%(420*%d*x~7 + 1536*e*x~6 - 2808*d*x~5 - 11520*e*x~4 + 3780*d*x~3 + 2
3040*e*xx~2 + 2064*xd*x - ((313*d - 512%e)*x"8 - 10%(313*d - 512%e)*x”6 + 33%
(313*%d - 512%e)*x”4 - 40%(313xd - 512*e)*x~2 + 5008*d - 8192*e)*log(x + 2)

+ 32x((13*%d - 16%e)*x~8 - 10x(13*d - 16%*e)*x”6 + 33*x(13*d - 16%*e)*x"4 - 40%

(13%xd - 16%e)*x"2 + 208*d - 256*e)*log(x + 1) - 32%((13xd + 16%e)*x~8 - 10%

(13%d + 16%e)*x”6 + 33*x(13*d + 16%*e)*x"4 - 40%x(13*d + 16%*e)*x”2 + 208xd + 2
56xe)*log(x - 1) + ((313*%d + 512%e)*x"8 - 10%(313*d + 512%e)*x"6 + 33*(313x

d + 512%e)*x"4 - 40%(313*d + 512%e)*x~2 + 5008*d + 8192*e)*log(x - 2) - 960
O*e)/(x"8 - 10*x"6 + 33%x74 - 40%x~2 + 16)

Sympy [B] time = 2.79382, size = 668, normalized size = 4.67

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(x**4-5xx**2+4)**3,x)

[Out] (13*d - 16%e)*log(x + (-1106258459719280*d**4*e - 13113710954343*d**4* (13*d
- 16xe) - 817263343042560*d**2*xe*x*3 + 153628968222720*d**2%xe*x*2x (13*d - 16
*e) + 9530197557248*d**2*xe* (13*xd - 16*e)**2 + 88038005760*d**2*(13*%d - 16%e
)**3 + 5035763255214080*e*x*x5 + 142661633703936%e**4*x(13%d — 16*e) — 1967095
0215680*%e**3* (13*xd — 16%e)**2 - 557272006656*ex*2x (13%d - 16%*e)**3) /(229412
56248261*d**5 — 2312740746035200*d**3*e**2 + 4473912813420544*d*e*x*4)) /1296
- (13*%d + 16*e)*log(x + (-1106258459719280*d**4*e + 13113710954343*d**4x* (1
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3xd + 16*%e) - 817263343042560*d**2*%ex*x3 — 153628968222720*d**2xe**2* (13*d +

16%e) + 9530197557248*d**2*e* (13*d + 16%e)**x2 - 88038005760*d**2*x (13*d + 1
6*e)*x3 + 5035763255214080%e*x*5 — 142661633703936*ex*4*(13%d + 16%e) - 1967
0950215680*ex*3* (13xd + 16%e)**2 + 557272006656*e*x*x2* (13%d + 16*e)**3) /(229
41256248261*d**5 - 2312740746035200*d**3*xex*x2 + 4473912813420544*d*e*x*4)) /1
296 - (313xd - 512%e)*log(x + (-1106258459719280*d**4*e + 13113710954343*dx*
*4*(313%d - 512%e) /32 - 817263343042560*d**2*xe*x*3 — 4800905256960*d**2*xe**2
*(313%d - 512*e) + 9306833552xd**2%e*(313*d - 512*e)**2 — 85974615+d**2* (31
3xd - 512*%e)**3/32 + 5035763255214080%e**5 — 4458176053248*e*x*x4*x(313*xd - 51
2%e) - 19209912320*e*x*3*(313*%d - 512%e) **2 + 17006592*%ex*2* (313%d - 512%*e) *
*3) /(22941256248261*d**5 - 2312740746035200*d**3*e*x*2 + 4473912813420544*d*
ex*4)) /41472 + (313%d + 512*e)*log(x + (-1106258459719280*d**4*xe - 13113710
954343*d**4* (313*d + 512*e) /32 — 817263343042560*d**2*xe*x*3 + 4800905256960*
dx*k2xex*2*% (313*%d + 512%e) + 9306833552*xd**2xe*x(313*%d + 512%e)**2 + 85974615
*d**2% (313*d + 512*%e)**x3/32 + 5035763255214080*e*x*5 + 4458176053248*e**4* (3
13*xd + 512xe) - 19209912320*e**3*(313*d + 512*e)**2 — 17006592*e*x*2* (313*d
+ 512%e)**3)/(22941256248261*d*x*x5 — 2312740746035200*d**3*xe*x*2 + 4473912813
420544 xd*xe*x*4)) /41472 + (35xd*x**7 — 234*xdxx**5 + 315kd*x**3 + 172*xd*x + 12
8xexxk*6 — 960*exx**x4 + 1920*e*x**2 — 800*e)/(3456*x**8 - 34560*x**6 + 1140
48xx**x4 — 138240%x**2 + 55296)

Giac [A] time = 1.13233, size = 166, normalized size = 1.16

1 1 1
-—— (3134 - 512¢)1 2) + —— (13d - 16¢)1 1) - —— (13d +16¢)log (Ix -1
173 e)log (v +20) + 5o ( e)log (lx +1)) - =5~ (13d +16e) log (Ix ~ 1) + =

(313d + 51

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)/(x"4-5*x"2+4)"3,x, algorithm="giac")

[Out] -1/41472%(313*d - 512xe)*log(abs(x + 2)) + 1/1296%(13*d - 16%*e)*log(abs(x +
1)) - 1/1296%(13*d + 16%*e)*log(abs(x - 1)) + 1/41472%(313*d + 512%e)*log(a

bs(x - 2)) + 1/3456%(35xd*x"7 + 128%x"6%e - 234*d*x”5 - 960*x"4*e + 315*d*x

73 + 1920%x72%e + 172%d*x - 800%e)/(x74 - Bb*x"2 + 4)72
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d+ex+fx?

3.43

s dx
(4—5x2+x4)

Optimal. Leaf size=175

x (-35x2(d + 4f) +59d +380f)  x (xX(~(5d + 8f)) +17d + 20f)  (313d +820f) tanh™" (5)
B 3456 (x4 - 5x2 + 4) ’ 144 (4 - 522 + 4)2 - 20736

1
——(13d + 251) t
+ 648( 3d + 25f)

[Out] (ex(5 - 2%x72))/(36%(4 - 5%x"2 + x74)72) + (xx(17*d + 20*xf - (5*d + 8*f)*x"
2))/(144%(4 - 5*x72 + x74)72) - (ex(5 - 2*x72))/(54*x(4 - 5%xx"2 + x74)) - (x
*x(59%d + 380*f - 35%x(d + 4xf)*x72))/(3456%(4 - 5*x~2 + x74)) - ((313*d + 82
0xf)*ArcTanh[x/2])/20736 + ((13*d + 25%f)*ArcTanh([x])/648 - (exLog[l - x~2]

)/81 + (exLogl[4 - x72])/81

Rubi [A] time = 0.223885, antiderivative size = 175, normalized size of antiderivative

. . ber of rul
1., number of steps used = 13, number of rules used = 9, integrand size = 23, e

0.391, Rules used = {1673, 1178, 1166, 207, 12, 1107, 614, 616, 31}

integrand size

x(-35x°(d + 4f) + 594 + 380f) 2 (x*((5d + 8f)) +17d + 20f)  (313d + 820f) tanh ™" (3)

1
+ ——(13d + 25f) t
3456 (x4 —5x2 + 4) 144 (x4 — 52 + 4)2 20736 648 f

Antiderivative was successfully verified.

[In] Int[(d + e*xx + f*x"2)/(4 - 5%x"2 + x74)73,x]

[Out] (ex(5 - 2xx72))/(36%(4 - 5*%x™2 + x74)72) + (xx(17*d + 20*%f - (5*d + 8*f)*x~
2))/(144%x(4 - 5xx"2 + x74)72) - (ex(5 - 2*x72))/(54x(4 - 5*%x"2 + x74)) - (x
*x(59*%d + 380*f - 35x(d + 4xf)*x72))/(3456*(4 - 5*x”2 + x74)) - ((313xd + 82
O*f)*ArcTanh[x/2]) /20736 + ((13%d + 25%f)*ArcTanh([x])/648 - (exLog[l - x72]

)/81 + (exLogl[4 - x72]1)/81

Rule 1673

Int[(Pgq )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2xk]*x~(2*k), {k, 0, g9/2}]*(a + b
*x"2 + c*x74)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2%k), {k, 0, (q -
1)/2}]x(a + b*x"2 + c*xx~4)7p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
&% 'PolyQ[Pq, x72]

Rule 1178
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Int[((d) + (e_)*(x ) 2)*((a ) + (b_.)*(x )72 + (c_.)*(x_)"4)"(p_), x_Symb
0ol] :> Simp[(x*(axbxe - d*(b~"2 - 2%axc) - cx(bxd - 2%a*e)*x"2)*(a + b*xx"2 +
c*x”4) " (p + 1))/ (2xax(p + 1)*(b~2 - 4xaxc)), x] + Dist[1/(2xax(p + 1)*(b"2
- 4xaxc)), Int[Simp[(2*p + 3)*d*b~2 - axbke - 2xa*xckd*x(4*p + 5) + (4*p + 7
)*(d*b - 2xaxe)*c*x"2, x]*(a + b*x"2 + cxx"4)"(p + 1), x1, x] /; FreeQ[{a,
b, ¢, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxd*e + axe”2, 0] &&
LtQlp, -1] && IntegerQ[2x*p]

Rule 1166

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4x*axc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2%q), Int[1/(b/2
- q/2 + c*xx72), x], x] + Dist[e/2 - (2%cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ ¢c*x72), x], x]1] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlcxd™2 - a*xe”2, 0] && PosQ[b™2 - 4xaxc]

Rule 207

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt([b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 0] |l GtQ[b, 01)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 1107

Int[(x )*((a_) + (b_)*(x_)"2 + (c_.)*(x_)~4)~(p_.), x_Symbol] :> Dist[1/2,
Subst[Int[(a + b*x + c*x"2)7p, x], x, x°2], x] /; FreeQ[{a, b, c, p}, x]

Rule 614

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2*c*x
Yk(a + bxx + cxx"2)7(p + 1))/((p + 1)*x(b"2 - 4*axc)), x] - Dist[(2xcx(2*p +
3))/((p + 1)*(b"2 - 4*a*c)), Int[(a + bkx + c*x"2)~(p + 1), x], x] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1] && NeQ[p, -3/2] && Int
egerQ [4*p]

Rule 616

Int[(Ca_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = Rt[b72
- 4xaxc, 2]}, Distlc/q, Int[1/Simp[b/2 - q/2 + c*x, x], x], x] - Distl[c/q,
Int[1/Simp[b/2 + q/2 + c*x, x], x], x]] /; FreeQ[{a, b, c}, x] && NeQ[b~2



- 4xa*c,

Rule 31

Int[((a_) + (b_.)*x(x_))"(-1),
x]1/b, x]1 /; FreeQ[{a, b}, x]
Rubi steps

d+ex+ fx?

f (4 —5x2 + x4)3

ex

(17d +20f - (5d + 8f)x

x_Symbol]

- 4 +f—
f(4—5x2+x4)3 ! (4—5x2+x4)3
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0] && PosQ[b~2 - 4*axc] && PerfectSquareQ[b~2 - 4x*axc]

:> Simp[Log[RemoveContent[a + b*x,

2
d+ fx i

X

144 (4 5x2 + x4

-19d + 20f + 5(5d + 8
+20f +5( +f)xdx+e

G
2
4 5x2 + x4)

a4 f f (4 - 5x% + x4)3

3(173d+260 f)+105(d+4f)x?

x (174 +20f = (5d +8f)x*)  x (594 + 380f —35(d + 4/)x’) . / . dx
144 (4= 52 + ) 3456 (4 - 522 + x4 10368
e(5-2x2)  x(17d+20f - (5d + 8f)x?) x(59d +380f - 35(d +4f)x?) 1 -
- - —edu
6

36 (4 5% + x4)2
e (5 - 2x2)

x(17d + 20f — (5d + 8f)x?)

144 (4 - 522 + x4)’ 3456 (4 - 5:2 + x4)

e(5-222) x (594 + 380f - 35(

36 (4 — 5% + x4)2
e (5 - 2x2)

x(17d +20f - (5d + 8f)x?)

144 (4- 522 4 ) 54(4-5x2+x%)  3456(4-5x2-

e(5-2x2) x (594 + 380f - 35(

36 (452 + x4)2
e (5 - 2x2)

x (17d + 20f — (5d + 8f)x?)

aa(a-52 4] S4(-5 ) 3456 (4-52

e(5-222) x (594 + 380f - 35(

36 (452 + x4)2

Mathematica [A]

288(~5dx3+17dx-+e(20-8x2) -8 fx3+20 fx) N 12

(dx(35x2-59)+64¢(2x%-5)+20x(7x2-19) )

aa(a-52 4] 5445 +xd) 3456 (4-52

time = 0.1285, size = 161, normalized size = 0.92

(x4—5x2+4)2

—32log(1 — x)(13d + 16e + 25f) + log(2 — x)(¢

x4-5x2+4

Antiderivative was successfully verified.

41472

[In] Integrate[(d + exx + fxx72)/(4 - 5*x"2 + x74)73,x]
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[Out] ((288%(17*xd*x + 20*f*x - b*kd*x~3 - 8*f*x"3 + e*x(20 - 8%x72)))/(4 - 5*x"2 +
X74)72 + (12%x(64*ex (-5 + 2*x72) + 20*%f*x*(-19 + 7*x"2) + d*x*(-59 + 35%x72)
))/(4 - 5xx"2 + x74) - 32%(13%d + 16%e + 25*xf)*Log[l - x] + (313%d + 512x*e

+ 820*f)*Log[2 - x] + 32%x(13*xd - 16%e + 25*f)*Log[l + x] + (-313%d + 512xe

- 820x%f)*Log[2 + x])/41472

Maple [A] time = 0.018, size = 278, normalized size = 1.6

313 In(2+x)d N In(2+x)e N 13In(1+x)d In(1+x)e N 313 In(x—-2)d N In(x-2)e 13In(x-1)d In(x
41472 81 1296 81 41472 81 1296 é

Verification of antiderivative is not currently implemented for this CAS.

[In] int((f*x"2+exx+d)/(x"4-5%xx"2+4)"3,x)

[Out] -313/41472*1n(2+x)*d+1/81*1n(2+x)*e+13/1296*1n(1+x)*d-1/81*1n(1+x)*e+313/41
472x1n(x-2)*d+1/81*1n(x-2) *e-13/1296*1n(x-1)*d-1/81*1n(x-1)*e-1/432/(1+x) "2
*f+1/864/(2+x) “2xf+1/432/ (x-1) "2*d+1/432/ (x-1) "2*e+1/3456/ (2+x) "2*d-1/1728/

(24x) "2%e-1/864/ (x-2) "2xf-1/432/ (1+x) "2xd+1/432/ (1+x) "2%e+1/432/ (x-1) "2*xf-1
/3456/ (x-2) "2*d-1/1728/ (x-2) "2*e+1/432/ (1+x) *d-1/144/ (1+x) *e+19/6912/ (x-2) *
d+17/3456/ (x-2) *e+1/432/ (x-1) *d+1/144/ (x-1) *e+19/6912/ (2+x) *d-17/3456/ (2+x)
*xe+5/432/ (1+x)*f+5/576/ (x-2) *£+5/432/ (x-1) *£+5/576/ (2+x) *£+205/10368*1n (x-2
)*f-25/1296*1n(x-1)*f-205/10368*1n (2+x) *f+25/1296*1n (1+x) *f

Maxima [A] time = 0.953977, size = 209, normalized size = 1.19

1 1
313d — 512e+820f)log(x+2)+—(13d 16e+25f)10g(x+1) (13d+16e+25f)10g(x 1)

41472 ( 1296

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x~2+exx+d)/(x"4-5*%x"2+4)"3,x, algorithm="maxima"

[Out] -1/41472%(313%d - 512%e + 820*f)*log(x + 2) + 1/1296%(13*d - 16%e + 25%f)x*1
og(x + 1) - 1/1296*(13%d + 16%e + 26xf)x*log(x - 1) + 1/41472%(313*d + 512xe

+ 820*%f)*log(x - 2) + 1/3456%(35*%(d + 4*f)*x~7 + 128*exx”6 - 18%(13*d + 60
*f)*x"5 - 960%exx™4 + 63%(5xd + 36%f)*x"3 + 1920%e*x”™2 + 4%(43*%d - 260*f)*x

- 800%e)/(x78 - 10*x"6 + 33*x"4 - 40%x~2 + 16)
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Fricas [B] time = 2.3227, size = 1134, normalized size = 6.48

420 (d +4 )27 + 1536 ex® — 216 (134 + 60 f )x® — 11520 ex* + 756 (5. + 36 f )x> + 23040 ex? + 48 (43d — 260 f )x - |

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x~2+exx+d)/(x"4-5*x"2+4)"3,x, algorithm="fricas")

[Out] 1/41472%(420*(d + 4*f)*x"7 + 1536*e*xx"6 — 216*(13*%d + 60*f)*x"5 - 11520*e*x
4 + 756%(5%d + 36*f)*x"3 + 23040%e*x"2 + 48*(43*xd - 260*f)*x - ((313%d - 5
12%e + 820*f)*x~8 - 10%(313*d - 512%e + 820*f)*x"6 + 33%(313*d - 512%e + 82
O0xf)*x~4 - 40%(313*%d - 512%e + 820*%f)*x"2 + 5008*d - 8192xe + 13120%f)*1log(
X + 2) + 32x((13*%d - 16%e + 25xf)*x"8 — 10*x(13*%d - 16%e + 25xf)*x"6 + 33*(1
3kd - 16*%e + 25xf)*x"4 - 40%(13*%d - 16*e + 25xf)*x"2 + 208+*d - 256*e + 400%
f)*log(x + 1) - 32x((13*d + 16%e + 25xf)*x"8 - 10%(13*d + 16%e + 25xf)*x"6
+ 33*%(13%d + 16*%e + 25%xf)*x"4 - 40*%(13*d + 16*%e + 25xf)*x"2 + 208*d + 256%*e
+ 400*%f)*log(x - 1) + ((313xd + 512%e + 820%f)*x"8 - 10*(313xd + 512%e + 8
20%f)*x”6 + 33*(313*d + 512xe + 820*f)*x"4 - 40*(313*d + 512%e + 820*f)*x"2
+ 5008*d + 8192*%e + 13120*f)*log(x - 2) - 9600%e)/(x"8 - 10*x"6 + 33*x74 -
40%x”2 + 16)

Sympy [B] time = 43.3403, size = 2822, normalized size = 16.13

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((f*x**2+e*xx+d)/ (x**x4-5*x**2+4)**3,%)

[Out] (13*d - 16%e + 26xf)*log(x + (-1106258459719280*d**5*%e — 13113710954343*d**
5%(13*%d - 16%e + 2bxf) - 12929482401572800*d**4*xexf — 107063904267900*d**4x*
fx(13%d - 16%e + 25*f) - 817263343042560*d**3*e*x*3 + 153628968222720*d**3*e
*%2% (13%d - 16%e + 25*f) - 59478343838144000*d**3*xexf**2 + 9530197557248*d*
*3kex (13%d — 16%e + 25%f)**x2 - 324891412840800*d**3*xf**2*%(13%d — 16%e + 25%
f) + 88038005760*d**3*%(13*d — 16%e + 25*f)**x3 - 2885705898393600*d**2xe**3*
f + 1014848673546240*dx*x2*xexx2xf*(13%d - 16xe + 25xf) - 134905286808320000%
d*x*k2xexf**x3 + 63469758382080*d**2*xexf*(13*xd — 16%e + 25+f)**x2 - 42297272452
8000*d**2xf*x*x3* (13xd - 16%e + 25*f) + 364616847360*d**2*xf*(13*d - 16*e + 25
*f)**x3 + 5035763255214080*d*e*x*5 + 142661633703936xd*e**4*x(13*d - 16*e + 25
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*f) — 2138314899456000*d*e**3*xf**2 — 19670950215680*d*e**3* (13*d - 16*%e + 2
5%f)**2 + 2257033730457600xd*xe*x*2+xf**x2% (13*d - 16*%e + 25%xf) - 557272006656%
dxex*x2% (13xd - 16%e + 25%f)**3 - 151082645593600000*d*exf**x4 + 141056507904
000*d*exfxx2% (13*%d — 16%e + 2bxf)**x2 — 167683154400000xd*f**4*x (13*d — 16%*e
+ 26%f) + 339373670400*d*f**2%(13*d - 16%e + 25xf)*x3 + 10643272556871680*e
*x5xf + 214404767416320*%e**x4*xf*x(13*xd - 16*%e + 25%xf) + 529992253440000*e**3*
f**x3 - 41575283425280*%ex*3*xf*(13*d — 16%e + 25*f)**x2 + 1671759396864000*e**
2+%fx*x3% (13*d - 16*%e + 25xf) - 837518622720*%e*x*2*xf*(13*xd — 16%e + 25%f)**3 -
66895452108800000*e*xf**x5 + 104485486592000%exf**3%(13*d — 16%e + 25%f)*%x2
+ 51041923200000*f**x5x (13%d - 16%e + 25*f) - 80289792000*f**3* (13*d - 16*e
+ 25%f)**3)/(22941256248261xd*x*x6 + 197271407316645%d**5xf - 231274074603520
O*d**x4xex*x2 + 612862910928900*d**x4*xf**x2 - 20566607354920960*xd**3*e*x*x2*xf + 7
67363353812000*d**x3xf*x*3 + 4473912813420544xd*x*2*xe*x*x4 — 68552762169753600*d
*x2xexk2xfx*2 + 197499222000000*d**x2xfx*x4 + 20324472439439360*d*e*x*x4*xf — 10
1559983669248000*d*e*x*2xf**x3 — 182883938400000*xd*xf*x5 + 22539988369408000*e
*kdxfx*x2 - 56422196838400000*%ex*x2*xf*xx4 + 21520080000000xf**6)) /1296 - (13*d
+ 16%e + 25xf)*log(x + (-1106258459719280*d**5%e + 13113710954343*d**5% (13
*d + 16%e + 25%f) - 12929482401572800*d**4*xexf + 107063904267900*d**4*xf* (13
*d + 16%e + 25%f) — 817263343042560*d**3*xe*x*x3 — 153628968222720*d**3*xex*2* (
13%d + 16%e + 25xf) - 59478343838144000*xd**3xexf**x2 + 9530197557248*d**3*xex*
(13*%d + 16%e + 25xf)**2 + 324891412840800*d**3*f**2*%(13*d + 16*e + 25%f) -
88038005760*d**3x (13xd + 16%e + 25*f)**3 — 2885705898393600*d**2*e**3*f - 1
014848673546240xd**2*xexx2+xf* (13%d + 16%e + 25%f) - 134905286808320000*d**2*
exf**x3 + 63469758382080xd**2xexf* (13*xd + 16%e + 25xf)**x2 + 422972724528000%
Axk2xF**k3*% (13*%d + 16%e + 25%f) - 364616847360xd**2xf* (13%d + 16%e + 25%f)*x*
3 + 5035763255214080*d*e**5 - 142661633703936*d*ex*x4* (13%d + 16%e + 25*f) -
2138314899456000*d*e**3xf**x2 — 19670950215680*d*ex*3* (13*xd + 16*%e + 25%f)*
*2 — 2257033730457600*d*ex*2xf**x2% (13*xd + 16%e + 25xf) + 557272006656*d*e**
2% (13%d + 16%e + 25%xf)**3 - 151082645593600000*d*exf**4 + 141056507904000%*d
*exf 2% (13*d + 16*%e + 25xf)**x2 + 167683154400000*d*f**x4*(13xd + 16%e + 25%
f) - 339373670400*d*xf**2% (13+%d + 16%e + 25*%f)**3 + 10643272556871680*e*x*5*f
- 214404767416320%exx4xf* (13*%d + 16%e + 25%f) + 529992253440000*e*x*3*xf**3
- 41575283425280*%ex*3*xf* (13*d + 16%e + 25*f)*x2 - 1671759396864000%e**2*f **
3% (13*d + 16*%e + 25xf) + 837518622720*%ex*2xf*(13xd + 16%e + 25*f)**3 - 6689
5452108800000*e*xf*xx5 + 104485486592000*e*xf**x3% (13*xd + 16%e + 25xf)**2 — 510
41923200000 fx*x5% (13*xd + 16%e + 25%xf) + 80289792000*f**x3* (13*xd + 16%e + 25%
£)**x3)/(22941256248261*d**6 + 197271407316645*%d**5xf - 2312740746035200%d**
4dxex*x2 + 612862910928900*d**x4xf*x*2 — 20566607354920960*d**x3xex*x2xf + 767363
353812000xd*x*3*xf**x3 + 4473912813420544*d**x2xe*x*x4 - 68552762169753600*xd**2*e
*x2xf*%x2 + 197499222000000xd*x*2*xf*x4 + 20324472439439360*d*ex*4xf - 1015599
83669248000*d*xexx2*xf*x*3 - 182883938400000xd*f*x*5 + 22539988369408000*e*x*x4*xf
**x2 - 56422196838400000*e*x*x2xf**x4 + 21520080000000%f**6)) /1296 - (313*d - 5
12xe + 820*f)*log(x + (-1106258459719280*d**5*%e + 13113710954343*d**5* (313%
d - 512%e + 820%f)/32 - 12929482401572800*d**4*exf + 26765976066975xd**4*f*
(313%d - 512*e + 820%f)/8 — 817263343042560*d**3*e*x*x3 — 4800905256960*d**3*
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e**2*x(313*d - 512*e + 820*f) - 59478343838144000*d**3*xe*xf**x2 + 9306833552*d
*%3%xe* (313*d - 512*%e + 820*f)*x2 + 10152856651275xd**3*xf**2x (313%d - 512%e
+ 820%f) - 85974615*%d**x3%(313*xd - 512%e + 820x*f)**3/32 - 2885705898393600*d
*k2kex*x3kf — 31714021048320*d*x*x2*xe*x*x2xf*(313%d - 512%e + 820%f) - 134905286
808320000*d**2xexf*x*x3 + 61982185920*d**2*xe*xf*(313*xd — 512%e + 820*f)**2 + 1
3217897641500*%d**2*f**3% (313*xd - 512*e + 820%f) - 89017785*d**2xf*(313%d -
512%e + 820*f)**3/8 + 5035763255214080*d*e**5 - 4458176053248*d*e**4*(313*d
- 512%e + 820%f) - 2138314899456000*d*e**3xf**x2 — 19209912320*d*e**3* (313*
d - 512%e + 820%f)**2 — 70532304076800*d*ex*2*xf*x*x2% (313*%d — 512%e + 820%f)
+ 17006592xd*e*x*x2% (313*%d - 512%e + 820*f)**x3 - 151082645593600000*d*xexf**4
+ 137750496000*d*e*xf**2* (313*d - 512*e + 820%f)**2 + 5240098575000*d*f **4* (
313*%d - 512%e + 820%f) - 20713725xd*xf**2*(313*d — 512*e + 820*f)**3/2 + 106
43272556871680*e**x5xf — 6700148981760*e*x*x4xf*(313%xd - 512%e + 820%f) + 5299
92253440000*e**3xf*x*x3 — 40600862720*ex*x3*xf*(313*d — 512*%e + 820*%f)**2 — 522
42481152000%ex*x2%f*x3% (313*xd — 512%e + 820%f) + 25559040*e*x*x2xf*(313%d - 51
2%e + 820*f)**3 — 66895452108800000*e*f**5 + 102036608000*e*xf**3*(313*d - 5
12%e + 820%*f)**2 - 1595060100000*f*x*5%(313%d - 512%e + 820*f) + 2450250%f**
3% (313*%d - 512*%e + 820*f)*%3)/(22941256248261*d**6 + 197271407316645*d**5*f
- 2312740746035200*d**x4xe*x*x2 + 612862910928900xd*x*x4*xf**x2 - 205666073549209
60xd*x3*kex*2xf + 767363353812000%d**3xf**x3 + 4473912813420544*d**2*xe**x4 - 6
8552762169753600*d**x2*xe*xx2xf*x*x2 + 197499222000000*d**2xf*x*x4 + 2032447243943
9360*xd*xex*4*xf - 101559983669248000*d*ex*x2xf*x*3 — 182883938400000*d*f**x5 + 2
2539988369408000*e*x4xfx*x2 — 56422196838400000*e*x*x2*xf*x4 + 21520080000000%f
*x%6)) /41472 + (313*%d + 512xe + 820*f)*log(x + (-1106258459719280*d**5xe - 1
3113710954343%d*x*x5%(313*%d + 512%e + 820%f)/32 - 12929482401572800*d**4*e*f
- 26765976066975xd**x4*xf*(313xd + 512%e + 820*f)/8 - 817263343042560*d**3*e*
*3 + 4800905256960*d**3*ex*2*(313*%d + 512%e + 820*f) - 59478343838144000*d*
*3kexf**2 + 9306833552*xd**3*xe*x(313*d + 512*%e + 820*f)**2 — 10152856651275%*d
*x3xf+%2% (313*%d + 512*%e + 820%f) + 85974615*d**3*(313*xd + 512%e + 820*f)**3
/32 — 2885705898393600xd*x*2*xex*x3*xf + 31714021048320*d**2*xe**2xf*(313*xd + 51
2%e + 820*f) - 134905286808320000*d**2*xe*xf**3 + 61982185920*d**2*xe*xf* (313*d
+ 512%e + 820*f)**2 - 13217897641500*d**2*xf**3*(313*xd + 512%e + 820*f) + 8
9017785*d**2*xf*(313*xd + 512xe + 820*f)**3/8 + 5035763255214080*d*e**5 + 445
8176053248xd*ex*x4* (313*xd + 512xe + 820%f) - 2138314899456000*d*e**3xf**x2 —
19209912320*d*xe*x*3*% (313*%d + 512%e + 820*f)**2 + 70532304076800*d*e*x*2*f *x*x2*
(313*%d + 512%e + 820*f) - 17006592*d*e**2*(313*d + 512*%e + 820*f)**x3 - 1510
82645593600000*d*e*xf**x4 + 137750496000*d*exf**2*(313%d + 512*%e + 820*f)**2
- 5240098575000*d*f**4*(313%d + 512*%e + 820*f) + 20713725*d*f**2*(313*d + 5
12%xe + 820*f)**x3/2 + 10643272556871680*ex*x5xf + 6700148981760*e**4*xf* (313*d
+ 512%e + 820x%f) + 529992253440000*%e**3xf**x3 — 40600862720*ex*x3*xf*(313*d +
512%e + 820%f)**x2 + 52242481152000*%ex*x2*xf**x3% (313*xd + 512%e + 820%f) - 255
59040*e**2*xf*(313*d + 512*e + 820*f)**3 - 66895452108800000*e*f**x5 + 102036
608000*e*f**3*(313*d + 512xe + 820%f)**2 + 1595060100000*f*xx5x (313*%d + 512%
e + 820%f) - 2450250*f**x3*(313*%d + 512%e + 820*f)**x3)/(22941256248261*d**6
+ 197271407316645xdx*x5xf - 2312740746035200*d**4*xe*x*2 + 612862910928900*d**
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4xfxx2 — 20566607354920960*d**3xex*2*xf + 767363353812000*d**x3*xf*x*x3 + 447391
2813420544xd*x*2*xe*x*4 — 68552762169753600*d**x2xex*x2xf*x*2 + 197499222000000*d
*x2xf*xx4 + 20324472439439360*xd*xex*4*xf — 101559983669248000*d*ex*2*xf*x*3 — 18
2883938400000*¢d*xf*x5 + 22539988369408000*e**4*xf*x*x2 — 56422196838400000*%e**2
*fxx4 + 21520080000000%f**6)) /41472 + (128*e*x**6 — 960*e*xx**x4 + 1920%exx**
2 - 800%e + x**7*(35%d + 140*f) + x*k*5x(-234*d - 1080*f) + x**3*x(315%d + 22
68*f) + x*(172xd - 1040%f))/(3456*x**x8 — 34560*x**6 + 114048*x**4 - 138240%
x**2 + 55296)

Giac [A] time = 1.0935, size = 212, normalized size = 1.21

_— 1 1
- (3134 +820 f - 512¢) log (Ix +2|) + 59 (13d+25f - 16¢)log (Ix +1]) - T (13d+25 f +16¢)log (Ix -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((f*x"2+e*xx+d)/(x"4-5%x"2+4)73,x, algorithm="giac")

[Out] -1/41472%(313*d + 820%f - 512%e)*log(abs(x + 2)) + 1/1296%(13*d + 25%f - 16
xe)xlog(abs(x + 1)) - 1/1296*(13+d + 25xf + 16%e)xlog(abs(x - 1)) + 1/41472
*(313xd + 820*f + 512*e)*log(abs(x - 2)) + 1/3456%(35*d*x~7 + 140*%f*x~7 + 1
28*x"6%e - 234*d*x"5 - 1080*f*x"5 - 960*x"4*e + 315xd*x~3 + 2268*xf*x"3 + 19
20%x72%e + 172xd*x - 1040*f*xx - 800%e)/(x74 - 5*x"2 + 4)72
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d+ex+fx2+gx3ti

344 |

3
(4—5x2+x4)
Optimal. Leaf size=204

x (-35x2(d + 4f) +59d +380f)  x (xX(~(5d + 8f)) +17d + 20f)  (313d +820f) tanh™" (5)
B 3456 (x4 - 5x2 + 4) ’ 144 (4 - 522 + 4)2 - 20736

1
——(13d + 251) t
+ 648( 3d + 25f)

[Out] (xx